Math 391: Methods of Differential Equations
Spring 2011 Final Exam Solutions

These solutions were written hastily by Pat Hooper <whooper@ccny.cuny.edu>. If you
see any mistakes, please send an email so they can be corrected.

1. Compute the general solution of each of the following:
(a) t% + 4y = et/t? (t > 0).

Solution: This is a first order linear ODE. We write it in standard form as

We have p(t) = 3 and g(t) = f—; The integrating factor is u = exp [p dt =
exp [ % dt = exp(41Int) = t1. The general solution is

Y i(fugdt—i—c):t_‘l(ftet dt + ¢)

t=4(te! — [et dt + c) = e,

. t_ ot
Our final answer is |y = =5+,

d
(e” cos(y) + (1 — z) siny)% + e*(1 4 siny) + cosy = 0.

Solution: This equations looks likely to be exact. We define

M =e"(1+siny) +cosy and N =e“cos(y)+ (1 —z)siny.

It is exact if 24 = 2N \We compute
oy ox

oM

—— =e"cosy —siny and —— =e*cosy —siny.
dy ox

So it is exact. Now our solution is 1(x,y) = ¢ where % is a function satisfying
g—w = M and g—w = N. Since g—¢ = N, we have

z Yy Y

v = /N dy = /excos(y) + (1 —x)siny dy = €*siny — (1 — x) cosy + h(x).

We must also have

M = g—i = e"siny — cosy + h'(x).
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Therefore, we have h/(z) = e*. We can choose h(x) = e®. This makes

U(z,y) = esiny — (1 — x) cosy + e*.

And our final answer is |e*siny — (1 — ) cosy + e* = c.

Remark: We could have done the integrals in the other order (i.e. first integrate
M with respect to x to find 1 up to a function depending only on y). We chose
this order to make the integrals easier.

(x —y)dy = ydz.

Solution: When we rewrite the equation as

dy_
de  x—vy’

we see that the equation is homogeneous (i.e., the function h(z,y) = xL_y satisfies
h(ax, ay) = h(x,y) for every non-zero «).
We let v(z) = y(z)/z. Then y = zv(z) and 3y = v(x) + zv'(z). So by a change
of variables our equation becomes

v v

v+ v = = )
T — v 1—w

We simplify this equation:
2

, v
v = .
1—w
l—v, 1
v2 T

We have shown the equation is separable. So, we integrate.

1 —
/ QUdv:/ldac.
v T

We have [ % dx = Inx 4+ ¢. We evaluate the integral and then substitute y/x
for v:

[Srdv = [v2=1dv==—Tnv

v2
-z _ ¥y _ —xz _
y lnz y lny—i_lnx

So our answer will be of the form:

_—$—1ny+lnx:1nx+c.

We can further simplify this to obtain:

_jz—lny:c.

I don’t believe that this equation can be simplified much beyond this, though
you could solve for z in terms of y.
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2. Solve the following initial value problems:
(a) ydex+e*dy =0, y(0)=e’

Solution: This equation is separable. The equation is equivalent to e *dy =
—ydx or _Tldy = e*dx. We integrate both sides

—1
/—dy:/e“dx—i-c.
)

—lny=¢€"+c.

So the general solution to the ODE is y = exp(—e® — ¢). We plug in = = 0 and
y = e ! to find the constant. We get that exp(—1) = exp(—e® — ¢), so that
c¢ = 0. So our final answer is

y = exp(—e”).

(b) y" — 4y’ + by = 16cost; y(0) =0, y'(0) = 0.

Solution: This problem is best attacked by the method of undetermined co-
efficients. First we solve the homogeneous equation y” — 4y’ + 5y = 0. The
characteristic polynomial is r* — 4r +5. We find the roots with the quadratic

equation:
4+ v16-20  4+2
B 2 2
So a fundamental set of solutions to the homogeneous equation is given by

T =21

2

y1 = e*cost and 1y, = €

tsint.

