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Limit Comparison Test

If f and g are continuous and non-negative for z > a and

lim; .o f(z)/g(z) = L, where 0 < L < oo, then

/aoo f(z)dz  and /:O g(z) dz

both converge or both diverge.

Hereafter, lim means lim,_, .

Proof: (1) Choose F such that F' = f, and suppose
f g dzr is convergent.

(2) From the definition of a limit, lim ! = L implies there

exists a real number zg such that, for all z > z,

) gL

9(z) 2
(3) The inequality in (2) is equivalent to

— L

L 3L

59(2) < f(z) < — 9(z).
(4) From the second inequality in (3), for M > zq,
M 3L
F(M) — F(zo) / f(z d:c<—— g(z )d:z:<7 g(x)dm.
(5) Since f > 0, F(M) — f(zg), as a function of M, is
3L
increasing, and from (4), it is bounded by - g dz. Thus,

a

F(oo0) = lim F (M) exists and

F(oo)—~F(:Eo):/ fd:c§7 gdr < oo.
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(6) Thus / fdx is also convergent. Similarly, from

2
g < Zf, we see that the integral for g is convergent if the

integral for f is convergent.

Theorem: If f =U+>-"  u;andg=V +> ., v;, where
f(z), g(z),U(z) and V(z) are all continuous and positive for
all z > a, a a real number, and u; << U and v; << V for all

7, then
[ame = [ phe

both converge or both diverge.

Proof:
limf—/g:li fV "~ im OV + > (u;V)]/UV
U/v qU [UV—i—Z (v;U)]/UV
_1+0+---40 g,
1+0+--+0

and the conclusion follows from the limit comparison test.

o 2+ 3lnz

Example 1: 1 + o dr 1s convergent, since
r?

Inz << 2% << z* and / —; dz is convergent. If we change
;X

z* to 22 in this integral it is then divergent.
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Example 2:
p /o ez 4 1
1 << 2 << 210 <<ne® << €2 and

Ooxea; (0. 0)
=]
0 e<® 0 €

=xz(—e )|g° —/ (—e™F)de=0—-0—e"*|° =1
0

dx 1s convergent, since




