Math 591 Fall 2006 Solutions

1. (zeosy+ 1)y 1 siny = e may be written in the form M + Ny’ = (—e* 4 siny) + (zeosy + 1)y = 00

This is an exact equation, since M, — N, = cosy. An implicit solution #(=z,y) = 0 1s found by letting

F=[—rsrinydz= ¢"+zsiny+gly) Bet F, = Ni reosy+ ¢'(y) = zcosy + 1. Therelure, ¢’ — 1,
=1y | ¢, and an implicit suluhun to the dtﬁerantml equation 8 —e® + zeiny |y +c =0,

2. (a) Separale variables to solve zy'y — 2z = 3, £ > 0, y(1) = —=1: [y'dy = [2+ 3/rdr y*/4
'-‘:z.‘+“i|n.r ¢y, and y = +48z | 12lnz+c. Substitute z = 1 —1 = 8 4+¢,sa¢c= 7Tandy
— Bz +12lnz - 7.
{b) The equation xfu.. + 2un + r tu = 0 may be separated into two ordinary differentiul equations by
subtsituting a solution of the form u{z,t) = X{2)7'(t) into the original ¢quation:

SXT + 2XT" + 2 XT = 0 = tT(zX" + 2 X) = —2XT" —» (zX" +2°X)/X = —2T"/tT.

The two sides of the last equation give two descriplions of a function depending on » and t, From the left
gide, we sce there iz no dependence on £, and, from right eide, we see there is no dependence on . Thus,
bath sides must represent a constant, call it A, That is, (X" + =5X)/X = A and —27"7/¢7T — A, The last
pair of equations can also be written in the form =X + (2% - )X = D and 27" | BT — 0.

3. (a) Divide by t and use an integrating factor to solve ty' + (¢t — ljy = % ¢ > 0 ' — py = g, with
= oJ " in this example is ' +{1=1/t)y = >, u = S etft. Thus, y — (1) [ pg=te * [{et/t)e* —
te T(tet —et +e) =tF —t 4 cte?

{b) The Wronskian of two solutions to the equation 2ty" + 4y’ + (¢aint)y = 0 is ohtained by dividing
by 2t and applying Abel’s theorem: W = ¢~ Ip — s_f'”:t -

4. To find the general solution to £ — vy’ + 6y — Ty = 1 + 2¢*, add the sum of particular eelutions to L = |
and L = 2¢* to the general solution to L = 0. Since the characteristic equation r° | 67 — 7 — 0 has solutions
r = 1,—7, the general homogenaous solution is y — c1e® + c2e™ 7%, Substitute 4 — A (A constant) into L — 1
to ohtain ¥ = —1/7 is o particular solution. Substitute y = Bte® to oblain a solution to L = 2¢' (note that
et had to be mulliplied by ¢ bacanse Be® is a solution to the homogeneous eguatinn):

g Bte' 28!
6y = ®BRte + 68t
Ty = —TBte',

g0 [ = B¢’ = 2¢' and B — 1/4. The general solution is then y — = et + 20~ 70 + (1/4)8*  1/7.

5. (a) The function

ﬂm]_{—n —-l<z<0;

1, 0<z<l.
would be odd if we redefined f(0) = 0. Therefore the conswut. coefficient [and also each cos-term roefficient)
1 gero, and the sin-term coefficient is by = (2/1) fﬂ ) sin(Smsf L) dr — 2}'{: sin Bz da — 4 /(5]

{h} At O the series converges Lo [f{D7) + f{U"'}}Ja'Z ={—1+1)/2=0.

6. The poiut £ — 0 is a regular point of ¢¥' — xy + 2y = 0, su we substitute a series solution of form
y-= Egﬁ 2, 2" into the eguation and solve for the g,. In the first sum below, ohserve the termy for n — 0

and r — 1 are gero and may be omitted; then replace n by n+ 2 to obtain Lhe second line helow from the
first,
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[or last series Lo Le identially equal to O, each coefficient must Le O

(pn+2){n+ lapsz—(n~2)a, =0; or guiz= [n[j;}fia_“ﬂ:

fur all nonnegative integers n. Thus, ap and a; may be chosen arhitrarily, and o,,, for n even, may be found
by substituting n = 0,2,4,... into the recursion relation: oy = =2ap/2 - 1 = —agg, ag = Dagfd 3 =0,
ag — 2a4/6 5=10, and continuing in this fashion we see a,, = 0 for all even values of n greater than 2. 5o
that answer to part (b) is aap — 0. Similarly, by substituting n = 1 and n = 3, we obtain 4y = —a, /& and
ay = a3/20 — —ay /120. Substituting these valnes into the original series for y and factoring ag and 2, out
where pussible, we obtain the that the answer to {a) may be written y = ap(1—2%)+a, (z = /6—z" 120+ ..},

T. Ta solve the equation ' < ¥ — 4, with y{0) = 0 and #'(0) = 2, we denote the Taplace Lransform of the
solution y by ¥, equate the Laplace transforms of Lhe two sides of the differential equation, solve [ur ¥ and
find a partial fraction expansion : (s*Y —0s — 2} + ¥ = 4/s and

2s + 4 A BstC A(s*41)+s(Bs+C) (A=B)s® 1 Cst+ 4

a(s? + 1) 7 T s(s7 + 1) a(s? + 1]

