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Definition of Improper integrals 
 
Type 1: 
(a) ( ) lim ( )

U

a aU
f x dx f x dx

∞

→∞
=∫ ∫    (b) ( ) lim ( )

b b

LL
f x dx f x dx

−∞ →−∞
=∫ ∫  

(c) ( ) ( ) ( )
c

c
f x dx f x dx f x dx

∞

−∞ −∞
= +∫ ∫ ∫

∞
 for any real number c 

 
Type 2: 
(a) If f is continuous on [ ,  and is discontinuous at b, then )a b ( ) lim ( )

b U

a aU b
f x dx f x dx

−→
=∫ ∫  

(b) If f is continuous on ( ,  and is discontinuous at a, then ]a b ( ) lim ( )
b b

a LL a
f x dx f x dx

+→
=∫ ∫  

(c) If f has a discontinuity at c, where a c b< < , then ( ) ( ) ( )
b c b

a a c
f x dx f x dx f x dx= +∫ ∫ ∫  

 
 
Comparison Theorem:  Suppose that f and g are continuous functions with  for ( ) ( ) 0f x g x≥ ≥ x a≥ . 

(a) If ( )
a

f x dx
∞

∫  is convergent, then  is convergent. ( )
a

g x dx
∞

∫
(b) If  is divergent, then ( )

a
g x dx

∞

∫ ( )
a

f x dx
∞

∫  is divergent. 

 
Reference for Comparison Theorem: 

 
1

convergent if 11
divergent if 1p

p
dx

px
∞ >⎧

= ⎨ ≤⎩
∫   

1

0

divergent if 11
convergent if 1p

p
dx

px
≥⎧

= ⎨ <⎩
∫  

 
 
Additional examples: 
 
10)  

0
2r dr

−∞∫
 12 2

ln 2
r rdr C= +∫  

 

0
0 0 (0)1 1 12 lim 2 lim 2 lim 2 2

ln 2 ln 2 ln 2

1 1 1(1) (0)
ln 2 ln 2 ln 2

r r r L

LL L L
L

dr dr C C C
−∞ →−∞ →−∞ →−∞

⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎡= = + = + − ⎤+⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢⎣ ⎦ ⎣ ⎦ ⎣⎩ ⎭

⎡ ⎤ ⎡ ⎤= − =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

∫ ∫ ⎥⎦  

 Convergent or Converges 
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14) 
32 xx e dx

∞ −

−∞∫  

 
3 3

3

3 2 2

2

13
3

1 1 1 1
3 3 3 3

x p p x
x

p x dp x dx dp x dx

x e dx e dp e C e C C
e

− −

−
= − = − =

− − − −⎛ ⎞= = + = + = +⎜ ⎟
⎝ ⎠∫ ∫

 

 
3 302 2 2

0

x x 3xx e dx x e dx x e d
∞ ∞− −

−∞ −∞
= +∫ ∫ ∫ x−  

 
3 3

3 3 3
2 2

(0)0 0
0

1 1 1lim lim lim
33 3 3

U
Ux x

x UU U U
x e dx x e dx C C C

e e e

∞ − −

→∞ →∞ →∞

⎧ ⎫− − −⎡ ⎤ ⎡ ⎤ ⎡ ⎤= = + = + − +⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎩ ⎭
∫ ∫

1
=  

 
3 3

3 3 3

0
0 02 2

(0)

1 1 1lim lim lim
3 3 3

x x
x LLL L L

L

x e dx x e dx C C C
e e e

− −

−∞ →−∞ →−∞ →−∞

⎧ ⎫− − −⎡ ⎤ ⎡ ⎤ ⎡ ⎤= = + = + − +⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎩ ⎭
∫ ∫ = ∞  

 Divergent or Diverges 
 
 
16)  cos t dtπ

∞

−∞∫
 1cos sint dt t Cπ π

π
= +∫  

  
0

0
cos cos cost dt t dt t dtπ π

∞ ∞

−∞ −∞
= +∫ ∫ ∫ π

 
0 0

0

1 1 1cos lim cos lim sin lim sin sin (0) DNE
U

U

U U U
t dt t dt t C U C Cπ π π π π

π π π
∞

→∞ →∞ →∞

⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎡ ⎤= = + = + − +⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎩ ⎭
∫ ∫ =  

 Limit does not exist for sin( )Uπ  as U .  Therefore, the limit is divergent, thus making 

 divergent. 

→∞

cos t dtπ
∞

−∞∫
 
 

20) 31

ln x dx
x

∞

∫  

 
3 2 2

2 3 2 2

ln 1 1 1(ln )
2 2

ln 1 ln 1
2 2 2 4

x dx x dx
x x x x

x xdx C
x x x x

− −⎛ ⎞ ⎛ ⎞⎛ ⎞= −⎜ ⎟ ⎜ ⎟⎜
⎝ ⎠ ⎝ ⎠⎝

− −
= + = − +

∫ ∫

∫

⎟
⎠   

1 1 3

1 1 2

1ln

1 1
2

u x dv dx
x

du dx v
x x

= =

−
= =

 

 
3 3 2 21 1

1

2 2 2 2

ln ln ln 1lim lim
2 4

ln 1 ln(1) 1 1lim
2 4 2(1) 4(1) 4

U
U

U U

U

x x xdx dx C
x x x x

U C C
U U

∞

→∞ →∞

→∞

−⎡ ⎤= = − +⎢ ⎥⎣ ⎦

⎧ ⎫⎡ ⎤− −⎡ ⎤= − + − − +⎨ ⎬⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦⎩ ⎭

