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The formula for integration by parts:

Ju dv:uv—jv du

Make sure to determine how you want to choose u and dv. Remember that your 1% choice might not be the
optimized method of solving by this technique. Also, you need to use derivative method to find du from u and
integration (anti-derivative) method to find v from dv.

There are problems that require you to apply integration by parts more than once.

Additional examples:

6)

16)

I(x—l)sinﬂx dx

I(x—l)sin X dx=(x-1) (_—1cos ﬂX]—I(_—]-COSﬂ'X (dx)
T VA

:_;l(x—l)0037zx+%jcosm dx u, =(x-1 dv, =sinzxdx
:__1(x—1)c057zx+l(lsin7zxj+c du, = dx V1=7COS7TX
T T\ T

-1 1 .
=—(x-1)coszx+—sinzx+C
T T

j t3% dt

j t%' dt = (*)(e') - j (e")(3t2 dx)
— 13t _J‘gtzet N \ u, = t3 dVl — el gt

= t%! —{(3t2)(e‘)— G dx)} du, =3t dx v, =¢'
u,=3t> dv,=e"dt
du,=6tdx v,=¢
—t%" —3t%' + {(6t)(e‘) ~[ ) dx)} U =6t dv,—e dt
=t3%"' —3t%" + 6te’ —_[6et dx du,=6dx  vy;=¢

=t%' —3t%"' +6te' —6e' +C

=t%e' —3t%' + _[ 6te' dx



MATH 20200 section 6.1 Integration by Parts (revised 02/16/2014) Page 2 of 6

12)  [sin™ xdx
u=sin"x X gy (L (—1d j
1 ——dx=|——| —-dp
sinu = x X Dol X '[«/1_)(2 I\/B 2
-1(2
cosug—uzl u dp =-2x dx :7(Iﬁj+c
X
-1
du 1 1 —dp = xdx _ \/1—2
—= = 2 _ 2 2 =—J1-x"+C
dx cosu 12_x? I -x°
. . 1
J.sm’lxdx:(sm’1 x)(x)—j(x)[ — dx
L-x \
u =sinx  dv, =dx
:xsin’lx—'[ X dx ! . .
1-x° du, = dx v, =X

2
=xsin’1x—(—\/1— x2)+C 1-x
=xsintx++41-x*+C

18) [ (x*+De™ dx

[0 +1e™ dx = (x* +1)(-e ™) - [ (~e™)(2x dx)

=—(x*+1e” +'[2xe’X dx
u =(x*+1) dv, =e™*dx

— (X +De " + {(2x)(—e‘x) 2 dx)} \dul _oxdx v ——e

== +De ~2xe ™+ [ 20 dx u,=2x dv,=e" dx
=—(xX*+1)e* -2xe -2 +C du,=2dx v,=—e*
_(v2
_ (x X+1)_2_i<_%+c
e e e

I:(XZ +1)e " dx = %—Q—£+C}
0

:_—((1)2+1)_2(1)_£+c}[‘((0)2+1)_2(0)_i+c}:[‘?6}—[—3]=3—6

e® e® O e©® e@ @
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20) jg'”—y dy

“Ay
1Y dy ~ tny)2yy) - (2&)[1 dy}
Jy y
2
—2fylny—[—=d
Jyny I\/g y
:2\/§Iny—4\/§+c
Y gy [ofyny-afy+c]’
.[4\/§ y [\/yny \/?4‘ :|4
= 2,/(9) In(9)- 4/(9) + C | -| 2/(4) In(4) - 4/(4) + C |
96

=[6In9—12]—[4ln4—8]=6In9—4|n4—4:In96—ln44—4:In—4—4
4

N
22) J.l 3arctan (%) dx
1 N
u :tanl(—j 1
X X 1(1
u J‘1+ X2 dx:IE(Edp]
tanu = p=1+x2 .
, du -1 X dp = 2x dx :Eln|p|+C
Sec U&—F ldp=xdx )
du -1 -1 -1 2 Zzln‘l-i- X2‘+C
27 14 %

dx  x?sec’u 2 (\/12”2

X

X

S——

o o

= xtan‘l[

= xtan‘l[

N 1 i
I . > arctan (—j dx =| xtan™
X

< | =
N—

J(X)_I (X)(liz dxj !
ulztanl(—) dv, = dx
+J' X dx \ X

1+ x° -1

~ S

o

S

Il

o

>
<

Il

>

X | x|k

+Eln‘1+x2‘+c
2

V3

VR

l}Llln‘1+ x2‘+C}
X) 2 L

= _(\/5) tan™ [ﬁ}%ln‘ﬂ (V3)*|+ C}—[(l) tan™ [(—i)}%ln L+ (1)2‘+C}

__ 7)1 7) 1 _\/gﬂ' 7 1 _«/§7r 7 1
—_\/g(gj+E|n|4|j|—|:(1)(zj+§|n|2|j|—T—Z+§(In4—ln2)—T—z+Eln2
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24)

1
dr
e

Method 1: Using integration by parts

ré 2 7\ 2
[ — dr=(r )(\/4+r ) I(V4+F )(2|’ dr)
= 2\/4+r2—2jr\/4+r2 dr u, =r? dvl=\/r—2dr
441
1 3
=r’Na4+r? —2{5(\/4+r2) }rC du, =2rdr v, =v4+r?

