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Sec. 8.1: Most Powerful Simple Tests

In this section we consider a simple test for a family f(x; 6) of
pdf's or pmf's. That is, the simple null hypothesis Hy : 6 = 0y
against the simple alternative H; : 0 = 6.

The samples X = X1,..., X, lie in §" where S is the support
of the family of rv's. We are assuming that the support does
not depend on 6. A critical region is a subset of §” so that we
reject Hy when X € C and accept it when X € C°.

For a critical region C, the size or significance a = Py,(C), the
probability of a Type | error, and the power of the test is
vc(01) = Py, (C), the probability of correctly rejecting the null
hypothesis. That is, that the power is 1 minus the probability
of a Type Il error.



HMC Definition 8.1.1: A critical region C of size « is a best
critical region of size o if, whenever A is a critical region of

size «,
P91(C) > 'D91(A)'

That is, the power of the region C is the maximum power
possible for a critical region of size a.

We use the likelihood function L(6)

n

L(6;x) = L(O;x1,...,x,) = H f(x;; 0)

i=1
Since 6y and 60, are known values, we can compute

L(90; X)

O, 01%) = 15,5

and use it to define a critical region.



Neyman-Pearson Theorem

HMC Theorem 8.1.1: (Neyman-Pearson Theorem) If a
subset C of the sample space satisfies:

> Py(C) = «;
» A(6o,01;x) < kforall x € C;
» A(fo,01;x) > kforall x € C;

for some positive constant k, then C is a best critical region of
size q.

Proof: We will temporarily write L(6; A) for [, L(6;x)dx.
This is just alternate notation for Py(A ) So, for example,



L(#;C)=L(6; AN C)+ L(G;ANC).
L(6;A)=L(6; AN C)+ L(O; An C),

Subtracting and cancelling the common terms we see that for
any 6.

L(#;C)—L(6;A) = L(G;A°NC)—LO;ANCO)



If A is any other critical region of size o we want to show
L(61; C) — L(61; A) > 0.

Because of the assumptions about C and C€¢, we have
L(61; AN C) > k7 1L(0o; A° N C) because for x € C,
L(QO; X) S kL(Ql, X).

Also, —L(61; AN C¢) > —k=1L(6y; AN C€) because for
x € C¢, L(0y;x) > kL(61;x)



Thus, we have:

L(61; AN C) > k~L(0; A°N C),
—L(61; AN C) > —k 1L (6p; AN CO).

L(61; C) — L(6y; A) =
L(61; AN C)—L(O;,ANCE) >
k7 L(o; A°N C) — L(6p; AN C)]
= k7YL(0y; C) — L(6; A)].

Because C and A are critical regions of size «,
L(eo; C) = L(eo; A) = Q.

So L(64; C) — L(61;A) > 0.



The Neyman-Pearson Theorem works with the same proof
with C and A randomized tests. From that we get

HMC Corollary 8.1.1: If C is a best critical region of size « for
Ho : 0 = 0y against Hy : 0 = 0, , then Py (C) > a. That is,
the power is greater than or equal to the size.

Proof: We compare C with the trivial randomized test which
uses Y ~ Bern(a), and we use A ={Y = 1}. So the power
equals the size for this test because Py(A) = « for all 6.

By the Neyman-Pearson Theorem Py, (C) > Py, (A) = .



Here 0y and 6, are known parameter values. So A(6y, 01; x) is
a statistic and so for any k we can define the critical region
Ck = {\(bo,01;x) < k}. The Neyman-Pearson Theorem then
says that Cj is a best critical region of its size

If we start with size «, then we choose k so that Py, (Cx) = a.

We can often express A in terms of a single statistic T (X)
separate from 6y and ;. In the next section we will see how
this is done in general.