∫ ∫

=

 Converges 

 because: 2 2

1
ln 1li − −  m lim lim 0

2 4 4

L

U U U

U U
U U U

−∞

→∞ →∞ →∞
∞

−

= = =
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22) 20 3

x

x

e dx
e

∞

+∫  

 1 1
2 2 2 2

1 1tan tan
3 ( ) 3 ( 3) 3 3 3 3

x x

x x x

x x

p e dp e dx

e e p p edx dx dx C C
e e p

− −

= =

⎛ ⎞⎛ ⎞= = = + = +⎜ ⎟⎜ ⎟+ + + ⎝ ⎠ ⎝ ⎠
∫ ∫ ∫

 

 

1
2 20 0

0

(0)
1 1

1lim lim tan
3 3 3 3

1 1 1lim tan tan
2 63 3 3 3 3 3

3
6 3 6 3 3 3

Ux x xU

x xU U

U

U

e e edx dx C
e e

e eC C 1π π

π π π

∞ −

→∞ →∞

− −

→∞

⎡ ⎤⎛ ⎞
= = +⎢ ⎥⎜ ⎟+ + ⎝ ⎠⎣ ⎦

⎧ ⎫⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎡ ⎤ ⎡ ⎤⎪ ⎪ ⎛ ⎞ ⎛ ⎞= + − + = −⎨ ⎬⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦⎝ ⎠ ⎝ ⎠⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭

= − =

∫ ∫

 

 Converges 
 
 

26) 
8

36

4
( 6)

dx
x −∫  

 3 2

4 1 24
( 6) 2( 6) ( 6)

dx C C
x x x

⎛ ⎞− −
= + =⎜ ⎟− − −⎝ ⎠

∫ 2 +  

 
8

8 8

3 3 2 2 26 6 6 6

4 4 2 2 2lim lim lim
( 6) ( 6) ( 6) ((8) 6) ( 6)LL L L

L

dx dx C C C
x x x L+ + +→ → →

⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎡ ⎤− − −
= = + = + − +⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥− − − − −⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎩ ⎭

∫ ∫ = ∞  

 Diverges 
 
 

30) 
1

20 1
dx

x−
∫  

 1 1

2 2 2

1 1 (cos ) 1 sin sinC x C+ = +
(cos ) 11 1

dx xdx d d C
x x

θ θ θ θ
θ

− −⎛ ⎞= = = = + = ⎜ ⎟
⎝ ⎠− −

∫ ∫ ∫ ∫  

   

2 2
1

2 2

1sin cos sin
1 1

sin 1 cos
cos

1
x x x

x x
dx d

θ θ θ

θ θ
θ θ

−− ⎛ ⎞= = = ⎜ ⎟
⎝ ⎠

= − =
=

 

1 
x

θ  

 

{ }

1 1

02 20 01 1

1 1

1

lim lim sin
1 1

lim sin sin (0)
2

U U

U U

U

dx dx x C
x x

U C C π

− −

−

−

→ →

− −

→

⎡ ⎤= = +⎣ ⎦− −

⎡ ⎤ ⎡ ⎤= + − +⎣ ⎦ ⎣ ⎦

∫ ∫
2 21 x−

=

 

 Converges 
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32) 
1

0

ln x dx
x∫  

 

ln 1(ln )(2 ) (2 )

22 ln 2 ln 4

x dx x x x dx
xx

x x dx x x x
x

⎛ ⎞= − ⎜ ⎟
⎝ ⎠

= − = −

∫ ∫

∫ C+
  

1 1

1 1

1ln

1 2

u x dv dx
x

du dx v x
x

= =

= =
 

 
{ }

11 1

0 0 0

0

ln lnlim lim 2 ln 4

lim 2 (1) ln(1) 4 (1) 2 ln 4 4

L LL L

L

x xdx dx x x x C
x x

C L L L C C

+ +

+

→ →

→

⎡ ⎤= = − +⎣ ⎦

⎡ ⎤ ⎡= − + − − + +⎣ ⎦ ⎣

∫ ∫
⎤ = −⎦

 

 Converges 

 because 
0 3

30 0 0 0 0 0
2

2 2
2ln 2 2( )li 2  m ln lim lim lim lim lim 4 01 1 11

2

L

L L L L L L

L LL LL L L
LL

L

+ + + + + +

−∞
−∞

−→ → → → → →

∞

⎛ ⎞⎛ ⎞= = = = = − =⎜ ⎟⎜ ⎟⎜ ⎟− −− ⎝ ⎠⎝ ⎠

 
 

46) 
2

0

sin x dx
x

π

∫  

 For 0 1x≤ ≤ , 
2sin 10 x
x x

< ≤  

 
{ }0 0 0 0

1 1lim lim 2 lim 2 ( ) 2

2 2 (0 ) 2

L LL L L
dx dx x C C L C

x x

ππ π
π

π π

+ + +→ → →

+

⎡ ⎤ ⎡ ⎤ ⎡= = + = + −⎣ ⎦ ⎣ ⎦ ⎣

⎡ ⎤⎡ ⎤= − =⎣ ⎦ ⎣ ⎦

∫ ∫ ⎤+ ⎦
 

 Converges and thus 
2

0

sin x dx
x

π

∫  converges 

 
 
 


