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Trigonometric Integration

Strategy for evaluating Isinm xcos" x dx

a*) If the power of cosine is odd (n = 2k +1), then use cos® x =1-sin?® x:

J.sinm xcos***! x dx = jsinm x(cos® x)* cos x dx = Isinm x(1—sin® x)* (cos x dx) then let u = sinx
b*) If the power of sine is odd (m = 2k +1), then use sin® x =1—cos® X

'[sinz“l xcos" X dx = I(sinz X)* sin x cos" x dx = J'(l—cosz x)* cos" x(sin x dx) then let u = cosx
c) If both powers of sine and cosine are even, then use half angle identities:

sin®x=1(1-cos2x) cos®x=1%(1+cos2x).

Sometimes this identity is helpful: sin xcos x = £sin 2x

*  The main trick for these cases you must set aside proper trigonometric function aside from original problem
so that you will have your substitution correctly. In other words, you are setting up your du part of the u-
substitution technique.

cos’#=1-sin*6 sin’H=1-cos* O
Recall the Pythagorean identity in trigonometric form : sec?@=1+tan’ 4 tan*6=sec’ -1

csc’@=1+cot’d cot’d=csc’H-1
Also, remember that you must have even powers so that you can use the conversions given above.

Strategy for evaluating j tan™ xsec" x dx

a*) If the power of secant is even (n = 2k ), use sec’ x =1+tan® x :
_[tanm xsec? x dx = Itanm x(sec? x)**sec? x dx =J tan™ x(1+ tan? x)**(sec? x dx) then let u = tan x

b*) If the power of tangent is odd (m = 2k +1), use tan® x =sec® x —1:
_[tanz“1 xsec" x dx = J‘(tan2 x)* sec" ™ xsecxtan x dx = _[(secz x—1)* sec"™* x(sec x tan x dx) then let

U =Secx
Recall J.tan X dx = In|sec x| +C J.secx dx = In|secx+ tan x| +C

To evaluate the following:
a) '[sin mxcosnx dx use sin Acos B = ;[sin(A—B) +sin(A+ B)]

b) _[sin mxsin nx dx use sin Asin B = £[cos(A— B) —cos(A+ B)]

C) J'cos mx cosnx dx use cos AcosB = Z[cos(A—B)+cos(A+ B)]
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Additional examples:

4)

jfsin5 X dx
_[sins X dx = J‘(sin2 X)(sin x dx) :J'(l—cos2 x)? (sin x dx)

= J(l— 2c0s® x+cos* x)(sin x dx)

= [(@-2p*+ p*)(-Ldx) \
2 5.1
:—(p—gp +gp )+C

2 1
:—cosx+§cos3 x—gcos5 X+C

s
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Lfsm X dx = —COS X-+2008" X~ C0s* X+C
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6) _[O smz(gejde

Jsinz (%9) do = j%(l—cos 2(%9)} do = J%(l—cos(%ejj do = %[e—gsin (éej}C

=£0—§sin(EHJ+C
2”4 \3

r 2
[ “sin? Lo)do=|Lo-3sin[20)+cC
0 3 27 4 (3 )
1
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:_n—zsm(?ﬂ{(o)—z(o)}=7T—Z(0)=7f
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p =COS X
dp =-sin x dx
—1dp =sin x dx

- —(27z)—%sin(g(zﬂ)}c}{%w)—gsin@(m}c}
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8) jf(z—sine)Zde
(2—-sin@)* d@ = | (4—4sin@+sin*H) do = 4—4sin9+1(1—cos(29)) do
J J J >

= j(%—4sin H—%COS(Z@)) do =%0+4cose—%sin(20)+c

[2(2-sinoy* do = %0+4c059—%sin(26’)+c} i

0

9(x ) 1. T 9 1.
:_E(Ej 4005(5)_25"1(ZKEJJ+C}_|:E(O)+4COS(O)_ZSIn(2(0))+C:|

[9x 1 1 9z
= _T+4(0)—Z(O)}—{O+4(l)—z(0)} :7—4

10) _[0” cos® 0 do
J'cose 0do= I (cos® 0)° d@ = I(% @+ cos(ZH))j do= (%) j(1+ 3cos(26) +3cos? (26) + cos*(20)) @
_ % [ (1+ 3c0s(20) + 3(%(1+ cos(49))j+ cos3(2<9)j do