Example 8.1.2 and 8.2.3: Let X ~ N(6,1) so that
f(x;0) = \/Lz?exp( (X—a) We test for 6, against 61 > 6.
Notice first that

(_27:1()3 — 90) ) . (_27:1()2 — ‘91) ) _

—(61 — o) Zx, 92—92

So
N6, 01; X) = exp(—(61 — o) ZX + 03))
- 9 +0
= exp(n(6y — 6)[—X + ! > 0]),
and we use
91 —|—(90 In k

Cr = {N\ (0o, 01; X) < k} = {X > > _n(el—eo)}‘



For any 6, /n(X — 0) ~ N(0,1). So if 1 — ®(z,) = v, Cx has
size « with 6 = 0y when C, = {X > 0y + \z/—‘%} We can solve
this for k.

(91 - 00) Zo

k = exp[(01 — 90)[7 - %]

However, we don’t need to determine k.
If = 61, then X — 6, ~ N(0,1) and so
V/n(X —61) ~ N(0,1). The power is given by

Yeu(b1) = Po,(C) = P(V/n(X —61) > z, — /n(6y — o))
= 1—®D(z, — /(01 — 6p)) > 1—d(z,) = .



As HMC remark, although we have been assuming that the
pdf's or pmf's come from a parameterized family, this need
not so For the Neyman-Pearson result. All that is needed is
that the two distributions of the two simple hypotheses have
the same range.

Example 8.1.3: Here the authors test the Poiss(1) pmf

Ho : fo(x) = e71/x! against the Geom(}) Hy : (3)** for
x=0,1,....

(e~ )22 xi
HX,'! ’

For any k, C, = {A\ < k} defines a best critical region for

a = Py(Cy). However, as the book illustrates, computing

what the set C is can be complicated enough that this is really
only of theoretical interest.

AX) = (e7"/x1! ... x,))=((1/2)"(1/2)0F %) =

In theory, theory and practice are the same thing,
but in practice, they are really not.



Remark 8.1.2: Recall that the size a = Py,(C) is the
probability of a Type | error and 5 = Py, (C°) =1 — Py, (C) is
the probability of a Type Il error. With dy, d; > 0, suppose
that we want to minimize dya 4+ d; 3. In the notation of the
proof of the Neyman-Pearson Theorem, this is

do/ L(6o) + dl/ L(61) =di + / [doL(6o) — diL(61)].
c ¢ c
Clearly we minimize this by choosing
d
C = {doL(6) — diL(61) < O} = {A < ?;}'

Given « this is the same as minimizing (3, ie. maximizing the
power vc(61). That is, choosing a best critical region.



Sec. 8.2: Uniformly Most Powerful Tests

We continue to test the simple hypothesis Hp : 8 = 6, but
now against a composite set of alternatives H; : 6 € w.

HMC Definition 8.2.1: A set C C 8" is a uniformly most
powerful critical region (UMP) for the simple hypothesis

Hy : 0 = 09, the set of alternatives H; : # € w; when it is a
best critical region of size « for 0y against each 6 € w;. A test
using such a critical region is called a UMP test.

UMP tests occur in the following situation:

HMC Definition 8.2.2: The likelihood function L(#;x) has the
monotone likelihood ratio property (mlr) in the statistic T(X)
if the likelihood ratio function A(61, 605, x) is either a monotone
increasing function of T(x) for all §; < 6, or a monotone
decreasing function of T(x) for all 6; < 6,.



Let us pause to see what this means. For two parameter
values 6, 0,

L(0,,x)

L(Qb, X)

To say that this is a monotone increasing function of T(x) is

to say that there is a positive, increasing function of a real
variable t, g(0,,0p, t) such that A(6,,0,, %) = g(0.,,0p, T(X)).

/\(637 6b7 X) -

Notice that the function g of t depends, like A, on the
parameters 6, and 0,. To say that g(f,, 6, t) is an increasing
function of t is to say that it preserves inequalities: if t; < t,
then g(0.,0s, t1) < g(0., 0b, t2). In particular, for any c,

t<c <= g0, 0pt)<g(Bs0pc).