Now we will find a particular solution to the equation y” — 41y’ + 5y = 16 cost.
Since cost is not a solution to the homogeneous equation, we have a particular
solution of the form

Y = Acost + Bsint.

We compute the first two derivatives:
Y'= —Asint + Bcost and Y” = —Acost — Bsint.
Let LHS =YY" —4Y’ + 5Y. We have,

LHS=(—Acost — Bsint) — 4(—Asint + Bcost) + 5(Acost + Bsint)
=(4A — 4B)cost + (4A + 4B)sint.

To have a solution, we have 44 — 4B = 16 and 4A +4B = 0. So A = 2 and
B = —2. Thus our particular solution is

Y =2cost — 2sint.
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The general solution to y” — 4y’ + 5y = 16 cost is
y=ciy1 +cys+Y = cre® cost + coe®sint + 2 cost — 2sint.

Since y(0) = 0, we have
0=y0)=c +2.

Therefore ¢; = —2. We have
y = 2c1e cost — cre sint + 2c9€? sint + o cost — 2sint — 2 cost.
Since 0 = 3/(0) we have
0=9'(0)=2c; +cy—2=—4+cy—2.

So ¢y = 6. This gives the solution:

y = —2e* cost + 6e*sint + 2cost — 2sint.

3. Compute the general solution of each of the following:

(a)

r2y" — 3zy + 4y = 0.

Solution: This is an Euler equation. The characteristic polynomial is r(r —
1) — 3r +4 = 0, which simplifies to r* — 4r + 4. We can factor this as (r — 2)2.
So the general solution is

y = c12% + cox’® In |z|.

y" +y = sect.

Solution: We begin by observing that a fundamental set of solutions to the
homogeneous ODE y” 4+ y = 0 is given by

yp = cost and 1y, =sint.

We can use the following formula from the method of variation of parameters
to find a particular solution to the non-homogeneous equation y” + y = sec t.

Z—yl/ngdt—i- 2/y19dt

Here g = sect. We also have

W = y1yy — y,y2 = cos®t +sin’t = 1.
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Substituting these into the equation, we see that
Y =—- cost/sintsect dt + sint/costsect dt.
Recall that sect = ﬁ Therefore, the second integral evaluates easily:

/costsect dt:/ldt:t.

The first integral can be evaluated by substitution:

sint
/sintsect dt:/ dt = —1In | cost|.

cost

We have found a particular solution:

Y = costln|cost| + tsint.

The general solution is

c1cost+ cosint + costln | cost| + tsint.

4. For the differential equation:
(1+22%)y" — 2y +2y =0

Compute the recursion formula for the coefficients of the power series solution centered at
xo = 0 and use it to compute the first four nonzero terms of the solution with y(0) = —6
and ¢/'(0) = 0.

Solution: The point xy = 0 is an ordinary point (i.e., the function P(z) = 1 + 2z°
is nonzero at o = 0). So, we are looking for solutions of the form y = > 7 ' a,z".

We have - -
y = Znanx”_l and 3’ = Z n(n — Da,z" 2
n=1 n=2
We will now simplify the terms of (1 + 223)y” — zy’ + 2y.
o [e.e]
Y = Z nn —1az"? = Z(n +2)(n + 1)a, 22",
n=2 n=0

o0

223y = 223 Z n(n —1a,z" 2 = Z 2n(n — 1)a,z"* = Z 2(n—1)(n—2)an-12".
n=2 n=2

n=3
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(0@ o
—zy = —uw g na,x" = g —na,x".
n=1 n=1

o0
2y = Z 2a,2".
n=0

We sum these terms to obtain our series. Terms with a common factor of ™ have
been grouped together. We use LHS to abbreviate (1 + 223)y” — 2y’ + 2y.