15 3
==|| =+3c0s(20) +=cos(48) + cos®(26) |da
S 1[5 +acos(en)+ Seostao) +cos(20)|

1(5 3. 3. 1. 1.,
:5(59+Esm(29)+§sm(40)+{55|n(26)—gsm (26)}J+C

1(5 . 3. 1.
== Z0+2sin(20) + =sin(46) —=sin’(20) |+C
8(2 (20) 3 (40) 6 ( )j

p =sin(26) J'cos3 0do= J'cos2 O(cosf d@) = I(l—sin2 0)(cos 6 do)
dp =2cos(260) do
L = [a- p?)(idpj :3( p—1 p3j+c zisin(ze)—lsin3(29)+c
Edp =c0s(26) dé@ 2 2 3 2 6
j”cos6 edezF(Em 23in(29)+§sin(49)—lsin3(29)J+C}
0 8\ 2 8 6

0

E@ (x) +2sin(2(z)) +gsin(4(7z))—%sin3(2(ﬂ))J+C}—E(g(0)+ 25in(2(0))+§sin(4(0))—%sins(Z(O))j+C}

1(5 3 1 . 1 3
={§(§+2(O)+§(O)—5(0) ﬂ—[g((ow(omm—w) )}

_or
16
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12)

16)

20)

_[xcosz X dx

_[xcosz X dx = j x(% 1+ cos(2x))j dx = J(%x+%xcos(2x)j dx = J%x dx +J%xcos(2x) dx

1 1 1. 1
.[Excos(Zx)dx (ij( sm(2x)j j(gsm(Zx)j(dej
1
4
1

xsin(2x) — j sin(2x) dx \ ul:%x dv, = cos(2x) dx

== Xsin(2x) ——(?cos(Zx)j du, = % dx v = %sin(Zx)

o

=—Xsin(2x) +%cos(2x) +C

BN

J.xcosz xdx = j x(% @+ cos(2x))) dx = J'(%x+%xcos(2x)) dx = J%x dx +J%xcos(2x) dx

2
:1 L +{£xsin(2x)+£cos(2x)+C}=£x2+£xsin(2x)+1cos(2x)+c
2\ 2 4 8 4 4 8

jcos2 xsin(2x) dx

J'cosz xsin(2x) dx = jcos2 x(2sin xcos x) dx

:I2cos3xsinxdx p =CosX
_ [20°(-10p) T dp=-sinxdk
—1dp =sin x dx
p* —1 e
=-2| — |[+C=—co0s"x+C
4 2

_[(tanz X+ tan* x) dx
I(tanz X+ tan* x) dx = J.tanz x(1+ tan® x) dx
= J‘tan2 xsec’ x dx

= jtan2 x(sec” x dx)

= tan x
— p
:I P (dp) dp =sec® x dx
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22) “sec’* Otan* 0 do
0
'[sec“ ftan* 6dO = _[secz @tan’ f(sec* 0 dO) = j(1+tan2 ) tan* 9(sec’ 0 d6)

— 4 6 2
= [ (tan* 6+ tan® O)(sec” 0 d6) p=tand

=[(p*+p)p) ¥ dp = sec? 9 d@

:l p° +1 p’+C :ltan56’+1tan76+c
5 7 5 7

_[Xsec“é?tan“ed@: ltan59+1tan76?+CT
0 |5 7 0
= 1tank"(z}rltaﬂ(EJJFC —Ftan&"(0)+£tan7(0)+c}
5 (4) 7 4 5 7

1,5 1. 1 1 21,1 12
=_€(1) +7(1) }—[5(0)+7(0)}—5+7—

(8}

26) jftan“t dt
[tan*tdt = [ (tan® t)(tan’t) dit
= j (tan®t)(sec’t —1) dt

jtanz t(sec’t dt) =I p® (dp) - J'(seczttanzt—tanzt) dt
=tant ____—%
P ) _1 p’+C :J'tanzt(secztdt)—J-tantht
dp =sec’t dt 3

= jtan2 t(sec?t dt) —J'(sec2 t—1) dt

\j Itan2 t(sec’t dt) —J.seczt dt +I1 dt

=1tan3t—tant+t+c

it 1. 4
J.O“tan tdt= §tan t—tant+t+C
0

1 3( T 4 4 1. 3
:_gtan (Zj_tan[ZjJ{Z}rC}_[gtm (0)—tan(0)+(0)+C}

1,5 V4 1 7w 2 _37-8
-0+ 2]- F0-00]-2-2-2
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30)

