MATH 20200 section 7.2 VVolumes (Washer Method)
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yzix2 y =5—x°; about x-axis
Ex2:5—x2 5

4 2 (x+2)(x-2)=0
Ex2—5—0 4

4 - X+2=0 x-2=0
interval: —2<x<2

r, = (5-x3)+0=(5-x) n:(%ﬁ}o;

A =7(5-x)?=7(25-10x+x") A=x

7:(25—10x2 +EX4J
16

A=A - A :7z(25—10X2+X4)—7z(%X4j
AV = AAX:ﬂ'(25—10X2 +%x4)Ax
2
Vv :J'Z n(25—10x2+Ex4]dx:7z[25x—ﬂx3+ix5+c}
2 16 3 16 .

= 7;{25(2) —%(2)3 +%(2)5 + c} —[25(—2) —%(—2)3 +%(—2)5 + C}}

3 3 3

y:%x x=2 y=0; about y-axis 1

1
y==(2)"=1
4 0.5 °
interval: 0<y<1 i !
1 2 4Y=x2 5 4'}(—/ -
y==-x" = X=
4 X:,[4y T

4{50—%%}{—5%%—6}:ﬂ{loO—%+12}=n{@—@+§}:@units3

Ay

0.5 1 15 J
r=(2+0=(2) r=(J4y)+0=(4y) .
A =72 =x(4) A =r(J4y)? =r(4y)
A=A —A =r(4)-7z(4y)=z(4-4y) AV = AAy = z(4-4y)Ay

v ='[017T(4—4Y) dy = zr[4y—2y2 +CJZ = ﬂ{[4(1)_2(1)2 +C]—[4(O)—2(0)2 +C]}
= r{[4-2]-[0]} = 2 units®
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10) y=e* y=1 x=2;abouty=2

interval: 0<x<2
r=2-(e™)
=(2-¢™)
A =r(2-e™)? A =z (1)?
=r(4-4e*+e®) =xQ)
A=A -A=r(4-4e"+e>)-7x()

=r(3-4e*+e%)
AV = AAX D

(34 167 )AX 05 1, 1s 3 2f

1=2-0)=0)

2 2
\ :_[27[(3—4e’x+e’zx) dX:ﬂ{3X+4eX—1e2X+C} :7Z'|:3X+i— 12 +C}
0 2 eX 2e X

4 1 4 1
= 72'{‘:3(2) +F——2e2(2) +C:|—|:3(0) +e(—0)——282(0) + C:|}

4 1 4 1 4 1 7 5 4 1 3
=7 6+—2——4 - 0+——— =T 6+—2——4—— =T —+—2——4 UnItS
e” 2e 1 2Q) e~ 2" 2 2 e 2e

1.4
12)  y=x y=+/x;about x=2 1o
y=x y=x 11
X=Y x=y’ 0.8
y=y i 0.5
0O=y’-y = y=0 - ] < =
=1 0.4 1 S
0=y(y-1) g ] ; :
interval: 0<y<1 0.2 :
,=2-(y") 1=2-() - , | | ]
=2-y) ==y 2 0.5 1, 15 g
A =r(2-y?)? A=r(2-vy) ] :
=r(4-4y° +y*) — 7(4—4y +y?)

A=A —-A=x(4-4y" +y")-z(4-4y+y*)=z(y' -5y +4y)
AV = AAy = 7(y* =5y* +4y)Ay
1

1 1 5
Y :Ioﬂ(y4—5y2+4y) dy:ﬂ[gy5—§y3+2y2+c}

0

1.5 s 2 1. 9 /ms 2 _ LIS ol 8T s
=7Z'{|:g(1) —5(1) +2(1) +C}—{g(0) —5(0) +2(0) +C}—7r{[5 3+2} [0]} e units
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14)  x=2y-y* x=0; about y-axis

0=2y-y* 2

0=y(2-Y) y=

interval: 0<y<2

L=Q2y-y)+0 r=(0)+0
=(2y-vy?) =(0)

A, =72y -y?*)* A = 7(0)’
=x(4y*-4y’+y")  =7(0)
A=A -A=x(4y’ -4y’ +y")-x(0)

=7(4y’ -4y’ +y")
AV = AAY = 1(4y* —4y° + y)Ay

2

2 4 1
V= Ay 4y +yYdy=z| =y} -y +=y°+C
[ 7(ay’ —4y*+y*) dy 7{33/ vy }

0

4 3 4 l 5 4 3 4 1 5
:ﬂ{[g(z) @'+ +c}{§(0) ~(0)'+£(0) +c}}

16) x=y* x=1;about x=1 17

1=y?

