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1) To facilitate this section draw a sketch of the graph of the functions given.

2) If the intervals are not given, calculate the points of intersection of the functions.
3) Take a value between the interval to find out which function is Upper and Lower.
4) The height function h is the difference of upper function minus lower function.
5) Integrate the function h over the interval to find the area between curves.

Note: If there are more than 2 function or more than 2 points of intersections, the Upper and Lower functions
may be different depending on regions. Remember in these cases, you may need to do step 3 multiple times.

Additional examples:
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2) y=vX+2 Y—— 1.8
X+1 -
interval: 0 < x<2 143
testat x=1 1.2
1 14
y=vx+2 Y——l 0.5
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Upper Lower 0.4
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6) y=sinx y=xX x:% X=7 3
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Lower Upper 0VE "8 20 22 T2 28 283
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. 2X
y=sinx y=— x2>0
T 0.6
interval: OSXSE
2 0.6
mﬁmx=% 04;
i 2X 0.24
y=sinx y=—
T

section 7.1 areas Between Curves (revised 02/17/2014)

Page 2 of 5

Upper  Lower

h(x) = (sin x)—(aj :(sin x—zx]
T T
A:jz(sin x—ng dx:[—cosx—ix2 +C}2 {—cos(
0 T V4 0

V4 4 ite2
- {(o) _Z} _[_(1) - (0)] = (1—Zj units

Ax+y* =12 x=y
4(y)+y? =12
y?+4y-12=0
(y+6)(y-2)=0
y=-6 y=2
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) 1(zY 1, .
E]—;(E) +C]—[—COS(0)—;(O) +Cj|

interval: -6<y<2
testat y=0
4x+y* =12

Lower

h(y) =[3——y2j—(y) =(3— y—%yzj

2 1 1 1 ‘
A=I_6(3—y—zy2jdy={3y—§y2 —Ey3+CL
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12)

14)

y=x> y=4x—-x°
X* = 4x—x*
2x*—4x=0 ]
2X(x-2)=0

x=0 x=2

interval: 0<x<2

testat x=1

y=x> y=4x-x

Lower Upper

h(x) = (4x—x*) = (x°) = (4x—2X?)

0702704 0B 08 1 12 14 1B 18 2
H

2

2 2 . 2_33 B 2_2 3 _ 2_3 3
A=j0(4x—2x)dx{2x S +c} _[2(2) 12 +c} {2(0) Y +c}

0

= [S—E}—[O] _24_ 16 (gj units®
3 3 3 3

y=cosx y=2-cosx 0<x<2rx »
COS X =2 —CO0S X
2cosx—2=0 ]
2(cosx—-1)=0
cosx=1 ]
x=0,27
There is no other intersection in the interval
testat X=r . i 2 3, 4 5 b
y=C0SX Yy=2-CO0SX
14

Lower Upper
h(x) = (2—-cos x) — (cos x) = (2—2cos x)

A jozn (2—2cos x) dx =[2x —2sin x+C]z” =[2(2r) - 2sin(27) + C]-[2(0) - 2sin(0) + C]
—[47-2(0)]-[0-2(0)] = (47) units?
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18)  y=[x y=x"-2
For y =|x|, there are 2 cases:

(Right side) One for y =x for x>0 and
(Left side) One for y=-x for x<0

intersect R (x>0)

) 0=(x+1)(x-2)
X=X"-2

0o o2 ) = x=-1 (=2
=X X discard

interval R: 0<x<2
testat x=1

y=Xx y=x"-2
Upper  Lower
he (X) = (X) = (x* =2) = 2+ x— %)

2

A, :J'OZ(2+x—x2)dx:[2x+%x2—%x3+c}

0

1,05 1. . 1 2 1.5
:{2(2)7(2) —5(2) +c}—[2(0)+5(0) —5(0) +c}

3 3 3 3 3
intersect L (x<0)
s 0=(x+2)(x-1)
= x=1

= 2 — X:_Z
0=x"+x-2 discard

interval L: —2<x<0

testat x=-1

y=—X y=x*-2

Upper  Lower

h ()= (%)~ (x* =2) = (2-x—x)

0 1, 1, 1°
A = (2—x—x2)dx:{2x——x2——x +C}
.[-2 2" 3 s

1, ., 1 . 1 , 1 3
=[2(0)+E(0) —5(0) +C}—{2(—Z)—E(—2) —5(—2) +C}

:[o]_[_4_2+§}:6_§zg_§zﬂ
3 3 3 3 3

A=A +A, :%+%=(?j units®
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20) y:%XZ, y:2X2, X+y:3, x>0 :\ X+y:3 f

These graphs generates 2 different regions
(see figure to the right)

The Upper curve changes while the Lower
curve stays the same.

=3
yzlx2 y=2x° X+
4 y=3-X

2

Left region: y:%x y=2x*

Interval L: 0<x<1

Testat x= 1
2
1 2 2
=—X =2X
y 4 L}j
Lower Pper

hL(x):(sz)—(%xzj:£x2

Ly dx:zjllx2 dx=z{x—3+c} =Z{@+C}—[@+C}}=Z{l}:l
04 410 43 7| 4| 3 3 413/ 12

Right region: y:%x2 y=3-X
Interval R: 1<x<2
Testat x=>

2

1.
=—X =3-X
y 4 y

Lower Upper

hR(x):(3—x)—[%x2J:(3—x—%x2j
2 1., _ 1, 1(1., 2
AR:jl(3—x—ijdx_{3x 2x 4(3XJ+C1
1 2 1 1
|-G -5 5er)-e|-{ow-Jor g z0 e [ s-2- s3]

2 1 1 12 8 6 1 11

“1-Z4 -4y -—__=_ - 4 - 4=

32121212121212

11 18 3 )
A= =t —=— units
At 12 12 12 (Zj



