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Chapter 3, Section 3.3 -BD 10; BDM 7 : y" + 2y’ +2y =0
with characteristic equation r?> + 2r +2 = 0. Roots:

r=[-2++v4-8]/2=—-1+i.
y = Cie fcost+ Ge tsint.

Contrast with y” + 2y’ — 2y = 0 with characteristic equation
r24+2r+2=0. Roots: r =[-2++4+8]/2=—-1+/3.

y = Cle(_”‘/g)t + CQG(_I_ﬁ)t.



BD 17; BDM 12 : y” + 4y = 0 with characteristic equation
r? +4 = 0. Roots: r = £2i.

y = GCcos(2t) + Gsin(2t),

y' = —2C;sin(2t) + 2G, cos(2t).
y(0) =0and y’(0) = 1. So 0 = G;(1) + G(0) and

1= -2G,(0) +2G(1)..
G =0,G=1andso

y =sin(2t)/2



Example 3.4/25 : t?y” +3ty’ +y =0,t > 1 with y;(t) = t L.

-1

I1x y = ut
3tx yb = —ut? + Jtt
t?x y) = 2ut? — 22/t + u'tt
0 = 0 + u + u't
Let v=1¢and v/ = u". t% = —v.
du
Inv=—Int, andso — =v=t"!
dt
Hence, u= [t~ 'dt =Int.
yo = ut™t = t7tint.



Example 3.5/9 : 2y” + 3y’ +y = t2 + 3sint.

1. Homogeneous Equation 2y” + 3y’ 4+ y = 0 has
characteristic equation 2r> +3r +1 = (2r +1)(r+1) = 0. So
Yh = Cleft/z + C2e’t.

2. t? has associated root 0 and 3sin t has associated root the
conjugate pair £i. So our first guess for the test solution is

Y = At> + Bt + C + Dcost + Esint. Since none of the
associated roots is a root of the characteristic equation, this is
what we use for Y,,.

3. Substitute in the equation.
1xY, = A* +Bt +C +Dcost +Esint,

3xY, = 6At +3B +3Ecost —3Dsint,
2><YI;’: +4A —2Dcost —2Esint.



So t2 +3sint = At? + (B + 6A)t + (C + 3B + 4A)
+(—D +3E)cost + (—E —3D)sin t.

A=1.

B +6A =0, and so B = —6.

C+3B+4A=0, and so C = 14.

—D +3E=0andso D =3E.
—E —3D =3 and so —10E = 3.
Thus, E = —-3/10, D = —-9/10.

Ve = Cle "+ Coe '+ t*—6t+14—(9/10) cos t —(3/10) sin t.



Example 3.5/17 :

y'=2y'+y=te'+4, y(0)=1,y'(0)=1.

1. Homogeneous Equation y” — 2y’ 4+ y = 0 has characteristic
equation r> —2r + 1= (r—1)> = 0. So y, = Ciet + Gte'.

2. te' has associated root 1 and 4 has associated root 0. So
our first guess for the test solution is Y = Ate' + Be® + C.
Since 1 is a root for the homogeneous, we must multiply the
block Ate' + Be! first by t and then by another ¢t since 1 is a
repeated root. So Y, = Ate’ + Bt?e' + C.

3. Substitute in the equation. Leave columns for the te' and
e’ terms.

1xY, = At’e! + Bt?e' - +C,
—2x Y, = —2At’e" +(—6A—2B)t’¢" —4Bte' :
1xY) = At’e" +(6A+ B)t’e" + (6A+4B)te’ + 2Be.



So te* +4 =0+ 0+ 6Ate’ + 2Be* + C, Notice that the first
two columns on the right add up to 0.
A=1/6,B=0,C =4, So that

ye = Ge' + Gte' +  (1/6)tet  + 4,
Ve = (G4 Qe + Gte' + (1/2)t%e" + (1/6)t%e".

Cl - —3, C2 =4,

y = —3e' + 4te' + (1/6)t°e’ + 4.



For 19-23, just solve the homogeneous equation and get the
test function Y(t). Don't try to solve for the coefficients.
Example 3.5/21 : y” + 3y’ = 2t* + t?e73" +sin3t. The
characteristic equation of the homogeneous equation is

r? 4+ 3r = 0 with roots r =0, —3. So y, = C; + Ge 3t

For 2t* the associated root is 0

For t?e3t the associated root is —3

For sin 3t the associated root(s) are +3i.
First version of test function is Y (t) =

(At*+Bt>+Ct*+Dt+E)+(Ft*+Gt+H)e > +(/ cos 3t+Jsin 3t).

Because 0 and —3 are roots from the homogeneous equation,
each of those blocks must be multiplied by t to get  Y(t) =

t(At*+Bt>+ Ct>+ Dt +E)+t(Ft*+ Gt +H)e 3 +(/ cos 3t+J sin 3t).