1=0 y-1=0 0.5
0=y2_1 y+ 1 y 1 :
y=- y= A
0=(y+1(y-1) Y
interval: -1<y<1 i f

L =1-()=(-y") 1=1-=(0)
A =7(l-y) =2(l-2y"+y*) A =7(0) =2(0)

A=A -A=71-2y" +y")-7(0)=7(1-2y* +y")

AV = AAY = 7(1-2y* + y*)Ay

V:jl7[(1—2y2+y“)dy:7{y—zy3+ly5+C}1 ik
1 37 5 .

n{[(l)—%(l)ﬁéa)s+CH(—1)—§(—1)3+é(—1>5+c}}:ﬂ{1_§+ﬂ_[_1+§_ﬂ}

4 2} {30 20 6} 167 . 5
=72——+—r=g———4+—>r=""2nuUnIts
15 15 15 15
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18) y=x® y=+/x;about y=1

interval: 0<x<1

L =1-(x)=(1-x) 1=1-(x)=0-VX)

A =z(1-x°)’ A =r(L-x)’
=212 +x°)  =z(@1-2JX+X)

A=A —A =7(1-2X +x°) = 71— 2J/X + X)
= 7 (x* = 2X° = X+ 24/X)

AV = Adx 0201 0204 N6 08 1 1z

= 77(X® = 2X° — X+ 2/X) Ax 02 AX ¥

V=I:ﬁ(x6_2x3_x+2\/§)dx:ﬂ{%ﬂ_%X4_1X2+ﬂ(\/§)3+c}

1

2

0

{[ 0 - (0 +C} [ O 2O -2 0 + 2 (/O +c}
zﬁ{[z_z_m}_[o]}W{z_“f}:,r{u}:,z{il}:lo_ﬂumtss
7 2 2 3 7 3 7 3 21 21 21

[

20) y=0 y=cos"Xx T <x<

a) about x-axis

. —T T
interval: — <x<=
2 2

r,=(cos’*x)+0 r =(0)+0
= (cos® X) =(0)

A, =r(cos’x)* A =7z(0)?
= 7z(cos* x) = (0)

A=A - A = r(cos* x) - z(0) = z(cos” x)

AV = AAX = (cos® X)Ax = z(cos® x)* Ax

=7 (% @+ cos(2x))j AX

= % (1+2¢0s(2x) +cos? (2X))Ax = %(H 2C0S(2x) + (% @+ cos(4x))D AX

=z E+2cos(2x)+£cos(4x) AX
4\ 2 2
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b)

[25) ) ) )l )
)4

about y=1

£(§+ 2c0s(2X) +1cos(4x)j dx = £Fx+sin(2x) +Lgin(ax) + c}
4\ 2 2 42 8

interval: —~<x<Z
2 2

I =1-(cos’ X)

r,=1-(0)

=@

= (1—cos’ x)

=sin® x
A =r(1)’ A =z(sin®x)*
= (1) = z(sin* X)
A=A —A =7z(1)-z(sin* x)

= (L—sin* x)

1.5

AV = AAX = (1—sin® X)Ax = 7 (1- (sin® X)?)Ax = 72'[1—(%(1— cos(2x))j ]Ax
= n(l—%(l— 2c0s(2x) + cosz(2x))]Ax = 7[(%+%COS(2X) —%cosz(Zx)ij

= 7{% +%cos(2x) —%(% 1+ cos(4x))D AX = ﬂ(%-ﬁ-%COS(ZX) —%cos(4x))Ax
= % (5+4cos(2x) —cos(4x))Ax