=r’vJ4+r? —%(\/4+ r? )3 +C

p=4+r? dp=2rdr:>1dp:rdr
side computations: J'\/_dr—j\/_( ] 1( \/_]Jrc Jp+C=v4+r?+C
4+r°
3
I\/4+r dr_j\/_(ldpj: [zpj C_;(\/4+r2)3+c

2

1

dr::rzx/4+r2 —%(\/4+r2)3+c}0
- }1)%@—%( 4+(1)2)3+c}—[(0)2J4+(0)2 —3(\/4+(0)2 )‘Zc}
[VB-2(8 |-[o-2(2) | [ B~ 2(oB) |- -L2] -2 - 100, L0 1o

3 3 3 3 3

Method 2: using substitution
p=4+r’=p-4=r> dp=2r dr:%dp:rdr

i I 152 )31 - - 30T ()
=1(ﬁ)3—4 p+C =%(\/4+ r2)3—4\/4+ 2 +C

3

3

I:lei—rz dr::%(\/4+r2)3—4\/4+r2+CI
::g(m)s-4m+cHg(m)%4m+c}
=:3(\/_) 4[} 4(2) { } ——8} {%-%} E_Z—?ﬂ

_ —7\/5}{—;} 16-75

3 3
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26)

30)

[ esin(t—s) ds

[e°sin(t—s) ds = (sin(t - s))(e*) - [ (*)(~cos(t - 5) dx)

_[es sin(t—s) dszessin(t—s)+'|-eS cos(t—s) dx \
u, =sin(t—s) dv, =€’ dx

[e*sin(t—s) ds =e*sin(t - ) +{(cos(t—s))(e5)— [ (e)(sin(t-s) dx)} dU, = —cos(t—s)dx v, =€
.|.eS sin(t—s) ds =e’sin(t —s) +e° cos(t — s) —Ies sin(t —s) ds\ u, =cos(t—s)  dv, =e° dx

ZJ.eS sin(t—s) ds = e°sin(t —s) +e° cos(t —s) du, =sin(t—s)dx v, =€

'[es sin(t—s) ds =%eS sin(t—s)+%eS cos(t—s)+C

r t
j;es sin(t—s) ds = %es sin(t—s) +%es cos(t—s)+C}

0

- %e“) sin(t—(t)) +%e“) cos(t —(t)) + C} —E e sin(t — (0)) +%e(°’ cos(t —(0)) + C}
= let -~ Esint+lcost :let—lsint—lcost
2 2 2 2" 2 2

J.14e& dx

je& dx:je"(Zp dp)

B 2pdp=dx

=(2p)(e") - [ (eP)(2 dp) ~_
=2pe’ —[2e” dp U=2p dv,=e"dp
=2pef -2e?+C

= Zﬁe& —2e™ 4 C

du,=2dp v, =e’

J.:e& dx = [Z&e& —2e +CI1
= 2@’ -2¢ 1.c |- [ 2,/We’® - 26 +.C |

_ [4e2 - 2e2] ~[2e - 2¢] = 2¢?
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36) Prove J'x“eX dx = x"e* — nj x"e* dx

j x"e* dx = (x")(e*) — j () (nx"* dx) — u=x dv, = e dx

— x"e* — nJ' x"le* dx du =nx""dx v, =¢

tan xsec"? x
n-1

38)  Prove jsec” x dx = L =2 .[sec”‘2 xdx (n=#1)
n-1

u, =sec"’ x dv, = sec’ x dx
du, = (n—2)sec" > x(secxtanx) dx v, =tanx
I sec” x dx = J'(sec“’2 x)(sec’ x dx)

I sec” x dx = (sec" x)(tan x) — J' (tan x)((n— 2) sec"® x(sec x tan x) dx)
jsec” x dx = tan xsec"* x—(n— 2).[sec”*2 x tan® x dx
j sec” x dx = tan xsec" > x—(n—2) j sec”* x(sec® x —1) dx
jsecn x dx = tan xsec" > x—(n—2) {J'sec" X dx —Isec”’2 X dx}
Isec” x dx = tan xsec" > x—(n— 2)J'secn X dx+ (n— 2)'[sec”’2 X dx
(n —1)Isec” x dx = tan xsec" > x+ (n— Z)Isec“’2 X dx

tan xsec"* x+(n—2) I sec” % x dx
(n-1)

jsecn X dx =

tan xsec" 2 x
n-1
The condition of (n=1) is needed so we don’t end up with undefined expression.

Isec”xdx: +n_2J'sec”’2xdx
n-1

40)  Using the formula in exercise 36 (applying 4 times)
jx“ex dx = (x“eX —4] x* e dx)

=x‘e* —4J' x’e* dx

=x‘e* —4(x3eX —3J x> e* dx)

=x'e* —4x%" +12j x’e* dx

= x'e* —4x’%e +12(x2eX -~ ZJ' x> 'e* dx)

=x‘e* —4x%e* +12x%" - 24J. xe* dx

=x'e* —4x’e* +12x%* - 24(xeX —l_[ xe* dx)
=x'e* —4x’e* +12x%e* — 24xe* + 24IeX dx

=x%e* —4x3e* +12x%* —24xe* +24e* +C