LHS = (2ay+ 2ag) + (6as + a1)z + (12a4)x?
+3 2 (n+2)(n+ Daps +2(n — 1) (n — 2)an_1 + (2 — n)a,)z"

All coefficients of ™ on the right must be zero. This gives several equations:
2as + 2a9 =0, 6az+a; =0, 12a4 =0, and

(n+2)(n+ Dapsa+2(n—1)(n—2)ay,—1 + (2—n)a, =0 forn > 3.
Solving each equation for the largest root yields the recurrence relation:

as = —ag, az= & ay =0, and
—2(n—1)(n—2)a,—1 + (n — 2)a, ¢ >3
Upio = orn > 3.
+2 (n+2)(n+1)
Since we are looking for solutions with y(0) = —6 and y'(0) = 0, we have ay = —6 and

a; = 0. Then we evaluate the first several coefficients using the recurrence relation:

—a
CLQI—CL0:6, CL3ZT:0, CL4:O.

We also have

“2(2)(L)as + (Daz  —4(6) +(0)  —24  —6

T be (5)(4) BT T R
o Z23)(2as + (Qas _ —12(0) +2(0) _
oo 6)(5) EERGIE
o 24)Bas+ (B)as _ —24(0) +3(F) _ -3
e (7)(6) (7)(6) 35

This gives a final answer of

y=—6+062"—22° — 22" — . ..
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5. A tank with a capacity of 100 gallons initially contains 50 gallons of water with 10
pounds of salt in solution. Fresh water enters at a rate of 2 gallons per minute and a
well-stirred mixture is pumped out at the same rate. Compute the amount of salt (in
pounds) in the tank 10 minutes after the process begins.

Solution: Let Q(¢) denote the amount of salt (in pounds) in the tank ¢ minutes
after the process begins. We have @(0) = 10. So the concentration of salt in the
tank is Q(t)/50 pounds per gallon. Since the fluid pours out at 2 gallons per minute,
the salt is flowing out at a rate of Q(¢)/25 pounds per minute. Thus,

Q' =-Q/25.

We will solve this differential equation by separation of variables. We have % = ;—;

So, In@Q = ;—g + ¢. Thus

—1 —t
Q= exp(% +c¢) = Ae= |

where A = e°. To determine A we consider the initial condition, (0) = 10. Thus,
A =10. So, Q = 10e35 . We evaluate at ¢ = 10 to see that:

After 10 minutes, the tank has 10e s pounds of salt in solution.

6. With y; and y, two solutions of the equation

Yy +py +qy=0,

show that the Wronskian of y; and ys is either never zero or identically zero (Hint:
derive and solve a differential equation which is satisfied by the Wronskian of y; and ys).
Include the definition of the Wronskian.

Solution: Recall that the Wronskian of y; and vy, is
W =195 — y1y2.
Observe that the derivative of W is given by
W' =y1y5 = yive.
Suppose that y; and y, both solve this equation. Then we know that

Y +pyi+quyn =0 and yh + pyh + qy2 = 0.
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We multiply through by y, and y; respectively obtaining:

Yiye +pyiye +ayiye =0 and  yyyr + pysyr + qyayr = 0.

Taking a difference yields

(Yo — yive) + p(yayr — vive) + q(y2yn — 11y2) = 0.

This simplifies to W’ + pW = 0. This is a linear first order ODE for W. This
is separable, because we can write it as W//W = —p. So we have that InW =
[ —p(t) dt + ¢ for some constant ¢. Taking the exponential of both sides yields
W = Aexp [ —p(t) dt where A = e°. Observe that exp [ —p(t) dt is always positive.
So, if W (tg) = 0 for some ty, we must have A = 0, in which case the Wronskian is
the constant zero function.

7. (a) Compute the general solution of the differential equation

yvi + 8y”’ —0.

Solution: The characteristic polynomial is % + 8r3. This factors as
0+ 8% = (13 + 8) = r3(r + 2)(r* — 2r + 4).

We see that » = 0 is a root of multiplicity 3, and » = 2 is a root. We get two
more from the quadratic formula:

:H— V4_16:1i¢\/§
5 .

r

This gives the general solution:

Y = c1 + cot + cst? + cpe™? + csef cos(V3 t) + cgel sin(V/3 t).

