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Example 5.2/ BD9 : (1 + x?)y” — 4xy’ + 6y =0

1y" =% 1n(n — Dax" [k = n — 2] = Z(k 4+ 2)(k + 1)ae2x*.
+x2y" =% n(n—1)apx" [k = n] = £ k(k — 1)aex*.

—4xy’ = Y —4na,x" [k=n]= X — 4kax*.

6y = X 6a,x" [k=n]= X 6ax"

1 —k*+5k —6

- —k(k—1)4+4k—6)a;] =

a2 = Gy Kk Hak=6)ad = sy
_(k—2)(k—3)a
(k+2)(k+1)7

k:0332:—330, k:1:a3:—%a1.

k=2:a,=0, k=3:a;=0.So a, =0 for k > 2.



Example 5.2/ BD12,18; BDM14 :
(1—x)y"+xy'+—y =0,y(0) = —3,y'(0) = 2.

ly” =% 1n(n — Dapx" [k = n — 2] = Z(k 4+ 2)(k + 1)ap2x"
_Xy” = Z — n(n — 1)aan_1 [k = n— 1] - Z - (k + 1)(k)ak+lxk‘

/

+xy = Y nax" [k=n= X kax*

-y = X —apx’ [k=n= ¥ —axk

= k+1)Kkaps—(k—1 =38, =2
k42 (k+2)(k—|—1) [( + ) Ak+1 ( )ak]7 do 3, a1
k:0382: 30/2 :—3/2,
k:1:a3232/3: 30/6 :—1/2

k=2:a4=[bas — ap/12 = —ap/24 =1/8,
k =3:as =[12a, — 2a3]/20 = —ap/24 =1/8
Where is a; ?



Example 5.2/ BD8; BDM8 : xy” +y' +xy =0, xo = 1.
Let X = x — 1 and so x = X + 1 so that the equation
becomes (1 + X)y”" +y +(1+ X)y =0.

1y’ =% n(n—1)a,X"2[k = n—2] =X (k + 2)(k + 1)axX".
+Xy" =L n(n—1)a, X"t [k=n—1] =X (k + 1)(k)as 1 X .

+y’ = Y na,X"' [k=n-1= X (k+1Da X~
+y = Y a,X" [k=n= £ aXx~
+Xy = X a X" [k=n+1= X a1 X"

k+1)kak+1+(k+l)ak+1+ak+ak_1].

k42 = _(k—|—2)(k—|—1)[(



[(k + 1)2ak+1 + ak + ak,l].

W2 T Tk 2)(k+ 1)
1 1

k:O, 32:—5[31+30+0]:—5[31+ao].
1 1

k=1 a3= _6[432 + a1+ ao] = 6[81 + ag].

1 1
k=2, a;= —E[933 + a> + 81] = —E[Zal + ao].

1
Yy = ap + al(x — 1) — 5[31 + 30](X — 1)2—|—

1 3 1 4
6[31 + ao](x —1)° — E[231 +ao](x —1)" + ...



Example 5.3/ BD3 :
x2y" +(1+x)y'+3(Inx)y =0, y(1) =2,y'(1) = 0.

At x=1, y”"(1)+2-04+3-0-2=0, andso y"(1) =0.
x2y® +2xy" + (1 + x)y" +y' +3(Inx)y’ + (3/x)y = 0.
Atx=1 y®1)+0+0+0+3-2=0,

and so y®(1) = —6.

X2y(4) 4 2Xy(3) + 2xy(3) + 2)/// + (1 +x)y(3) +y// +y//
+3(Inx)y” + (3/x)y’ + (3/x)y’ + (=3/x?)y = 0.



X2y(4) + 2Xy(3) + 2Xy(3) + 2y// + (1 +x)y(3) +y// +y//
+3(Inx)y” + (3/x)y’ + (3/x)y’ + (=3/x?)y = 0.

Atx=1, y®(@1)+2-(—6)+2-(—6)+0+2-(—6)+0+0
+04+0+0+0+(-3)-2=0.

So y*)(1) = 42.



Example 5.5/ BD5; : 3x2y” + 2xy’ + x?y = 0 We will look for
solutions with ag = 1.

