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Integration of Rational Function by Partial Fractions

If f(x)= QE ; such that deg(P(x)) > deg(Q(x)), then use the long division to obtain

f(x) _m (x)+£ where S(x) and R(x) are polynomials.

Q(x)

Case 1: The denominator Q(x) is a product of distinct linear factors.
This means that we can write Q(X) = (a,x+b,)(a,x+b,)---(a,x+b,) where no factor is repeated. In this case
the partial fraction theorem states that there exist constants A, A,,..., A such that

RO __ A A A
Q(x) ax+b ax+hb, a, X+b,

Case 2: Q(x) is a product of linear factors, some which are repeated.
Suppose the first linear factor (a,x+b,) is repeated r times; that is, (a,x+b,)" occurs in the factorization of
A

( in previous case 1, we would use
X+

Q(x). Then instead of the single term

Ai + A2 +...+L
(ax+b) (ax+b,)’ (@x+b)"

Case 3: Q(x) contains irreducible quadratic factors, none of which is repeated.
If Q(x) has the factor ax*+bx+c, where b> —4ac <0, then, in addition to the partial fractions in equations

R(X) . . Ax+B

will have a term of the form — where A and B are

from case 1 and 2, the expression for ——
Q(x) ax“+bx+c

constants to be determined.
Ax+B

ax® +bx+c

I 2dx . :itan‘l[ﬁ}tc.
x*+a’® a a

Case 4: Q(x) contains a repeated irreducible quadratic factor.
If Q(x) has the factor (ax® +bx+c)", where b® —4ac <0, then instead of the single partial fraction in case 3,

The term can be integrated by completing the square and using the formula

X+B X+B X+
the sum '2‘1 1+ A L +---+A— occurs in the partial fraction decomposition of
ax” +bx+c (ax2+bx+c) (ax? +bx+c)

R()
Q(x)

. Each of the terms above can be integrated by first completing the square.

The work in this section is based on Algebra. Depending on question, one may need to do many manipulations
and simplifications to set up the integration correctly. Make sure to brush up on algebraic skills.
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Additional examples:
t°+1
6-a O
) t® +t°
6 43 43 43
te +]; :1+( et +3-) =1+ (3 t3+1) =1+3 - —:1)
t°+t t°+t t(t° +1) tt+1)(t° +t+1)
because (A +B®*)=(A+B)(A* - AB+B?)
1
t® +0t® + 0t* +1t° + 0t° +Ot+0> t®+0t° +0t* + 0t® + 0t* + Ot +1
—(t® +0t° +0t* +t° + 0t* + 0t + 0)
—t*+1
(—£3+1) _A_B.C D _(Ex+F)
O} t+D) (2 +t+D)" () ) (@) (t+D)' (tP+t+D)t
t°+1 (-t*+1) (-2 +1) (-t*+1) A B C D (Ex+F)
6,3 6 .3 3.3 = 3 2 =+ =+ =+ Tt 2 1
t°+t t°+t t(t° +1) tt+D)("+t+2) © O @®° @+ (t"+t+1
5
6-b) : X 4+1 :
(X =x)(X" +2x°+1)
X +1 B X +1
(2 =X)(X* +2x*+1)  x(x=D(x* +D(x* +1)
x°+1 A B (Cx+D) (Ex+F)
= = + +
)" (x=D'(x*+1)> ()" (x=D)' (X*+D" (x> +1)?
y
100 [— Y qy
J(y+4)(2y—1)

y __A N B
(y+4'@y-1' (y+4) (2y-1'
y=AQy-1)+B(y+4)

const term 1=2(4B)+B
y —term 1\ 4
0=—-A+4B 1=9B A=4| = |==
1=2A+B 9) 9
A=4B 1
—=B
9

y @, ® ol 8 3 (e , 1
Jovaey dy‘f[y+4+2y—1jdy‘ [y+4+2(y—;)de‘I(y

=£In|y+4|+iln +C
9 18

, L
2
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12)

16)

