MATH 391 Test 2 Solutions Fall, 2025

(1)(20 points) (a) For the differential equation y”’ + 9y’ = 0 obtain a funda-
mental pair of solutions and compute the Wronskian of the pair.

(b) Solve the initial value problem: y” + 9y’ = 12€3 + 9 with y(0) = 0 and
y'(0) = 0.

(a) The characteristic polynomial for the homogeneous equation is 72 + 9r =
r(r +9) with roots 0, —9. The fundamental pair is {1 = €%, e~} and so the
Wronskian = 195 — yoy] = 1- (—9e7%) — (e7%) - 0 = —9e 7%,

(b) The general solution of the homogeneous system is y, = Cy + Coe ™,

The associated root for 12e3! is 3 and the associated root for 9 is 0. So the
first version of the test function is Y' = Ae3' + B. Because 0 is a root of the
homogeneous equation, the test function is ¥ = Ae3* + Bt.

9 x Y’ = 274¢* + 9B
1x V) = 94A¢*

1238 4+9 =0 + 364 + 9B

So A=1/3, B=1.

1
Yg =C + 026_9t + §€3t + ¢

yy, = +(=9C2)e™™ + & + 1.

Since y,4(0) = y,(0) = 0., 0 = C1 + C + % and 0 = —9Cs +2. So Cy =
2/9701 = _5/9
Yg = (=5/9) + (2/9)e™% + (1/3)e" + t.

(2) (16 points) Compute the general solution of the homogeneous equation
y© 42y 4y =0.

The characteristic equation 0 = 76 +2r% +1 = (73 +1)2. As the difference of
two cubes r® 4+ 1 = (r+1)(r? —r +1) with roots —1, 2 + @i. Alternatively, use
DeMoivre’s Theorem using three steps of 120° each around the circle of radius
1, beginning with a half-step of60°. As each root is repeated twice the solution
is

C167t + Czteit + Oget/Q COS(\/gt/2)+
Cytet’? cos(v/3t/2) + Cset/? sin(vV/3t/2) + Cote'/? sin v/3t/2).



(3)(20 points) Consider the twelfth order differential equation y(1?) —2y(®) +
(4) —
y =g(0).

(a) Compute the general solution of the homogeneous equation with g(t) = 0.

(b) For each of the following forcing functions g(t), write down the test func-
tion with the fewest terms which can be used to obtain a particular solu-
tion via the Method of Undetermined Coefficients. Do not solve for the
constants.

(i) g(t) =t* +te' + 2. (ii) g(t) = 2¢'sin(t) +te "

(a) The characteristic polynomial is r!? — 2r8 +r = rd(r? — 1)2 = r4(r2 —

1)2(r2 +1)2. The roots are 0,0,0,0,1,1, -1, —1, &i, +i.

yn = C1 + Cat + Cst® + Cyt® + Cse' 4 Cyte'+
Cre™' + Cgte™" + Cy cos(t) + Crosin(t) + Chit cos(t) + Cyat sin(t).

(b) (i) Associated root for t*+2 is 0 and for t?e* is 1. So Y} = [At*+Bt+C]+
[(Dt+ E)e'] and as 0 is a root of the homogeneous repeated four times and 1 is a
root of the homogeneous repeated twice Y,! = t*[At? + Bt + C] +t*[(Dt 4 E)e'].

(ii) Associated roots for 2etsin(t) are 1 + 1, and for te™" is —1

So Y, = [Ae’ cos(t) + Be'sin(t)] + [(Ct+ D)e™’].

None of the associated roots are roots of the homogeneous and so Y, = Y;}.

(4)(16 points) Compute the general solution of y” + 2y’ +y =t~ te "

The characteristic polynomial for the homogeneous equation is r2 + 2r +
1 = (r+1)( +1) with roots —1,—1. The solution of the homogeneous is
Yp = C1e_t + Cgte_t.

We look for a particular solution y, = uje™" + ugte™".

The equations are:

uje ™t + ubte™ = 0,
wy(—e ) Fuble ™t —te™) = tTle !
The Wronskian is e~ 2%,
up = —e /e 2 = 1, wh=t"le /e 2 =71
So u; = —t,us =1Int and y, = —te " +te ' Int.

Yg = Cre t+ Cote ™t —te P +te tInt or Cre t + Cote™ +te tInt.



(5)(16 points) For the differential equation, (x—1)y” —zy' +y =0, y1 = €” is
a solution. Use the method of Reduction of Order to compute a second solution
y2 which is independent of the first one.

Look for yo = ue® So that

1x yo = uwe®
—zx  yh = ue® + wue”
(x—1)x yy = ue® + 2u'e” + u'e”

0 =0 + (z—2)ue” + (z—1)u"e".

With v = o/, %’ = _(e=2dz _ (-1+ ﬁ)dx

(z—1)
Therefore, Inv = —z + In(z — 1) and so % = (z — 1)e™® and u = —ze ™"
Yo = ue® = —ux.

(6)(12 points) A hanging spring is stretched 6 inches (= .5 feet) by a weight
of 64 pounds.

(a) Set up the initial value problem (differential equation and initial condi-
tions) which describes the motion, neglecting friction, when the weight is pulled
down an additional foot and is then released and is subjected to an external force
of 6 cos(wt). You need not solve the equation. (Recall that g, the acceleration
due to gravity is 32 feet/second?.)

(b) Write down the test function with the fewest terms which can be used to
obtain a particular solution via the Method of Undetermined Coefficients when
w=4.

(c) Write down the test function with the fewest terms which can be used to
obtain a particular solution via the Method of Undetermined Coefficients when
w is the resonance frequency that is, the natural frequency of the spring.

(a) mg=w=64, m=2AL=1/2and so w = kAL implies k = 128.
The equation is

29" + 0y + 128y = 6 cos(wt) or y” + 64y = 3 cos(wt)

with initial conditions y(0) = —1,¢'(0) = 0.

The characteristic polynomial for the homogeneous equation is r% + 64 with
roots +8i. Thus, the natural frequency of the spring is 8.

(b) Y, = Acos(4t) + Bsin(4t).

(c) Y, = t[Acos(8t) + Bsin(8t)].

Good luck. Remember to show your work.