YV = (4/s 4 2)/[2 +1) =

Equate coefficienta: 4 | B =0; € = 2; and 4 = 4, sothat 4 — 4, B = —4 and & — 2. Thus, ¥ —
(4/5) —ds/(s®=1)+2/(s® + 1) and y = 4 —4cost |+ Zsint.
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8. If1 gal/min of water with 20 mg/gal of impurities lows into a 10 gallon tank filled with pure water, theu
the rate impurities flow iu is {hy = (E

min min

a
i e )] m al 2 m
gal/min, impurities flow out at a rate of Q,, = i}--——‘-ﬂ- E—S_ = —Q——i Then the net rate at
10 — ¢t gal min 10 — £ min

which impurities low into the tank is ' = @, — Qo — 20— v This differential pquation, which may

— = 20, can he solved using Lhe integrating factor g = r:f W=t 1/{10 - )%

L written as Q' + T

Then
Q) = {m—::):'f {m{—]t‘ﬁ‘ dt — (10~ ¢)? (I;E—g P c) = (10 —¢)|20+ {10 - ¢]].

New, @(0) = 0 = 10(20 + 10¢] and ¢ = —2, so @t} = (10 — ¢}z,

9. Since a 4 b weight stretches the epring by 1/2 u foot, we ohtain from F = k= that 4 = E{1/2) or
f = & The mass of the weight is found by snbstituting into £ — mg: 4 — m - 32 awd m — 178 Far air
resistance of 8 lbs at a velocity of 8 feet/sec, we obtain from F = v that 8 — 5 B or v = 1. Thus, the
equation mu” + yu' | ku = 0 becomes (1/8)u" + «' + 8u = 0, whose characteristic equation has solution

r={(-8++vB1—1 64)/2= 4= 4v3s. Thus, u and, by differentiating, v' have form

u= r:_“[cl c0s 43¢ 4 4 Bin4x-"'§t};
w = —de ™ ¥(¢; con 44/3t + ¢y sin 4\.-"’&) + e—'“l:fi\a"‘ﬁicg cos 431 — 43¢, sin -‘I\.-"'Ht}.

Substituting the initial conditions u[0) = 0 and »'(0)) — 4 into the equations above yields u{0) = ¢, = 0 and
W {0) = 4v/3c; + d+/3eg = 4, 50 that cz = +/3/3, Thus, ut) = [v/3/8)c **sin 41/32.

10. Since 0 is a repular singular point of the equation z2y" - (x + 2}y — 0 we substitute a solution of the
forin y = 3 @n=""" into the differential equation; then we replace n by n — 1 in the second sum and
counbine the enme:
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The indicial equation is ohtained by sctting the constant coeflicient equal to zero: 'r(r—1)—2l = r*—r—-2 =10,
thus, ¥ — —1, 2. The recursion relation [or v — 2 is ahtained by substituting » — 2 indo the last displayed
ecquation above and setting the coefficients of z™'" n = 1, aqual to zero: [(n+2)(n+1)— 2Ja, @,—y — 0,
so that o, = n,._‘;’[nz | 3r), n 2 1. Choose ay arbitrarily, and aubstitute successive valnes of n into the
recurzion relation to obtain oy = ap/4, gz = an/{4 - 10}, ay = ap/(4 10 -18), and vy = ag/(4 - 10 18 - 28},
The solution to the dillerential equation is

1 i+J'a~-+ T S P IN
apz’ |1+ g2+ oo + gopa’ + gt |

11. [a} The independent solutions to the Euler vquation ty" — 4y’ | 6y — 0, © =], are of the form ¢,
where r is a solution to r(r — 1}  4r +6 = 0. Thus, r = 2, 3; and the general solution is ¢1£% + cut?,

(b) Rewrite the equation t2y" 4ty + y — t*c' ay an equivalent equation with v" coefficient one:
v —(4/8)y | [1/t*)y — tef. Using the method of variation of parameters, we obtain a particular zalution Lu

the last equation in the form ¥ = f g1l dy + ug f ¥g dy, wlere g is the inhomoyencons term %27, W
is the Wronskian, and y; — t% and y; = t* are independent solutions to the homogencous equation in part

[a}. Calculate

4

|2 i g £
W“’l.‘!t gez| b TR
[__.I'-z— fte':—-tef—a’; fylW ff — ¢
= —t*(te’ — &'} + ¥ (') = £*¢, y = opt? + egt? + 26,

where the general salution g to the inhomogeneous equation was ohtained by adding the partieular inhuwino-
geneous sulution ¥ to the general homogeneons solution found in {a).
, zy — y¢ | .
12. (a) The equation §' = 57— i homogeneans in the sense that numerator and denominator of the
right side are both homugeneuuaxpolynnmia.ln af the same degree. We may substibute v — y/# to obtain an
equation which may he salved by separating variables. Caleulate ¢ — (v2) — v+ zv' and write the original
equation as y' = {y/z) — (y/x)% Thus, v+ zv’ = v—v? Separate variables to obtain [ 1/v¥dv= [ 1/zdz;
—1fv (= =z/p)= -z +¢;and y = z/{Inz + ¢).
(b} Divide by the " coeflicicnt in the equation (z°  4x?)y" + (z + 1)y’ — sy = 0 to obtain

i s+1 1
- |
iz 4]J z{z — 4)

y=40,

which hus singular points £ = 0,4. A solution including £y = 5 is guaranteed on any inlerval not contaiming
either of the singular puints. The largest such interval is {4, co).

(¢} The singular point £ = 0 is not regnlar hecause the y' coefficient has more than one power of = in
the denominator, but the singular point = = 4 is regular, since the denominator of the 3 cocflicient has ar
most one power of z — 4 and the y coefllicient has at mest two (actually only one) power of = — 4 in the
dencminator,