1 x-4
Joe—ers ™
0X°—5X+6
X—4 X—4 A B
= - +
x> =5x+6 (x=3)'(x-2)" (x-3)" (x-2)!
X—4=A(x-2)+B(x-3)

X —term —4=-2A-301-A)
const term B=1-(-1)
1=A+B —4=A-3
-4=-2A-3B B=2
B=(1-A) -1=A

'[X —5X+6 J-(()((__l:)g)-F(X(f)z)]dX=—|n|X—3|+2|n|X—2|+C=2|n|x—2|—|n|x_3|+c

I:#jﬂsdx:[ZIn|x—2|—In|x—3|+C]z
=[2In|(®)-2|-In|(1) -3+ C |- 2In|(0) - 2|~ In|(0) ~3/+C ]

=[2In|-1-In|-2/]-[2In|-2 - In|-3]=[2(0) - In2]-[2In2~In3]

=In3-3In2=In3-In(2°)=In3-In8= In(%}

le —4x— 10d
0 x*-x-6
2 3 o2 1 x* —4x-10 (3x—4)
X _X_6> X"+ 0x = 4x=10 m=x+1+m const. term X term
—(x* = x*-6X) Bx-4) A s B -4=-3A+2B 3=A+B
I +2x-10 (x+2'(x=3 (x+2)' (x-3)' —4=-3A+2(3-A) 3-A=B
C(C—x—-B) 3X—4=A(X-3)+B(x+2) _10=-5A 3-(2)=B

3x—4 2=A 1=B

dex I(X+1+M]dxzj.(x+l+ (2) 4 @ de
X°—X—6 X" —X—6 (x+2)  (x—3)

=%x2+x+2|n|x+2|+|n|x—3|+C

1

J-1x3—4x—10

- dx = [ 2+ x+2In|x+2|+In|x- 3|+C}
0 X°—X-—6 2

0

{%(1)2 +(1)+2In|(1)+2|+In|(1)—3|+C}—B(O)2 +(O)+2In|(0)+2|+In|(0)—3|+C}

3 3 3 (3
:{E+2In|3|+In|—2|}—[0+2|n|2|+In|—3|:| =5+ In(3) - In(2) =E|n(§)
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2 J—
18) J‘w dx
x® — X
X2 +2X — 1 X2 +2x-1 A B C

26)

Cox D D) () (XD (x=1)"
X2 +2x—1= A(X+1)(x—1) + B(x(x—1)) + C(x(x +1))
X2 +2x—1=A(X* 1)+ B(X* =x) + C(X* + X)

x> —term
const term 1=A+B+C -2=(C)+C
1=-a M i_@esic 222 D7
- -2=-B+C =W+B+ } B=1
A=1 0=B+C -1=C
C=-B

J‘X2+2X—1dx J‘ 9 (1) ( 1) dx
3 (x) (x+1) (x-1)

X3 — X
:In|x|+ln|x+1|—ln|x—1|+C

X3 —2x% +x+1
[Eoacexdy,

X* +5x° +4

X —2x°+x+1  xX*-2x*+x+1 (Ax+B) (Cx+D)
X*45x°+4 (P +D)'(XP+4) (X +D)Y (X +4)!

X* —2Xx% + X +1=(AX+B)(Xx* +4) + (Cx+ D)(x* +1)

X2 —2x* + X+1= A(X* +4X) + B(x* +4) + C(x* + X) + D(X* +1)

x*—term  x*—term
constterm  x-—term
-2=B+D 1=A+C

1=4B+D 1=4A+C
D=(-B-2) C=1-A

1=4B+(-B-2) 1=4A+(1-A)
3=3B 0=3A
B=1 A=0
Ix3—2x2+x+1 I[«Dx+ﬂ) WX+ (- ajdx

x* +5x° +4 (X*+1)"  (X*+4)!