Example 3.5/22 : y" +y =t(1+sint) =t + tsint.
Characteristic equation is r> + 1 = 0 with roots r = i.
yn = Cicost + Cysint.

For t the associated root is 0.
For tsin t the associated root is =+i.
First version of test function is

Y(t) = (At+ B)+ ((Ct+ D)cost + (Et + F)sint).

Because +i are roots from the homogeneous equation, the
corresponding block must be multiplied by t to get

Y(t) = (At+B)+t((Ct+ D)cost + (Et + F)sint).



Example 3.5/25 :y” — 4y’ + 4y = 2t? + 4te®" + tsin 2t.
Characteristic equation is r?> — 4r +4 = (r — 2)> = 0 with
roots r = 2,2. y, = Ce?t + Cyte?t.

For 2t? the associated root is 0.

For 4te®! the associated root is 2.

For tsin 2t the associated root is £2i.
First version of test function is Y (t) =

(At?+ Bt + C)+(Dt+E)e* +((Ft+ G) cos 2t +(Ht+1) sin 2t).

Because 2 is a twice repeated root of the homogeneous
equation, the corresponding block must multiplied by t?>. The
test function  Y(t) =

(At*+Bt+C)+t*(Dt+E)e** +((Ft+G) cos 2t+(Ht+1) sin 2t).



Example 4.2/11 : y" — y"” — y' + y = 0. Characteristic
equation is r> — r2 — r +1 = 0. Factor by grouping:
P—r—r+1=r(r-1)—(r-1)=(r*-1(r-1)=
(r+1)(r —1)(r — 1) with roots —1,1, 1.

Yg = Cle*t + C2€t + C3tet.
Example 4.2/13 : 2y — 4y"” — 2y’ + 4y = 0. Divide the
characteristic equation by 2 and factor by grouping to get
rP—2r2—r+2=(r*-1)(r — 2) with roots 1, —1,2.

Example 4.2/15 : y©®) 4y = 0. The characteristic equation
r® = —1 requires DeMoivre's Theorem. The modulus is
11/6 = 1. Each step is 60°, beginning with half-step 30°. The
six roots are

(cos 30) £ i(sin 30) = (v/3/2) £ i(1/2), (cos 90) =+ i(sin 90) = i,
(cos 150) = i(sin 150) = (— cos 30) = i(sin 30) = (—v/3/2) £ i(1/2).
Ve = Cre™3/2 cos(t/2) + Ge'V3sin(t/2) + G cos(t) + Cysin(t)

+Cse V32 cos(t/2) + Coe V32 sin(t/2).



Example 4.2/21 - y®) L gy®) + 16y = 0. The characteristic
equation is r® + 8r* 4+ 16 = (r* + 4)> = 0. r* = —4 requires
DeMoivre’s Theorem. The modulus is 414 = /2. Each step is
90°, beginning with half-step 45°. The four roots are
V2((cos45) + i(sin45)) = 1 £,

V2((cos 135) + i(sin 135)) = v/2(—(cos 45) % i(sin45)) = —1 £ i.

Each pair of complex roots is repeated.

ye = Gietcost + Geefsint + Gytef cost + Cytesint+
Cse fcost+ Cee Fsint + Grte "cost + Cgte 'sint



Example 4.3/13 : y"” —2y" +y' = t3 4 2e*. The
characteristic equation for the homogeneous equation is
r*—2r2+r=r(r—1)>=0 with roots 0,1, 1.

Yn = C1 + Czet + C3tet.

For t3 the associated root is 0.
For 2et the associated root is 1.
The first guess for the test function Yp1 is thus

1 3 2
Y, = (At> + Bt* + Ct + D) + (Ee").

Because 0 is a root for the homogeneous equation, we must
multiply the first block by t.

Because 1 is a repeated root for the homogeneous equation,
we must multiply the second block by t2.

Y, = t(At + Bt* + Ct + D) + t*(Ee').



Example 4.3/15 : y*) —2y" 4y = e +sint. The
characteristic equation for the homogeneous equation is
r*—2rr+1=(r>-1)>=0with roots 1,1, -1, —1.

yhn = Get + Gtet + Gie ' + Gyte ",

For e’ the associated root is 1.
For sin t the associated root is the complex pair =i.
The first guess for the test function Yp1 is thus

Y! = (Ae') + (Bcos(t)+ Csin(t)).

p

Because 1 is a repeated root for the homogeneous equation,
we must multiply the first block by t2.

Y, = t?(Ae') + (Bcos(t)+ Csin(t)).



Example 4.3/16 : y*) 4 4y” = sin2t + tet + 4. The
characteristic equation for the homogeneous equation is
r* +4r? = r?(r? 4+ 4) with roots 0, 0, +2i.

yh = G + Gt + G cos(2t) + Cysin(2t).