(b) Determine the test function Y (¢) with the fewest terms to be used to obtain a partic-
ular solution of the following equation via the method of undetermined coefficients.
Do not attempt to determine the coefficients.

YU 8y =12+ e — e P cos(V3 ).
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Solution: The following test function is optimal:

Y = At? + Bt* + COt° 4 Dte ™ + Ee * cos(v/3 t) + Fe 2 sin(v/3 t).

8. (a) A 2 pound weight stretches a spring 6 inches to a position y = 0. Set up an initial
value problem (differential equation and initial conditions) for the position y(t) (¢
seconds later) if the spring has been stretched down another 6 inches and is released.

Solution: Let w = 2 be the weight of the spring in pounds. Then w = ma
where m is the mass of the weight and a is the acceleration due to gravity,
32 ft/sec?. We see that m = %%. By Hooke’s law, we have F' = kl where,
F' is the force of the spring, k is the spring constant, and [ is the amount of
elongation of the spring. Since the force is 2 pounds when the spring is elongated
6 inches, we know that 2 = k‘% So k = 4ft - Ib. Since there are the only forces
on the mass, the differential equation satisfied by the spring mass system is
my” + ky = 0. The initial conditions are given by the statement that the spring
is stretched down another 6 inches and released (presumably with zero initial
velocity). So we have y(0) = 3 and ¢/(0) = 0. This gives us our initial value
problem:

w6y 4y =0; y(0)=34(0)=0.

(b) Compute the Laplace transform L(y)(s) where y is the solution of the initial value

problem:
y'+5y +3y=0 with y(0)=1 and y'(0)=-1.

Solution: Let Y = L£{y}. Then we have
L{y} =5 —y(0) =sY -1 and L{y"} =Y —sy(0) -2/ (0) = s*Y —s+1.
So the Laplace transform of the equation is

(Y —s+1)+5(sY — 1) +3Y = 0.

This can be simplified to (s*> + 55+ 3)Y = s+ 4. So we have

LY} (s) = it

$2+55+3"
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9. For the differential equation:
3zy" 4+ 2y + (z 4+ 5)y = 0,

show that x¢o = 0 is a regular singular point. Compute the recursion formula for the
coefficients of the series solution centered at xy = 0 which is associated with the larger
root of the indicial equation and compute a; and as when ag = 1.

Solution: Let P(x) = 3z, Q(z) = 2 and R(z) = z+5. We see that this is a singular
point because P(0) = 0 and Q(0) # 0. To see it is a regular singular point, observe
that the following two limits are finite:

xQ(x) 2r 2

lim =lim — = —.

z—0 P(x) z—0 31 o 3

z(x +5)

2 2
lim L R(x) = lim M = lim

z—0 P(aj) z—0 3x x—0 - O

This proves that zy = 0 is regular singular.

We will look for a solution of the form y = 2" > ja,z" = > >~ a,z" ™. We have

y = Z an(r+n)z"™ 1 and ¢’ = Z an(r+n)(r+n—1)2""2

The terms of the left hand side of the ODE are given by:

5y = i Sa,x" .
n=0

o o]
xy = g a,z = E Az
n=0 n=1

2y =) 2ap(r+n)a” =Y 2ap(r+n+ )27

n=0 n=-—1

3zy’ = Z 3a,(r+n)(r+mn—1)z""" = Z 3n41(r+n+1)(r+n)z"".

n=0 n=-—1

Let LHS = 3zy” + 2y’ + (x 4+ 5)y. Summing these terms and grouping yields:

LHS=(2aor + 3aor(r — 1))2" ' 4 (5ao + 2(r + 1)ay + 3ay (r + 1)r)a”
+ 300 (Ban + an-1 + 2ap1(r + n+ 1) + 3ap41(r + n+1)(r +n))z"

All the coefficients must be zero above yielding several equations:

2agr + 3agr(r — 1) =0, 5Hag+2(r+1)a; +3ai(r+1)r =0, and
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10.