_J' @ @x . (3) )4
X2 +1° (x2+4) X2 +2°

:}tan ( j In‘x +4‘+( 3)( tan” (XD+C
1 1 2

=tan” x+—|n‘x +4‘ —tan~ [ j+C
2

D=-(1)-2 C=1-(0)
D=-3 c=1
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24) J- x> —2x-1

=~ _dx
(x—2)*(x* +1)

x> —2x-1 A B (Cx+ D)
2792 L T PR R~
(x=2)°(x"+1)" (x=-2) (x-2)° (x°+1)
X2 —2x—=1=A(Xx-1(x* +1) + B(x* +1) + (Cx+ D)(x - 2)°
X2 —=2x—1=A(x® = 2x" + X = 2) + B(X* +1) + (Cx + D)(x* —4x+ 4)
X2 =2Xx—1=A(X} = 2x* + X = 2) + B(x* +1) + C(x® = 4x* + 4x) + D(X* — 4x + 4)

X —term ) ¢
const term —2=A+4C-4D . ZAXge:rg 5 x® —term
1=-2A+B+4D —2=A+4(-A)-4D 1__2A+B_4 ; o 0=A+C
B=(2A-4D-1) -2=-3A-4D 1_;A +B _D A+ C=-A
2=3A+4D SenTBEE
1=2A+(2A-4D-1)+D  2-3A+4D—>s 6=9A+12D 14=25A 14
. = 14 = C=—
2=4A-3D 2=4A-3D—‘> 8=16A-12D A= 25

T el

5 42 L 4D 25 25
25 28 8 25
42 B=25 "2 25
4D=2-—=
25 20 25
8 B=>"%%
D= 25 25
A B —5 —1
D.2 25 5
25

I x?—2x-1 J' () +(_14)X+(25)
(x—2)2(x2+1) (x 2) (x=2)> (X*+1)
J'( (%) N (ET)X N 5%)2 ]dx
(x— 2) (x=2) (xX*+1) (X*+1%)
:Eln|x—2|+[_—lj( -1 1j+(_14](iln‘x2+l‘j+£(1tan‘1(fn+c
25 5 | (x=2) 25(1 1
14

=—In|x-2/+ ——In‘x +1‘+—tan x+C
25 5(x—2) 25 25
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28)

1 X
[ X
0X°+4x+13
dp =2x+4 dx
p=x"+4x+13 dp=2(x+2)dx

%dp:(x+2) dx

I#dx:jl(ldpjzﬁﬂphc:i'”‘xz””lmc
X +4x+13 pl2 2 2

J‘ X dX_J' X+2-2 dx

X2 +4x+13 I x2+4x+13

X+2 2
—I I > dx
x? +4x+13 X +4x+13

X+2 2
—I I > dx
X2 +4x+13 (x“+4x+4)+9

X+2 2
-l e ™
X’ +4x+13 (x+2)°+(@3)

:lln‘x2 +4x +13‘—2 ltan‘1 (XLZJ +C
2 3 3

:lln‘x2 +4x +13‘—Etan’l (XLZ}C
2 3 3

1
J.lz;dx= lIn‘xz+4x+13‘—gtan‘1(_x+Z}LC
0Xx°+4x+13 2 3 3 0

_ Em @2 +4Q) +13\—§tanl [(1)%2)+C}
—Bln (0)* +4(0)+13 —%tanl(

= F In|18| —Etan‘l (1)} - F In[L3| —ztan‘l (Eﬂ
2 3 2 3 3

1 2(7z) 1 2. (2
:Eln(18)—g(zj——ln(13)+§tan (5)

0)+2

1 z, 2 2
zz(ln(18)—l (13))__+§tan (3)

<]
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xX°+x-1
30 ——dx
) I x*+1
XZ

X3 +0x? +0x+1>x5 +0x* +0x° +0x* +x-1

—(x*+0x* +0x* +x)