For sin 2t the associated root is the complex pair +2i.
For te' the associated root is 1.

For 4 the associated root is 0.

The first guess for the test function Yp1 is thus

Yy = (Acos(2t) + Bsin(2t)) + (Ct+ D)e' + (F).

Because +/ are roots for the homogeneous equation, we must
multiply the first block by t.

Because 0 is a repeated root for the homogeneous equation,
we must multiply the third block by t2.

Y, = t(Acos(2t) + Bsin(2t)) + (Ct+ D)e' + t*(F).



Example 4.3/18 : y®) 42y 4 2y" = 3et + 2te™t + e tsint.
The characteristic equation for the homogeneous equation is
r*+2r3 +2r> = r?(r* + 2r + 2) = 0. For the quadratic we
use the Quadratic Formula, to get roots 0,0, —1 +i.

yh = C + Gt + Ge *cos(t) + Ge Fsin(t).

For 3et the associated root is 1.

For 2tet the associated root is —1.

For e~tsint the associated root is —1 % i.
The first guess for the test function Yp1 is thus

1 _ _ —t -
Y, = (Ae') + (Bt+ C)e " 4 (De ‘cos(t) + Ee "sin(2t)).
Because —1 =+ i are roots for the homogeneous equation, we

must multiply the third block by t.

Y, = (Ae") + (Bt+ C)e " + t(De *cos(t)+ Ee *sin(2t)).



Example 3.6/3 : y” + 2y’ +y = 3e~ . The roots of the
characteristic equation for the homogeneous equation
rP+2r+1=(r+1)>=0are —1,—1 and so

Yh = Cle_t -+ Czte_t.

Undetermined Coefficients:

The associated root for 3¢~ is —1. Our first guess for test
function Y} = Ae™".

Because —1 is a root repeated twice, we must multiply by t2.
So Y, = At?e".

1xY, = At?e’,
2x Y, = —2At’e™"  +4Ate",
1xY) = Ate’ —4Ate™" +2Ae".

So 3e f =2Ae"*. So A=3/2 and
ye = Gle '+ Gte ™t + (3/2)t?e .



Variation of Parameters:
We look for y, = uye™" + upte™". We have the linear
equations:

ui(e™) + uy(te™) = 0
u(—e ") + wet—te”) = 3e .

Wronskian is et s0.

0 te”
!/ —2t
U7 I3t (et —te ") e,

et 0 B
Uy = —e7t (3e7Y) e %

up = =3t,uh =3. up = —(3/2)t?, uy = 3t.

Y, = —(3/2)t?e " + (3t)te " = (3/2)t°e".



Example 3.6/5 : y” 4+ y = tan(t). The roots of the
characteristic equation for the homogeneous equation
r>+1 =0 are £i and so y, = C; cos(t) + Gysin(t).

We look for y, = uy cos(t) + uysin(t). We have the linear
equations:

ui(cos(t)) +
ui(—sin(t)) + uh(cos(t)) = tan(t).

Wronskian is 1.

u, = —sin(t)tan(t) = —sin*(t)/ cos(t) =
(cos?(t) — 1)/ cos(t) = cos(t) — sec(t),

uy = cos(t) tan(t) = sin(t).

up = sin(t) — In|sec(t) + tan(t)|, uo = — cos(t),

yp = —sin(t) In|sec(t) + tan(t)|.



Example 3.6/10 : y” — 2y’ + y = e'/(1 + t?). The roots of
the characteristic equation for the homogeneous equation
r>—2r+1=0arel,1andsoy, = Cet+ Ctel.

Yp = et + uptet

Wronskian is e?t.

up=—t/(1+12),uh = 1/(1+ 7).
i = —1In(1+ t?), ur = arctan(t).

1
Vp = _Eet In(1+ t?) + te'arctan(t).



Example 3.6/14 : t2y” — t(t +2)y + (t +2)y = 2t3. Divide
by t? to get

y' =t t+2)y + t3(t + 2)y = 2t.

Given y; = t, Y, = te'. (Check that these are solutions).

Yp = Uit + upte’.

up(t) + up(te’) = 0
ui(1) + wy(ef +tef) = 2t
Wronskian is t2et.

= —2t%et/t?et = -2, ub = 2t /t%et = 2e " t.
u = —22'.', Uy = —2et,

= —2t% — 2t.



Example 3.7/6 : Units are centimeters, grams and seconds.
So g = 980cm/s?. m = 100gr, AL = 5cm,

From equilibrium, so yp = 0.

Downward velocity of 10cm/s, so y{ = —10.

w = mg = 98000 (dynes).w = kAL, so

k = 98000/5 = 19600.

No damping, so ¢ = 0. No external force.

