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Definition of Improper integrals

Type 1:
@ j:f(x)dx=ulimcj:f(x)dx (b) jlf(x)dx:LlLrpwjff(x)dx

() '[jo f(x)dx= jf f(x) dx+J i (x) dx for any real number c

Type 2:

@) If f is continuous on [a,b) and is discontinuous at b, then Ib f(x)dx= “T ju f(x) dx
a Usb Ja

(b)  Iffiscontinuous on (a,b] and is discontinuous at a, then [ f (x) dx = lim | " (%) d

(©) If f has a discontinuity at ¢, where a<c<b, then jbf(x) dx:jC f(x) dx+Ib f (x) dx

Comparison Theorem: Suppose that f and g are continuous functions with f(x) > g(x)>0 for x>a.

(@) If jm f (x) dx is convergent, then jmg(x) dx is convergent.

(b) If I:g(x) dx is divergent, then j: f (x) dx is divergent.

Reference for Comparison Theorem:
© 1 g convergentif p>1 11 dx = divergentif p>1
divergentif p<1 0 xP convergentif p<1

L3

Additional examples:
0
10) [ 2'dr

2" dr:i2’+c
In2

0
j° 2 dr = |imj°2r dr = lim [izwc} — lim {izwuc}—[izuc}
—0 Lo>—od L L—>—w In2 L Lo~ In2 In2

1 1 1
= {E(l)}—[m(o)} =12

Convergent or Converges
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14)

16)

20)

0 3
'[ x%e ™ dx

p=-x> dp=-3x*dx _gldp:x2 dx

IXZG"Xa dX=Iep(_—ldp]=_—lep+C =_—1e‘X3 +C= _13 +C
3 3 3 3e*

© 3 0 3 © 3
J' x%e™* dx:j NG dx+J'O x%e ™ dx

U
_[ x2e ™ dx = lim  ~ x% ™ dx = Ilm{ _13 } = lim {_—13+C}{ _13 +C}}:1
0 U—>wod 0 U—>wo 3ex 0 U—>wo 3eU 3e(0) 3
0
J.O x%e ™ dx = lim joxze’xs dx= lim [ -1 } = lim {[__13+C:|—l:_—13+c:|}:oo
—0 L>—od L 3e L L—>— 36(0) 3e|-

L——0
Divergent or Diverges

'[i cos rt dt

_[cos;:t dt :isin zt+C
T

Ii coszt dt = jl cos zzt dt + J': cos rzt dt

© . U . 1
'[ cosxt dt = Ilmj cost dt = Ilm[—
0 U—owd 0 Uowo| 71

U

sin 7zt+C} = lim {isinﬂu +C}{£sin 7[(0)+C}} =DNE
0 U—ow T T

Limit does not exist for sin(zU) as U — o. Therefore, the limit is divergent, thus making

Ijo coszt dt divergent.

I In—de
Inx -13\/1 1
j—dx (Inx)( ) I(FJ(;de\ U=Inx  dv = dx
—Inx 1 —Inx 1 1 -1
= = - duy==dx v,=—
2x° +I2x3 dx 2x2 4x2+C box toox?
In x ulnx Inx 1 v
j—dx_l j — dx= lim { . ——2+c}
U—ow U—>wo 2)( 4% 1
Converges
= lim [_IMZJ —inrC}— i(?—iﬁc 1
U || 2U 4U 2(1) 4(1) 4
. -1
_ L T
because: lim InU =lim = U =lim -1 =0

Use U2 Uoodq U-=4qU?
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22)

26)

30)

X

j: e2§+3 dx

e e op 1o (P 1 (e
J82x+3dx—j(ex)2+3dx '[p2+(J§)2 dx \/gtan (\EJ+C \@tan [\/é}rc

V)
© eX R U eX . 1 ex
dx = lim dx = lim| —=tan™| == |+C
.[0 2X 2X {\/é (\/éj ,

-t (e[ (e -[HEHHE)

3z T

"6J3 643 343

Converges

s 4
Iamdx

J 4 3dx:4( -1 2J+C: _22+C
(x—6) 2(x—6) (x—6)

d

8
[*—2 dx=tim [ 3dx=Iirq[ Z 2+c} =|im{‘—22+c}{ 2
6 (x—6) L-6" 7 L (X —6) L-6"| (X—6) . 8 [ ((8)-6) (L-6)
Diverges
J‘l dx
0 [1_X2
dx 1 1 . X )
= dx = cosfdf)=|1de=0+C=sin?| = |[+C=sin*x+C
Rl et Bl ey LA &
[2 2
X _sing L-x =c0s 0 9=sin‘1(fj 1
1 1 1
X=sin@ V12— x?* =cos @ P
dx=cos@ d@
[ o =lim [’ o = lim [sin*x+C] N
0 1—x2 usrdo 1oy ust 0

= lim {[sin"U +C]~[sin*(0)+C ]} :%

U-1
Converges
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32) '[Ol\r};xd
I T 0= (0 )@ - | (2&)(10@ b =X dv, =
X 4\ 1 1 \/;
= 2/xInx- .[—dx 2/xInx—4x+C dulzidx v, = 24/x

I1|nxOI _LTJ' \/_dx_hm[Z«/;Inx 4\/_+C]

_||m{[2\/(T|n(1) aJay+c]-[2/LinL- 4\/_+C+c}}

Converges
. - 2 2
—0 L I o 3
because lim 2L InL = fim 252 jim L_—jim-L = 1im 2)(26L) ) lim—4JL =0
L—0" L—0* i L—>o+ _—:LL? L—0" ;l L»0" | L -1 L—0"
JL 2
46) j”smzxdx
o

sin’ X

T

Jo g ¢ lim [ o0 lim 2 = i {24y - J-[2dL ]

=[2Jﬂ—[2 (o+)}=2\/;

For 0<x<1, 0<

= sin’
Converges and thus j .

Ix

X
dx converges