—x*+x-1

x—1 x—1 A (Bx+C)
3 4 172 1= Ttz 1
X*+1 (X+1)(x"=x+1)" (x+1) (X*—x+1)
X—1=A(X* = x+1)+ (Bx+C)(x+1)
X—1=A(X* =X+ +B(x* +x)+C(x+1)

const term x> —term
-1=A+C X —term 0=A+B
C=(-A-1) 1=-A+B+C B=-A

1=-A+B+(-A-1])

2=-3A
2=-2A+B 2
A2 B=%  C=7
3

5 _ _y2 _
J-x + X 1dx=J- x2+( x3+x 1)jdx
X" +1

:j X2 + @9 +Mj dx

x*+1 x3+1

NG +<§)x+(;)j N

X*+1 (x+1) (X*—=x+1)

2 2 _
:j XZ_ ;( _ (3) +l( 22X 1 j dX
x>+1 (x+1) 3\ x"—x+1

=1x3—lln‘x3+1‘—2In|x+1|+lln‘x2—x+1‘+C
3 3 3 3

2= _2A+(-A) B:_{—_Zj C:_(
3 3
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X +1
34 —_—
) Ix(xz +1)?
4
x+1 A N (Bx+C) N (Dx+E)

PO +D2 () P+ (X +1)°
X" +1= A(X* +2)% + (Bx+ C)(x(x* +1)) + (Dx + E)(X)
X' +1= A(X* +2x° +1) + B(X* + x*) +C(x* + X) + D(X*) + E(x)
X —term x> —term x* —term
constterm 0=C+E 0=2A+B+D x*-term 1=A+B
1=A  0=(0)+E 0-=20)+(0)+D 0=C 1=()+B
E=0 D=-2 B=0

I Xt +1 I((l) (0)x+(0) (2)X+(O)jdx I(l 2x jd

x(x2+1)2 (x)  (xX*+1)" (x* +1)° (x) (xX*+1)7°

+C

-1
_ In|x|—(x2+lj+c e

11
36) j01+€/;dx

3p-3
p+1Bp2+0p+O

p=3x ~(3p°+3p)
p =X -3p+0
3p% dp = dx -(=3p-3)

3

1
J.1+§/;
:%(%&)2—3@&)+3|n 3x

1‘+C
4+C}

dx = 2(2 3(3/x)+3In|@

- _(\/(T)2 3(3/@) +3In

'[°1+f

30

1 3p° 3 3
dx=.[m(3p2 dp):jﬁdp:.f[?.p—3+%j dp:E p’-3p+3in|p+1+C

4+c} { (3(0))2 -3(3/(0)) + 3In|(3

- 5(1)2 —3(1)+3In|1+]4}—[§(0)2 -3(0) +3In|(0)+1|} =3In 2_5
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K,

X+X

p=vx

2

p* =X
2p dp =dx
o o[ e[ 2

X% + X

38) j

22 ~dp = 1tanl(ﬁj +C
+1) p°+1 1 1
=2tan™* p+C=2tan’1\/§+C

3 \/; _ 1 3_ 1 o 1
Il—xz+xd —[Ztan x+C};_[2tan w/(3)+C]—|:2tan /(§]+C]
1 G 1) _fm) (7 27 7 _=*
-2tan a2t (EJ_Z(?J Z(GJ 3 3 3

42) J. xtan™ x dx

J.xtan’lxdx:(tan’l x)(lxzj—'[(lxzj( - ! - dx)
2 1° +x
\

u=tan*x  dv,=xdx
2

1
==x’tantx—-= dx 1 1.
2 Ix +1 du, = T > dx Vl_EX
; [155F) v
==x*tan' x— dx
2 2'[ X +12 \ X2 +0x+1)x2+0x+0
=£x tan™ x—1 X+(-1) tan (X] +C —(x*+0x+1)
2 2 1 1 —1

:%x2 tan‘lx—%x+tan‘1x+C



	Case 1: The denominator   is a product of distinct linear factors.
	Case 2:   is a product of linear factors, some which are repeated.
	Case 3:   contains irreducible quadratic factors, none of which is repeated.
	Case 4:   contains a repeated irreducible quadratic factor.