For the associated Euler equation write:

x?[3]y” + x[2]y’ + [x?]y = 0. So the associated Euler equation
is 3x2y” 4+ 2xy’ 4+ 0 = 0 with indicial equation

0=3r(r—1)4+2r=r(3r—1), withroots 0,1/3.
y = X"Lapx" = Lax"".
3%y =X 3(n+r)(n+r—1)ax""[k = n]
=X3(k+r)(k+r— 1)akx"+
+2xy' =¥ 2(n+r)ax™ [k=n= X 2(k+ r)ax*"

+x%y =Y ax™ Pk =n+2]= X ak_zxk+ .

[B(k+r)(k+r—1)+2(k+r)]ax = (k+r)(3(k+r)—1)ay = —ak_».



(k + r)(3(k + f) — 1)ak = —dk-2.
r=1/3:a,= akgSoak—Olfklsodd ap = 1:

(3k+1
= 1 1
k=2 k=4 ag= —a,— —
2=y T 50”7 708
X2 4
— X131 X
y=xP+ o 14 78
r=0:a (3k 1)ak2 Soar=0if kisodd. ay = 1:
1 1 1
k=2 — k = P
2= 70 7 4?7 440
2 X4



Example 5.5/ BD6; BDM5 ; : x?y” + xy’ + (x —2)y = 0 We
will look for solutions with ag = 1.

For the associated Euler equation write:

x?[1]y” + x[1]y’ + [x — 2]y = 0. So the associated Euler
equation is x?y” + xy’ — 2y = 0 with indicial equation

0=r(r—1)+r—2=(r+v2)(r—+v2), with roots + v/2.

y =x"Xax" = Xax""".

Xy =T (n+r)(n+r—1ax" Tk =n] =E(k+r)(k+r—1)a

+xy' =X (n+r)ax"" [k=n= X (k+r)aex*.
2y =Y —2ax"k=n= ¥ —2ax"".
+xy =L apx"" Mk =n+1]= X a1 x*.

[(k+r)(k+r—1)+(k+r)—2]ax = (k+r+v2)(k+r—v/2)a

= —ak—1-



(k+r+vV2)(k+r—V2)a = —ac1.

With r = \/5, ax = —mak_l.
1 1
a=— . @ =
1422 2(1+2v2)(2 +2V2)
1

dsz =

6(1+2v2)(2+ 2v2)(3 + 2v2)

= x‘ﬁ1+alx+a2x2+a3x3+...
y



Example 5.5/ BD7; BDM6 : xy” +( x)y' =0.
Multiply by x: x%y” + (x — x?)y’ — xy = 0.

For the associated Euler equation wrlte.

x?[1]y” + x[1 — x]y’ 4+ [-x]y = 0. So the associated Euler
equation is x?y” + xy’ + 0 = 0 with indicial equation

0=r(r—1)+r=r? with roots 0,0.

n+r

y = x"2a,x" = Xa,x
XPy" =% (n+r)(n+r—1)a,x""[k = n]

=Y (k+r)(k+4r—1)axr

+xy' =X (n+r)ax"" [k=n] =X (k+ r)ax".
X%y =% — (n+4r)a,x"" [k = n+ 1]

=% — (k+r—1)ae 1x*.

—xy =% —ax"Mk=n+1= L —a1x".



[(k+r)(k+r—1)+(k+0)]ax = (k+r)?ax = (k+r)ai.

We obtain a solution for only one root, r = 0.
r:0:ak:%ak_1.Sok:1:31:1

1 1 1 1
k=2 32——31—5; k=3 33——32—5
2
0 x= X3
yl_X[1+X+E+§+”'

This pattern should look familiar, in fact, it is y; = e~
although you are not required to recognize this.

But you should remember that, in theory at least, if you have
one solution how you get another one.

No. No. Don't just multiply by x, but you are getting warm.



Every once in awhile an equation can be solved by some trick.
In this case if you go back to the original equation
xy” 4+ (1 — x)y’ — y = 0. Notice that
=xy"+(1=x)y'—y = xy"+y'—=xy'—y = (x/') = (xy)' = (¢’ —xy)’
So C; = xy’ — xy, which is a linear equation y’ — y = C;x 1
with integrating factor y = e™*
Hence, y = Ge* + Ge* - [ xte dx.
In particular, € is a solution.



