MATH 39100K

Test 3 Solutions  Spring, 2025

(1) (8 points each) Compute the general solution for each of the differential
equations, (y is a function of z in each case).

(@) 2%y —axy + 5y = 0,2>0

Euler equation with indicial equation r(r — 1) —r + 5 = r2 — 2r + 5 with
roots 1 & 2i.

y = Cizcos(2In(x)) + Coxsin(21n(x).

b Yy -y

— by = 50z.

Characteristic equation of the homogeneous: 72

— r — 5 with roots 1i5/ﬁ.
The test function Y, = Az + B.
—5xY, = —5Az —5B
-1xY, = —A
1xY! = 0.
So 50z = —5Ax+ (—5B — A). So A=—-10,B=—-A/5=2.

y = C’le(l""/ﬁ)“”/2 + C’ge(l_\/ﬁ)ﬁ”/2 — 10z + 2.

(2) (12 points) (a) State the definition of the Laplace transform and use it to
compute to compute for a function f(t) = e? the Laplace Transform £(f)(s)

Ly)(s) = [;° e s'y(t) dt. With y = e?,

Lly)s) = f° e dr= 2

R

(b) Compute the Laplace Transform £(y) for the solution of the initial value
problem:

Ty — 3y + 4y = et
y(0) =5 and %'(0)=3.

L(y') = sL(y) —y(0), L(y") =5°L(y) — ' (0) — sy(0). So
7(s2L(y) — 3 — s5) — 3(sL(y) — 5) +4L(y) = =2

s—2°




Ly) = [35s+6+%] <+ [75% — 35 + 4].
P

(3)(18 points) For the differential equation:
(2 _ x4)y// . 1'3y/ o IEQ’y — 0

The point x¢g = 0 is an ordinary point. Compute the recursion formula for the
coefficients of the power series solution centered at x¢g = 0 and use it to compute
the first four nonzero terms of the power series when y(0) = 48 and ' (0) = 20.

y' = 2n(n—1anz"? =2k +2)(k + ag22".
—zty’ = "n(n - Dapa"™? = (k- 2)(k — 3)ay_oa".
2%y = 3 —nana™? = 3 — (- Dax_sa®.
fz2y _ Z fanx”” _ Z 7ak_2zk:.

[(k —2)% + 1]ap—>

2T ok )k + 1)
apg = 48,&1 = 20.
(k = 0) g = 0.
(k = ].) as 0.
(k = 2) g = % = 2
(k=3) as =

y = 48420z + 2zt 425 + ...

(4) (18 points) For the differential equation:
(@+2)y" =@ -y’ +(@+1)y = 0

The point zg = —1 is an ordinary point. Compute the recursion formula for
the coefficients of the power series solution centered at xyp = —1 and use it to
compute the first four nonzero terms of the power series when y(—1) = —3 and

y'(=1)=3.
Let X =x + 1 so that x = X — 1. The equation becomes

(1+X)y" +(2X - X?)y' + Xy.



y' = Zn(n ~1Da, X" %= Z(k +2)(k + L)ags2X".

Xy = Zn(n —Da, X" ! = Z(k + 1) (k)ag1 X"

— X%y = Z —na, X" = Z —(k —1az_1 X*.
2Xy = ZQnanX" = Z2kaka.

Xy=Y a, X" => a5 1 X"

Q42 = m X [7(].{; + 1)kak+1 — 2kay + (k — 2)ak_1].
apg = —3, =3.
(k = 0) a9 0
(k:].) as = [ 2—2&1—&0]/6——%
(k:2) ay = [ 6&3—4&2—}—0]/12—1.

1 1
y:—3+3(x+1)—5(36—1—1)3—1-1(1“4—1)4—1—...

(5) (18 points) For the differential equation:
222+ 2%y +Br+2%)y —y = 0

The point x = 0 is a regular singular point . Compute the associated Fuler
equation and compute the recursion formula for the coefficients of the series
solution centered at xy = 0 which is associated with the larger root.

Associated Euler equation is 22%y” + 3zy’ — y = 0 with indicial equation

0 =2r(r—1)+3r—1=2r+r—1=(2r — 1)(r + 1) with roots r = 1, —1.

2y" =Y 2n+r)(n+r— Daga™ =Y 2k +r)(k+r — Dagzt .
3y = Z(n +r)(n+r—Da,z" = Z(k +r—1)(k+7r—2)ap_12""".
3xy = Z 3n(n 4+ r)a,x™" = Z 3(k + r)agz™t
22y = Z(n +1r)a,z" T = Z(k + 7 — Dag_ 2"
—y = Zanx’”r’“ = z:ak:z:’€+

Rk+r)k+r—1)+3k+r)+1ar=2Fk+7r)—1((k+7r)+ 1agx =
—(k4+r—Dk+r—=2)+Ek+7r—Dar_1 = —(k+r—1)2ar_;.



With r =1/2, k(2k 4+ 3)ar, = —(k — £)2aj_1 or

(2/(1 — 1)2ak_1

U= T k(2K + 3)

(6)(18 points) (a) Compute the Fourier series for the function f(z) = |x| on
—z for z <0,

the interval [—2,2]. Recall that |z| =
x for x > 0.

The absolute value of x is an even function and so b, = 0 for all n.

1 2
a0:7><2/ zdx = 2.
2 0

1 2
an, = f><2/ xcos(@) =
2 0

2
(@) (= sin("20) — ()~ cos( "2 )R
(P ((-1)" - ).

So on [—2,2]

nmx

el =1+ D (-1~ D eos( 50

(b) Compute the solution u(t,x) for the partial differential equation on the
interval [0, 2]:
Qur = Uge with
u(t,0) =u(t,2) =0 fort>0 (boundary conditions)
(0, 2) = 8sin(107rz) — 10sin(87x) for 0 < x < 2 (initial conditions)

=

Since uy = FUgy, =

u(t,z) = 8exp[—(10?7r)2t] sin(107z) — 1Oea:p[—(8§)2t] sin(8mx).