V= j?,,%(5+4cos(2x) —cos(4x)) dx = %{5“ 25in(2x) —%sin(4x) +c}
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2

22)  y=x* x*+y*=1 y=0

intersection points:

X°+(x*)? =1
x*+x*-1=0 =
W = —(1) +{(@)* - 4@)(-1) _ ~1+45
2() 2
a) about x-axis
interval: —,/\6_1 <x< +1/\@2_1
) X +y?=1
=X
g y=+1- x?
r=HN1-x*)+0 r=(x)+0
— (W1-x?) =(x*)
A =2(I-X) A =7(<)?
=7(1-x%) =z(x*)
A=A -A=r1-x)-z(x")=r(-

AV = AAX = 7(1- X

&
5

|l

—x")Ax
V=l iz

5-1

2

1

R

section 7.2 Volumes (Washer Method)

rl-x*—x*) dx = 7Z'|:X—1X —lx5+C}
3 5

J5-1

Page 6 of 8

X2=_:|-_’\/g 2 _1+\/§
2 2
K= -1-+5 . ~1++/5
2 2
discard
X=— V5-1 X=+ V51
2 2
AX

1 1

x* —x")

08 -0k -04-02

7

0.2 0_4'}[6.'5 0.8

N
2

_ [

)

3

1

5

J5-1

2

J5-1

2

o] 4

]

[ [E o (B o B || B Lo Er)

T2 3|\ 2 51\ 2 3 2 5(\ 2

[ [¥5-1)), 2(B-1) 2(¥E-1)|_ [ [\B-1][, vB-1_(5-2V5+1)

TN 2 3l 2 |51 2 J[TFIN 2 3 10

_ | Bt {Zﬁ—ls—ﬁ}:ﬂ[ @H@&/— 5 9- 3f} { ﬁ—l}{za—zﬁ}umw
2 3 5 2 115 15 15 2 15
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b)

about y-axis
This volume must be computed in 2
J5-1

pieces.
2
1 Jr—
2

o[
J5-1
2

interval 1: 0<y<

N
2

y=x> x+y’=1

y>0
X= ﬁ X =41-V

section 7.2 Volumes (Washer Method)
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L, =(/y)+0 r,=(0)+0
=(y) =0
A, =7y =x(y) A =7(0)*=7x(0)

A=A, —A =7(y)-7(0) = z(y)

AV, = AAy = z(y)Ay
5-1

V, = J.Zlyz(y)dy 7{ erC}2 3| = ——

6-2v5

4

e

J units®
4
interval 2: \/52—1

N = (y1- y2)+0: (V1- yz) I, =(0)+0=(0)
Ay =r(1-y*) =7z(1-Yy*) A, =x(0)*=x(0)
A=A, —A, =z(1-y*)-7z(0) = z(1-y?)

AV, = A Ay = z(1-y*)Ay

<y<1

5-

0.8 06 -04-02

-0.2

T

szj.éﬂ(l—yZ) dy—;z-y%y;g_'_c}:l_”{(l)%(1)34_ } {(\/_2 1}_
1__} \/— 1 1__ g 2} \/_ 1 1 6—25
32 > 25 3 4

2
H

Hie J{M} -

2

)

vy, _ﬁ( }7{3 GSJ

1
()

GH

3

15-5y5
12

02 0.4, 06 0.8

)

1+\/§

]

J} = 7[[&} units®
6
junits3

6
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36)
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For the 3D representation, see the figure in the text. Also, setting the positive x-axis to go down we have

the following cross section diagrams.

Top View Side View

=
>

A 4
/<—W +—>
h

A
QD

v

A
<))

From the side view we can set up a ratio to obtain:

WX a

—=— = W=—X

a h h

From Top View, we can see that we need to set up an area of triangle.

R:sin(zj V3 bzﬁw

= =
w 3 2 2 b
2
AAzlbW:l ﬁw Wzﬁwzzﬁ(ixj [6; 2
2 2\ 2 4 4 \ h 4h
2 4—
AV = A Ax = \/56; x* |AX
4h
2 h
RS PR R S A f""
o{ 4h 12h . 12h

- {\/izh}—[o] = jj/% units®