Notice what happens when we reverse the parameters.
A(0p, 0,,x) is the reciprocal of A(f,, 6y, x) and taking the
reciprocal reverses inequalities between positive numbers. So

/\(Qb?eaax) = g(eb,ea, T(X)) = 1/g(‘9379b7 T(X))

So g(0p, 0,,t) is a decreasing function of t. It reverses
inequalities: if t; < t, then g(0y,0,,t1) > g(0p, 02, t2). In
particular, for any c,

t>c — g(eba 087 t) < g(€b7 037 C)'



Suppose A(6,, 05, x) = g(6.,0p, T(x)) and whenever

0, < 0y, g(0,,0p,t) is a monotone increasing function of t
Whenever 0, < 6, we define for any real number m the critical
region

= {T <m} = {A(0,,0p,x) < g(0,,0,,m)}, so that
XelC, & TX)<m & N0,,0,,X) < g(0s,0,, m),
XeC, & TX)>m < N0,,0p,X) > g(0,,0p, m).

As a test of the null hypothesis Hy : 8 = 6, the size is
Po,(Cn) = Py,(T < m). The Neyman-Pearson Theorem says
that C,, is a best critical region of this size against any
alternative H; : 0 = 6, with 6, < 0,. The power of the test is
Pgb(C ) Pgb(T S m)



When we reverse the parameters, A(0,0,,%x) = g(0p, 6., T(x))
and whenever 6, > 0,, g(0p,0.,t) =1/g(0,,0p,t) is a
monotone decreasing function of t Whenever 6, > 0, we
define for any real number M the critical region

CM = {T Z M} = {A(9b7927x) S g(0b7037 M)}, SO that
XeCy & TX)>M < A0, 0,,X) < g(0p, 0., M),
XeCy & TX)<M < Np,0,,X) > g(0p, 0, M).

As a test of the null hypothesis Hp : 8 = 6, the size is
Po,(Cm) = Py,(T > M). The Neyman-Pearson Theorem says
that Cy is a best critical region of this size against any
alternative H; : 6 = 6, with 6, > 0,. The power of the test is
Po.(Cm) = Po,(T > M).



When L(#;x) has the mlr, we can use the Neyman-Pearson
Theorem to obtained a UMP test for either of the one-sided
alternatives: Hy : 0 = 0q vs Hy : 0 > 0y or else Hy : 0 = 6y vs
H,:0< 60.

Suppose that the likelihood ratio function A(fy, 62, x) is a
monotone decreasing function of T(x) for all #; < 6.

To get a UMP test of size a for Hy : 6 = 0 against

H; : 6 > 05. We choose M so that Py, (T > M) = « and use
as our critical region Cyy = {X : T(X) > M}, so that Cy is a
critical region of size a.

For any 6 > 0y, A(0o, 0, x) is a decreasing function of T(x) so
there is a k (which may depend on ) such that
Cm = {X : A(6o, 0, X) < k}.

The Neyman-Pearson Theorem says that Cy; is a best critical
region testing the null hypothesis 8 = 6, against any 6 > 6.



Corollary: With Cyy = {T > M} the power function
v¢c(0) = Py(Cnm) is a nondecreasing function of 6.

Proof: Fix 6; < 0, and let § = Py, (Cp). The above argument
shows that Cy, provides a best critical region of size [ for
Hy : 0 = 60, against H; : § = 6,. Corollary 8.1.1 then implies

Po,(Crm) > B = Py, (Cmr).

Notice that the Corollary is true for all #; < 6, on both sides
of fy. Therefore for Cy = {T > M}, it follows that

a = max Py(Cy).
6<bo

This means that Cy, provides a UMP critical region for
Hy 0 <8y vs Hy : 0 > 0.



To get a UMP test of size o for Hy : 8 = 6y against

: 0 < 0. We choose m so that Py,(T < m) = « and use
as our critical region C,, = {X : T(X) < m}, so that G, is a
critical region of size a.