Say, + ap-1+ 2ap1(r+n+1)+3a,1(r+n+1)(r+n)=0 forn>1.

Since ag # 0, we know that 2r + 3r(r — 1) = 0. This is the indicial equation. It
simplifies to 3r? —r = 0. So the roots are r = 0 and r = %
We will now compute the recursion formula for the coefficients associated to the
larger root of r = % Ignoring the indicial equation, our equations become:

8 4
Sag + §G1 + §a1 =0, and

6n + 8 (3n+4)(3n+1)

5an + Qp—1 + Ap+1 + 3

apr1 =0 forn > 1.
Simplifying yields 5ag + 4a; = 0 and

5an + an_1+ Bn+4)(n+ a1 =0 forn>1.

—bag

1 and

To get the recurrence relations we solve for the larger indices. |a; =

—50n — dn—1 forn>1
(py1 = rn > 1.
T Bn+4)(n+1)
Now suppose that ag = 1. We see that |a; = ’T‘r’ and
—5CL1 — Qg % —1 21 3
Ao = = = = —.
? 14 14  4-14 8

This gives |ay =

ol

(a) Compute the sine series for the function f(x) =1 on the interval [0, 7].

Solution: We have L = 7. Our solution will be of the form

mr
F= g ay sin( E a, sin(nz)

The coefficients are given by

a, = = fo )sin(nx) do = 2 [ sin(nz) dx
{0 if n is even.

- %[% cosna)]f = Zlcos(nm) — 1] =

% if n is odd.
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Letting n = 2k — 1 to iterate over the odds, the sine series is
F= i A ((2k - 1)a).
p (2k— )7

(b) Use your answer to part (a) to obtain a series solution u(t, x) for the partial differ-
ential equation with z in the interval [0, 7] and ¢ > 0:

w, = 64u,, with
u(t,0)

=u(t,m) =0 fort>0 (boundary conditions)
uw(0,z) =1 for 0 <z <m (initial conditions).

Solution: We treat this equation with separation of variables. Suppose that
u="T(t)X(z). Then, u; = 7"(t)X(z) and u,, = T(t)X"(x). So our differential
equation becomes T"(t) X (z) = 647 (t) X" (x). We separate obtaining

T/ X//

64T ~ X
This quantity is constant in both = and ¢. Let A denote this constant. We have

T/

= X"\ \X =0.
AT A and A 0

Consider the eigenvalue problem
X"=2AX =0 and X(0)=0,X(r)=0.

All non-trivial solutions occur when A < 0. In this case, the characteristic
equation is 72 — X\ = 0. So the roots are 7 = £v/X\ = 4iy/—X. Let u be the
positive real constant g = v/—\, so that the roots are » = #iu. Then, the
general solution to the differential equation is

X = ¢y cos(pux) + o sin(pux).
Since X (0) = 0, we see that ¢; = 0. We also have
0= X(m) = cysin(pm).

We are looking for non-trivial solutions, so ¢y # 0. Thus, 0 = sin(um). This
means that p is an integer. Since p > 0, we find solutions parametrized by a
positive integer n:

pn, =n and X, = sin(nx).
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Our eigenvalues are A\, where pu,, = v/—A\,. Thus

Ay = —p2 = —n?.

T . . 1 o
Now lets solve the first order ODE, o7z = A. By integration, we have ¢; InT =

At. So we get T = €%, We only care about the answer when A = \,. So we

get associated solutions:
T — e—64n2t
= :

We use this define the solution to the PDE,
u, = T, X, = e 04"t sin(nzx).
This satisfies the PDE, but has initial conditions
un(0,2) = X, (x) = sin(nz).

For 0 < x < 7, we have

= ﬁ sin ((2k — 1)z)

k=1

So, our solution is given by

[e.) —_ _1)2 .
u(t,x) = 10, ﬁe 642k=D% gin ((2k — 1)x).