32)

36)

jfcots X dx
4

'[cotS X dx = _[(cotz x)(cot x) dx

0= cot X J-COt X(CSC2 X dX) :J- p(—l dp) _ J.(CSCZ X —l)(COt X) dx
dp = —csc’ x dx :_?1 p>+C :I(csczxcotx—cotx) dx
~1dp = csc® x dx B _ 2 3
=?1(:Ot2 i C Icotx(csc X dx) Icotx dx

T :%cot2 x—In|sin x|+C

Ifcot3 x dx = %cotz x—In|sin x|+C} 2

o) el [ ol

+C}
- _71(0)2—In|(1)|}—{—(1) ~In 1 L

sm

— :—+In1 In\/_————ln2
ﬁ

I\)II—‘
N

e

_[csc“ x cot® x dx
jcsc“ xcot® x dx = _fcscz x cot® x(csc? x dx) = j (cot® x +1) cot® x(csc? x dx)

=I(cot8 X+ cot® x)(csc” x dx) p =cot X

=I(p8 +p®)(~1dp) T dp=-csc?xdx

1 1 1 1 —1dp = csc? x dx

——(— p’+= p7j+C =—cot’ x—=cot’ x+C
9 7 9 7

J- dx

cosx-1

J- dx =J-( 1 ](cosx+1)dx=.[coszx+1 _.[ cosx+1 —ICOS_X:_ldX
cosx—1 cosx—1/\ cosx+1 cos” x—1 —(1-cos? x) —sin® x

COoSs X 1
:_J-sinz X dX_J-s,inz X dx= ISIH

=cscx+cotx+C /

p =sinx -1
—> cos x dx —(dp)=—+C=——+C
dp = cos x dx I ( )= J (dp) p sinx+

(cos x dx) — '[csc Xdx=- (—1j (-cotx)+C
sin x

sin’
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38) a) Using the addition formulas for Sine
sin(A+B) =sin Acos B +cos Asin B

+
sin(A—B) =sin Acos B —cos Asin B
I
sin(A+ B) +sin(A—B) =2sin AcosB
%(Sin(A-i- B)+sin(A—-B)) =sin AcosB
b) Let A=(3x), B=(x)
.[sin 3xcosx dx = .[sin(3x) cos(x) dx = J%(sin((3x) + (X)) +sin((3x) — (x))) dx

1¢,. . 1/-1 1
= E.[(sm(4x) +sin(2x)) dx = E(T cos(4x) —ECOS(ZX)j+ C

= %cos(4x) —%cos(Zx) +C

Trigonometric Substitution (triangulation):

For this section, it will be easier to recall the basic trigonometry of a right triangle. Given triangle below:

Recall: SOH CAH TOA
adj _h

S Y = tané?:ﬂ:X
hyp r hyp r adj h

By Pythagorean theorem: r? =v’ + h?

If we solve for hypotenuse and each of the legs, we get:

r=vv?+h®> v=+r’—-h*> h=+r?-v?
0 The trick to this section is to recognize which of the following is present in the
problem:

h
W2 ah? AP —h? -y
vi+h*>  r’—=h*  rr-v?

sin@ =

If this expression (v/V>+h®> or v>+h?) is present then this part represents the hypotenuse of the triangle;
therefore, each part represent the legs of the triangle.

If these expressions (vr>—h*> or r?>—h?*)or (vr>=v> or r?—v?)are present then this part represents the
leg of the triangle; therefore, the fist part is the hypotenuse and second the other leg of the triangle.

2 2 2
Note: v? +h® =(\/v2 +h2) , r’—h? :(x/r2 —hz) ,and r? —v? =(\/r2 —v2)
Now use this triangle to pick out 2 trigonometric relationships that involve the pairs given below:
sinf@+cos®f=1 tan®f+1=sec’d 1+cot’H=csc*d