Example 5.5/ BD9:

X2y —x(x+3)y' +(x+3)y = x*y"+(=x*>=3x)y'+(x+3)y = 0
We will look for solutions with a; = 1.

For the associated Euler equation write:

x?[1]y” + x[—x — 3]y’ + [x + 3]y = 0. So the associated Euler
equation is x?y” — 3xy’ + 3 = 0 with indicial equation
0=r(r—1)—3r+3=r>—4r+3=(r—1)(r — 3)with
roots 1, 3.

X2y =% (n+r)(n+r—1)a,x""[k = n]
=Y (k+r)(k+r—1)ax*"
X2y =% —(n+r)ax"" [k =n+1]
=Y —(k+r—1)a_x".
“3xy' =% —3(n+r)ax"k=n =X —3(k+r)ax"".
+xy =¥ apx"" Pk =n+1] = X a1 x*.
+3y = ¥ 3a,x""" [k =n] = X 3ax"".



[(k+r)(k+r—1)=3(k+r)+3lax = (k+r—1)(k+r—3)ax

= (k +r— 2)ak_1.
We can only use the larger root r = 3.
g k+1 5
T k(k+2)F

kzl:alzgaozg. k:2:§alz}l.

2 1
y1:x3[1—|—§x+zx2+---



Example 6.2/ BD22; BDM16 :
y'=2y'+2y=e"", y(0)=0y(0)=1

L(y") —2L(y") +2L(y) = L(e™")
[s*L(y) — y'(0) — sy(0)] — 2[sL(y) — y(0)] + 2[L(y)]

1
e 1
=[s"—2s+2]L(y) — 1 1

So E(y) — 5+2

T (s+1)(s2—25+2) "



Example 10.2/ BD13; BDM13 :

f(x)=—x, —L<x<lL, f(x+2L)="f(x).

Odd function, so a, = 0 for all n.

"_Lfo )sin(Fx) dx =
fl(—x )(——COS( LX)) = ()(=(5)?sin(F

sin(nm) = 0, cos(nm) = (—1)". Therefore,

by = 2[(—-L)(-L(-1)") =
f(x) = To2, 2D gin(mmy),

nm

)lo-



Example 10.2/ BD16; BDM 16 :
x+1, —1<x<0,

f(x) =
1—x, 0<x<1;

f(x +2) = f(x).

Even function, so b, = 0 for all n. Here L = 1.

ag = 2f0 dx:2f0 1 — xdx =2[x — x*/2]} = 1. For
n>1



a, =2 fol(l — x) cos(nmx)dx =
2[(1 — x)(= sin(nmx)) — (—1)(—(=)? cos(nmx)];.
an=—2(2)2[(-1)"—1]=4(L)*ifnisodd and =0 if nis

nr
even.

f(x) >+ Z2oodd 1 ( )2 cos(nmx)

-2
=1 4+ I A5 = 1) )2 cos((2k—1)77x)



Example 10.2/ BD17; BDM17 :

x+L —L<x<0
f(x) = ’ - =7 f 2L) = f(x).
(x) L, 0<x<L; (x+2L) (x)

a0 = [[° x + Ldx + [ Ldx] = }[-£ + 217 = 3L,



%[fi) (x + L) cos(Fx)dx + fOL L cos( 7 x)dx]
J, x cos("x)dx 4 2 fOL L cos("x)dx] =
:m( 31X) (D(= ()2 cos(FX° 1+



b, = L[f x + L)sin(2" dx+f0 Lsin(Zx)dx]
= H[J°, xsin(FEx)dx + 0] =
1= cos(Fx)) — (1)(=(57) sin(Fx))]12,



(nm)?

1) sin(Xx).
n )mrsm(LX



Example 10.2/ BD18; BDM18 :
0, 2<x< -1,

f(x)=<x, -1<x<1, f(x+4)=f(x).
0, 1<x<?2

So L =2.

Odd function, so a, = 0 for all n.






Notice that cos(Z") = 0 if n is odd, but is (—1)"/2 if n is even.
That is, if n = 2k then cos(Z') = (—1)*.