For any 6 < 6y, N(6o,0,x) = 1/A(0, 6y, x) is an increasing
function of T(x) so there is a k (which may depend on 0)
such that C,, = {X : A(6o, 0, X) < k}.

The Neyman-Pearson Theorem says that C,, is a best critical
region testing the null hypothesis 6 = 6, against any 6 < 6.

Corollary: With G; = {T < m} the power function
v¢c(0) = Py(Cp) is a nonincreasing function of 6.

Proof: Again fix 6; < 6, and this time let 5 = Py,(Cp,). The
above argument shows that C,, provides a best critical region
of size 3 for Hy : 8 = 60, against H; : § = 6; < #,. Again
Corollary 8.1.1 then implies Py, (Cp) > 8 = P, (C)-



We look back at example 8.1.2 and at examples 8.2.2 and
8.2.4.

Example 8.2.2: Our family is N(0,6), ie. normal rv's with
mean 0 and variance the unknown positive parameter . So
the likelihood function is

1, 1 <
L(0:x) = (57) /2eXP[—% > x].
i=1

and the likelihood ratio is

0 01 — Oy . —
Ao, 01:%) = (51)" expl—(552) 3 %]
=1

When 6; > 6y, A 'is a decreasing function of t = Y7, x?. So
we use as the critical region

C = {i X? > clh.
i=1



Since X/v0 ~ N(0,1), it follows that 3 3°7 | X2 is a x? rv
with n degrees of freedom. If W, is the cdf of such a
distribution, and @, is chosen so that 1 — V,(Q,) = «, then
for Hy : 0 = 0y the critical region has size a when ¢/60y = Q,,
or ¢ = 09Q,. We thus and obtain a UMP test for Hy : 6 = 6,
against Hy : 6 > 6.

The power function is then given by

1e0) = 1-v,(PQ).

This is an increasing function of 6.



Example 8.2.4: Suppose the family is Poiss(#) with
f(0;x) = e 90 /x! for x =0,1,....

N(0o, 01; X) = e”(gl’GO)(@)ZfX’.
01

(Notice that the x;!...x,! factors cancel out).
With 6; > 6, this is a decreasing function of ). X;. So we can
use as our critical region C = {37 ; X; > k}.
From the properties of the Poisson distribution,
Y% 1 Xi ~ Poiss(n@). We can use this to choose k so that the
size is approximately « and to compute the power of the test.
When n is large we can use the normal approximation from the
CLT to choose ¢ with approximate size a.



Sec. 1.10: Inequalities

HMC Theorem 1.10.2 (Markov’s Inequality): Assume X is a
nonnegative rv with mean p and that ¢ > 0.

P(X >c) < ‘EL
Proof: Let Y = X and let / be the indicator function of the

event {Y > 1}. Recall that E(l) = P(Y >1). Observe that
Y > 1. So E(Y) > E(1).

HMC Theorem 1.10.3 (Chebyshev’ s Inequality): Assume X
is an rv with mean g and variance o2. For every k > 0

Proof: Z = (X — i)? is a nonnegative rv with mean o2. By
"

Markov's Inequality P(Z > (ko)?) < %



Let ¢ : (a, b) — R be a differentiable function. We call ¢
(strictly) concave upwards or convex when the derivative ¢’ is
a (strictly) increasing function. For any ¢ € (a, b) this means
that the graph of ¢ is above the tangent line at c. That is, for
all x € (a, b)

¢(x) = ¢(c) + ¢ (c)(x = <).

Proof: The function x — ¢(x) — [¢(c) + ¢'(c)(x — ¢)] has a
minimum at x = c.

It suffices that the second derivative ¢” be non-negative and
for strict convexity that ¢” be positive.



HMC Theorem 1.10.3 (Jensen’s Inequality): Assume that ¢
is convex on (a, b) and X is an rv with mean u and range
contained in (a, b).