This is the encoding step. Then use techniques of trigonometric integration to solve the problem. After solving,
use the triangle we set up for encoding to decode our solution.
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Additional examples:
42) _[le?’\/l—x2 dx
method 1:
J.x34/1—x2 dx=J.x2‘/1— x? (x dx) =I(1— p)ﬁ(%l dpj
3
:%l (\/B_DZJdp p:].—X2
dp =-2xdx
3 5
:;([%pzj—(gpz +C %dp:xdx
1 51 3
=g(1—X2)2 —5( —X2)2+C X2:(1_ p)
_1 N 2 S_E N 2 3
_5(1x)3(1x)+C 1 X
method 2:
.[x3\/1—x2 dx=j(sin 0)*(cos 8)(cos & d6) 0
=Isin39coszé’d9 12_y2
:jsin2 @ cos’® (sin 6 dO) %zsine
:j(l—cos2 0) cos® O(sin 6 d6) X —sing
:J'(cos2 6 —cos* 9)(sin @ d6) dx =cosd dé
:J(pz—p“)(—ldp)=—(1 p3—1p5j+c X coso
3 5 1
=lcos - ;cos 0+C VI =x* =cos6
«/ iC p =cosé
1 dp=-sin@ dé
—ldp=singdo
(\/ 2)5 1(\/1 X ) e
5 3
— 1
J1x3\/1—x2 dx = 1( 1—x2)5—1(\/1—x2)3+c}
0 | 5 3 0
B RS e Y O e W o B B Y Y el W T O g
i i R o R
1 5 1 3 1 5 1 3 11
| 5(80) 580 |- (A -5 |=fo-0l-{ 55

__|83.5|_2
15 15] 15
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44)

_[02 X3\ X? +4 dx

method 1:

Ix3\/x2+4 dX:IXZ\/XZ +4(x dx)zj.(p—4)\/6(% dpj

Il
—_—

7~ X\
(@3]

>
N

+

IS

2

gl gl N

method 2:

2

X°+4

N o

)

[ p2 - ZJ_jdp

%(x +4) +C

2 32
-2 =p? |+C
5

5

) —%(M)B +C

_[xsx/x2 +4 dx :I(Ztan 0)*(2sec)(2sec* 0 dO)
:Zsjsecsetan3t9d9

= 25J‘sec2 ftan® @(secHtan 6 d6)

= 25J'sec2 O(sec’* @ —1)(secHtan 6 d6)

= Zsj (sec* @ —sec? 9)(secHtan 6 d6)

=2° (lsec5 6’—lsec3 9)+C
5 3

5

2

1

3

2

=%(W)5 —%(W)Sm

J. x/ﬁdx_

__g}_
4

4

15

5
X +4) —i(
3

4

fi-ous

}:

64+/2 - 64
15

(\/x2 +2° ]3]+C

15
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iztané’
2

Xx=2tan@
dx=2sec’60do

/ 2 2

X'+2 =secd
2

X2 +22 =2sech

15

R

24—20}_8[12—20}
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48)

t5
dt
'[\/t2+2
method 1:
t° (t*)° (P-2)° ( j (p? 4p+®
dt = t dt dp
'[\/t2+2 '[\/t2+ (= '[ '[
1 -1
_J'(E ~2p2+2p? ]dp D=t?42
dp=2tdt
1(2 2 2 3 2 3
=—| = -2/ =p? [+2]| = p? |+C
T
OO PR ST o2
_E(t +2) _E(t +2) +4(t +2) +C
=%( t2+2)5—%(\/t2+2)3+4 t*+2+C
method 2:
thanﬁ —
\/E M_SECH
t=+2tano J2 B

dt=~2sec’0d0 2 +(J2)? =v2secO

t° t°
——dt= | ——d
Mot Now
_J~(\/§tan0)5
- (\/Esece)

=(\/§)5jsec9tan549d6? 0

P+ (2

(2seco do)

_ (\/E)&"J‘(tan2 0)?(secOtan & dO) J2
= (+/2)° [ (sec’ 0-1)* (secOtan 0 d6)
= (+/2)° [ (sec* 0 2sec’ 0+ 1)(sec O tan 0 d )

= (V2)° %secf’ 6—%5ec3 49+sec0}+c

o] [ 6| 2 ey | [y,
- 51 V2 3l V2 J2

5 3
:1( t2+2) —%(x/t2+2) +4t?P+2+C

5
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52)

58)