100y” + 19600y = 0, or y"+19y =0,
Characteristic equation: r? +196 = 0 with roots r = £14i. So

y = (Cicosladt+ Gysinl4t
y' = 14C,cos 14t — 14C; sin 14t.

0=y(0)=C, —10=y'(0)=14G.
So the solution is y = —(5/7) sin 14t.



Example 3.7/7 : Units are feet, pounds and seconds.

So g = 32ft/s*. w=3Ib, AL =3/12 = 1/4ft,

Lifted up, so yo = 1/12ft.

Downward velocity of 2ft/s, so y; = —2. 3w = mg = 32m, so
m = 3/32 (slugs).w = kAL, so k =3+ (1/4) = 12.

No damping, so ¢ = 0. No external force.

3y" + 12y =0, or y'+4y =0,
Characteristic equation: r? + 4 = 0 with roots r = +2i. So

y = G cos2t+ Gysin2t
y' = 2Cycos2t — 2C; sin 2t.

—2=y(0)=G, -2=y(0)=2G.

So the solution is y = —2 cos 2t + 1sin 2t.

A =+/5,¢ = 150° = 57 /6rad

y = /5 cos(2t — 57/6). [This part | won't ask.]



Example 3.7/9 : Units are centimeters, grams and seconds
with g = 980cm/s?.

m = 20gr, AL = 5cm, ¢ = 400

Down 2cm, so yo = —2. Released, so so y{ = 0.

w = mg = 19600 (dynes).w = kAL, so k = 19600/5 = 3920.
No external force.

20y” + 400y’ +3920y =0,  or y”+20y'+ 19y =0,

Characteristic equation: r? 4 20r + 196 = 0 with roots

@ V384i — —10 4+ 4V6i.

N

So



= Ge Pcos(4vbt) + GCe '%sin(4V61)
= (—10C;, + 4V6G,)e 1% cos(4V/61)+
(—10G, — 4V6Cy)e % sin(4v/6t).

y
y/

So the solution is

y = —2e % cos(4v/6t) — % sin(4+/61).

ie_l
V6



Example 3.8/10 : Units are feet, pounds and seconds.
w=38lb.Som=w/g=8/32=1/4 AL=1/2. So
k=w/AL=16. c =0.

y(0) = —1/4,y'(0) = 0.

(1/4)y” + 16y = 8sin(8t), or  y” + 64y = 32sin(8t).

The roots of the characteristic equation for the homogeneous
equation r? 4+ 64 = 0 are 48i. So the forcing occurs at
resonance.

Y, = At cos(8t) + Btsin(8t)

Y, = —8Atsin(8t) + 8Bt cos(8t) + Acos(8t) + Bsin(8t).
Y] = —64At cos(8t)—64At sin(8t)—16Asin(8t)+16B cos(8t).
32sin(8t) = Y,/ + 64Y, = —16Asin(8t) + 16B cos(8t). So
A=-2B=0.

y = Cy cos(8t) + G,sin(8t) — 2t cos(8t),

y' = —8C;sin(8t) + 8C, cos(8t) — 2 cos(8t) + 16t sin(8t).
Att=0: —-1/4=(;,0=8C—2. So

y = —(1/4) cos(8t) + (1/4) sin(8t) — 2t cos(8t).



Example 5.2/9 : (14 x?)y” — 4xy’ + 6y =0

1y =¥ 1n(n — 1ax" [k = n— 2] = Z(k 4+ 2)(k + 1)ax2x*.
+x2y" =% n(n—1)ax" [k = n] = £ k(k — 1)aex”.

—4xy' = Ydna,x" [k=nl= ¥ —dkax".
3% = X 6a,x" [k=n]= X 6ax"
1 —k*+5k —6
- —(k(k—1)4+4k—6)ay] =
a2 = Gyl Kk +Hak=6)ad = vy 2
_(k—2)(k—3)a
(k+2)(k+1)7

k:0332:—330, k:1:a3:—%a1.

k=2:a,=0, k=3:a;=0.So a, =0 for k > 2.



Example 5.2/12,18:
(1—x)y"+xy'+—y=0,y(0) =-3,y(0) = 2.

1y" =% 1n(n — 1)ax" [k = n — 2] = Z(k 4+ 2)(k + 1)apox”
—xy" =% —n(n—1Dax" [k=n—1]=% — (k+1)(k)aws1x".
+xy’ = Y nax" [k=n]l= X kax*.

-y = ¥ —ax" [k=n= X —ax*

1
W2 = )k + 1)

[(k+1)kak+1—(k—1)ak], dg = —3, d; = 2.

k=0:a=ay/2=-3/2,

k=1: 33232/3:—1/2.

k=2:a4 = [b6a; — ap]/12 = —3/4,
k =3: a5 = [12a, — 2a3]/20 = —2/5.
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