E(&(X)) = o(E(X)),

and if ¢ is strictly convex, then the inequality is strict unless X
is a constant rv.

Proof: With ¢ = p in the above inequality, we have
d(X) > () + &' ()(X — p). Take the expected value.

We look at HMC Examples 1.10.1 and 1.10.4.



Example 1.10.1: Suppose f(x) = %, —f<x<6fand =0
otherwise. Thus p = 0.

1 +92 1 +92 H2
Var(X) = %/_ede: 5/0 xdx:g.

_ 9
Therefore, o = 7

1 [T k
P(|X —pu| > ko)=1—- — dx=1— —.
20 —k0//3 \/5
Chebyshev's Inequality says that this probability is bounded by

1/k? which is always Iarger One can show using calculus that

the function q(t) = f + % has a minimum where t3, = ‘/75

and

q(tm) = tm- V3>t -V/3=3/2>1.



Example 1.10.4: A finite rv X takes a finite number of values
which we can list as Xi, ..., X,. The pmf of X, is given by
The mean E(X) = >_7 | piX; is the weighted average of the

values of X. It is the arithmetic mean with weights p1, ..., p,.

For any positive rv X the geometric mean is
G(X) = exp(E(In(X)). In the finite case

n

G(X) = exp(}_piln(x)) = JTX"

i=1

Because the function t — — In(t) is concave upward, Jensen's
Inequalty implies E(—In(X)) > —In(E(X)). Multiplying by
(—1) reverses the inequality. We then exponentiate and get for
any positive rv X:

E(X) > exp E(In(X)) = G(X).



For any positive rv X the harmonic mean is
H(X) =1/E(1/X). In the finite case H(X) =1/>"", %

For any positive rv X we have E(X) > G(X) > H(X).
Proof: We saw that E(X) > G(X). Notice for any real

exponent a
G(X*) = ew(E(n(X*))) = exp(aE(In(X)))
= [exp(E(In(X)))° = G(X).
In particular, with a = —1 if we let Y = 1/X, then
G(Y)=G(1/X)=1/G(X).
But E(Y) > G(Y). So E(1/X) > 1/G(X). Taking the

reciprocals reverses the inequality.

We can see directly that E(X) > H(X) by applying Jensen's
Inequality to the function t +— 1/t.



Sec. 5.1: Pointwise Convergence and Convergence in
Probability

Throughout Chapter 5 we have a sequence of rv's {X,} and a
target rv X. We consider different meanings for the phrase
{X,} converges to X.

A sequence of numbers {a,} converges to a number a when

For every € > 0, eventually (i.e. for n > N for some
N) la, — a| < e.

So the sequence {a,} does not converge to a when

For some € > 0, infinitely often (i.e. for infinitely many
n) la, — a|] > e.



The sequence {X,} converges to X pointwise when for every
point s of the sample space S the sequence of numbers
{Xn(s)} converges to the number X(s).

In probability theory we must allow a set of exceptions of
probability zero. So we define:

Definition: {X,} converges to X almost everywhere (written
ae) when the set of s € S such that {X,(s)} does not
converge to the number X(s) has probability zero.

So {X,} converges to X, when only with probability zero does
it happen for s € S that there exist some ¢ > 0 (which € may
depend on s) so that infinitely often | X,(s) — X(s)| > e.



Define for € > 0 the event, that is the subset of the sample
space, E,(€) = {|X, — X| > €}.
So {X,(s)} does not converge to X(s) when for some € > 0 s

is in the set o e
N U Eo.

N=1 n=N

This means that {X,} converges to X ae when for every € > 0,

PN U Ee) =0

N=1 n=N

Because the sequence {|J~, En(¢)} is a decreasing sequence
in \V/, we obtain

Theorem: {X,} converges to X ae if and only if for every ¢ > 0

LimyoeoP(| ] En(€)) = 0.