J.\/li X2 o

method 1:

j—ﬁdx:j—ﬁ(xdx)zj%(%dpj

p=1+x
:l(gﬁjﬁg dp = 2x dx

2\1
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1
=1+ x> +C Edp:XdX
method 2:
X
I—tané? 12 4+ %2 12 4+ x2
=secd
X=tanéd X
dx =sec’ 6 dé V12 + x2 =secd )
(tan @)
dx = (sec 6 do)
'[\/1+x J-\/12+x j 1
:jsecetanedezsec9+c:\/12+x +C=+1+x*+C
J~1 dx
0 (x*+1)°
dx 1 1
= dx = sec’0 do
J (x*+1)° I (m) J (eco) ) VX241
X
1 , 1
=j . de:jcos 6’d9=_[—(1+cos(26’))d9
sec” 4 2 )
1 1 . 1 ]
=—(0+—sm(20)j+c:—(6+sm90056’)+C X 1
2 2 2 I:tané?
1 X 1
== (tan‘lx)+( j( B+C Xx=tand 2 12
2[ 2, 12 2 12 X“+1"
V1t L 1 dx =sec® 0 do el
1. X
=—tan " X+——+C \/m:secé?
2 Z(VX +12) O =tan'x
=1tan‘1x+++c
2 2(x2 +1)
1 dx 1 X '
.[ ——= —tan‘1x+2—+C
o(x"+1)° |2 2(x°+1) 0

:_ltan‘l(l) _O C}—Ftan‘l(O) _©O C}:£+1: 7+2
|2 2()° +12) 2 2((0)° +1) 8 4
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~ cost
60) [2—2
IO V1+sin®t
cost 1
dt = (cost dt)
J.\/1+sin2t J.\/1+sin2t _
p=sint
1
:Iﬁ(dp) \ dp:COSt dt 12+ p2
JE+p p
:ji(seczede)
secd 0
=J.seced9 P _tane
1 > > 1
=Injsecd +tang|+C p=tand P+P° oo

=1In «/12+p2+p‘+C dp =sec” 6 d6
=In|{1* + (sint)® +sint‘+C
=In \/1+sin2t+sint‘+c

IELSJ[ dt =|In \/1+sin2t+sint‘+C}
0 J1+sin?t L

=|In 1+sin{%)+sin£%)+C]—[In‘«/l+sin2(0)+sin(0)‘+C}

NN Y +(1)H—[In‘«/1+(0)2 +(0)H
=|In[l+ ﬁﬂ—[ln ]= [In(l+ \/5)}—[0] =In(l++/2)

V12 + p? =secd

z
2

0

X2

62)

3

(3+4x—4x2)E

First we must fix the trinomial in the denominator such that it becomes either sum or difference of
squares.

3+4x—4x* =3+ (1-1) +4x—4x°
=3+1-1+4x-4x°
=3+1-(1-4x+4x%)
=4 (4x* —4x+1)
=4-(2x-1)*
=22 _(2x—1)?
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@1 _Ging
2
2X—1=2sin@ ‘/22—(2x—1)2 _ cosd oyt (2x-1)
2x=2sin0+1 2 B 6:Sinl( X- j
x=sin0+% J22 - (2x-1)? = 2cos0 0
dx =cos@ d@ V22— (2x-1)°
2
X2 W2 2 (sm¢9+2j
| sdx=] Fdx=| 3dx=j2—93(cosede)
(3+4x—4x)? (\/3+4x—4x2) (1/22—(2x—1)2) (2c0s0)

1Y L, 1
sm9+§ 1 sin 0+S|n9+z
~ 7 d@ I do

~ ) 8cos? 0 "8 cos? 6
- 2 -

_ J-S|n29d(9+'|-sm2¢9 d€+lj. 12 40
cos‘ @ cos“ @ 4° cos” 0

(- sme)
J'tan 6do— '[ e do+ J'seczede}

( sin 9)

j(sec 0-1)do- J' do+ jsec ede}

Etan6’—i—6 + :l Etan6’—se00—0 +C
4 0 84
5( 2x-1 | 2 —(sin‘l(zx_ln iC
41 22 —(2x-1?7 | | 27— (2x-1)’ 2
g( 2x-1 J_( 2 J_Sinl(u—l] C
4 3+ax—-4x2 ) \J3+4x—4x2 2

10x-5 8 —sin-l(zx_lj}w
MN3rax—axX  431dx—ax 2

1{ 10x-13 (ZX 1)}
== —sin” +C

8 | 4y3+4x—4x? 2

10x-13 1 sin- (ZX 1)+C

32\/3+4x ax2 8

2

| 00|k OOII—‘ OOII—\ |