This time the sine terms are not all zero. sin(%57) =0 if n is
even, but if n =2k —1 for k = 1,2... then sin(%) = (—1)k**.
That is, sin(3) = 1,sin(3) = —1, ...

So we can write

B {(—1)”% n = 2k,

TG ()t n=2k -1



However, this kind of analysis you won't have to do. You will
have to notice that the sine terms are not all zero, but you can
leave the answer as:

So that
flx) =212, [—% cos(%) + (%)? sin( )] sin( 5 x).



Example 10.4/ BD20; BDM20 : f(x) = x, 0 < x < 1. Cosine
series with L = 1.

1
__[/ dX]—2/XdX—X2[1)—]..

= —[/ ) cos(nmx)dx] = 2[/ x cos(nmx)dx] =

20(x)(— sin(nmx)) — (1)(~( - )? cos(nmx)]
(1)~ 1)

n?m2

For n >0

+ i A=)"~1) cos(nmx).

n2m2



x, 0<x<1,

Example 10.4/ BD16; BDM16 : f(x) = {1 i )
, 1 <x<2;

Sine series with L = 2.

1 2
= —[/ ) sin( —x )dx]| = / xsin(n—wx)dx—i—/ sin(n—ﬂx)dx
0 2 1 2

The first integral, from 10.2/18 is —-2 cos(Z) + (2 )?sin(Z).



The second integral is

2 nmw | 2 2 nm
= - — (—1)"1 = = =),
nm cos( 2 i =(=1) nm * nm cos( 2 )

Putting them together, the first and last terms cancel, so that

by = ()2 sin("T) + (~1)mt 2

nm 2 nm



Suppose we wish to solve the heat equation
Bluy =uy, 0<x<2,t>0;

u(0,t) =u(2,t) =0 t>0;
with u(x,0) = the above f(x) for0 < x < 2.

We already have the sine series with L =2 and oo = 9.
Therefore,

t) =Y bye "2 sin((nm/2)x).
n=1



Example 10.5/7 : 1000, = vy, 0<x<1,t>0;
u(0,t) =u(l,t)=0 t>0;
u(x,0) = sin(27x) — sin(57x).

So o =10, L = 1. In this case, the initial function is given as a
sine series.

u(x, t) = e~ (027t 5in(27x) — e~ (1057 ¢ 5 (57x)

= e 107t in(27x) — e B0 sin(5rrx).



Example 10.5/ BD10; BDM 10 :
Uy =y, 0<x<40,t>0;
u(0,t) = u(40,t) =0 t>0;
< x <
u(x,0) = f(x) =4 < 0=x=20,
40 — x 20 < x < 40.

So o =1, L = 40. In this case, we need the sine series for f.



2 40

:EO

f(x) sin(n—wx)dx =

bn
40

20 40 e
[/ xsin( —x dx—i—/2 (40 — x) sin(4—0x)dx].

0






40
/20 (40 — x) sin(Z—gx)dx -

(40 — x)(— cos( 7)) — (~1)(~ (o sin( o




The first terms in the two integrals cancel and the other two
are equal.

by = 3512 (2 sin(3))] = (3% sin(%)).

160 . nm., . ,nm

—)Qsm(?)) sin(—=—x).

ZOO - M)2t
ux.t) = (o 40



While you can leave the result as above, sin(%7)) = 0 if nis
even and = (—=1)*1if n =2k — 1.

—1)1160 . (2k— )&
_ ZOO ( (2k—1)7 )2 ( ‘
u(x, t) heq€ X (k= D)n)? sin( 0 X)




Example 10.5/ BD1; BDM1 : xu, + u; = 0.
With u = X(x) T(t) this becomes xX”"T + XT' =0

or
X' T

X T
With each the common constant )\ we obtain the ODE's

T =-\T and xX" — AX =0.



Example vy + xu,; — uy = 0.
With u = X(x) T(t) this becomes X" T 4+ xX'T" — XT' =0
Factoring this is equivalent to X" T + (xX’ — X)T' =0
or X// T/
X —X T
With each the common constant A we obtain the ODE's

T = -\T and X" —MxX'+ 22X =0.
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