(@

n=N



Since En(e) C oy En(e). we get
Corollary: If {X,} converges to X ae then for every € > 0

LimN_mP(EN(e)) =0.

From this we define a weaker notion of convergence.
HMC Definition 5.1.1: {X,} converges to X in probability
(written (P)) when for every ¢ > 0

Lim, P (En(€)) = 0.

That is,
Lim, .o P(|X, — X| > €) = 0.



Both limit ideas satisfy the usual properties that we expect for
limits. These can be collected by the following

Theorem: Let g(x, y) be a continuous function defined on a
subset D of R?. Let {X,},{Y,} be sequences of rv's and X, Y
be rv's such that the pairs (X,, Y,) and (X, Y) all have range
in the subset D.

If {X,} converges to X ae and {Y,} converges to Y ae, then
{g(Xn, Yn)} converges to g(X,Y) ae.

If {X,} converges to X (P) and {Y,} convergesto Y (P),
then {g(X,, Y,)} converges to g(X,Y) (P).

Since continuity preserves limits, this is easy to prove for
convergence ae. The proof is a bit trickier for convergence in
probability. We will omit both proofs and just use the results.



Of great importance are the Laws of Large Numbers. We will
state both but only give a proof of the weak law.

HMC Theorem 5.1.1: Let {X,} be an iid sequence of rv's with
common mean p. Let X, =1Y"" X,

Strong Law of Large Numbers: The sequence {X,}
converges ae to the constant pu.

Weak Law of Large Numbers: The sequence {X,}
converges (P) to the constant .

For the proof of the weak law we assume that the rv's have a
finite variance o2 so that Var(X,) = Z. We apply
Chebyshev's Inequality:



HMC Definition 5.1.2 (Consistency) Let X be an rv with cdf
F(x,0),0 € Q. Let {X,} be an iid sequence with distribution
that of X so the Xi,..., X, is a sample of size n. Let
Ta(Xi,...,X,) be a statistic. The sequence {T,} is called a
consistent estimator of 0 if {T,} — 6 (P).

If {T,} is a consistent estimator of # and {a,} is a sequence
of numbers converging to 1, then {a, - T,} is a consistent
estimator of ¢ as well.

Theorem: Assume that each T, is an unbiased estimator and
that each T, has finite variance 02. If 02 — 0, then {T,} is a
consistent estimator of 6.

Proof: E(T,) = 6 for all n because the estimator is unbiased.
Apply Chebyshev's Inequality:

P(T,—0|>¢) = P(T,— 0| > = -0,) < 22 0.

on €2



Example 5.1.1: For an infinite sequence Xi, X5, ... of iid's with
mean £ and variance o2, the sample mean X, = %27:1 X; is
an unbiased estimator of x. That is, E(X,) = u. Recall that
Var(X,) = 02/n. The Law of Law Numbers implies that the
sequence {X,} provides a consistent estimate of  as well.

Notice that this is a special case of the above theorem.

Now consider the sample variance.

1 _
S = T XX =

i=1

LLE YK = G S X) — (R

By the Law of Large Numbers applied to {X?} the sequence
{1371 X?} converges to E(X?) and {(X,)?} converges to
E(X,')2 = ,uz.



It follows that {S?2} is a consistent estimate for 0.
Hence, {S, = \/S?2} is a consistent estimate for o.

It is not unbiased. Jensen's Inequality applied to the concave
function t — —+/t implies that

E(\/S2) < VE(S?) = o.

n



Example 5.1.2: Let Xi,... be an iid sequence of the uniform
distribution on (0, 0). Recall that using the sample X, ..., X,
the maximum Y, = max(X, ..., X,) is the MLE estimator for

6.

The cdf of Y, is Fy,(t) = (t/0)" for 0 < t < 6 and so the
density fy,(t) = gxt"* for 0 < t < 6. Therefore,

0 n
E(Y,) = — t"dt = 0,
(Ya) 9"/0 n+1

6
E(Y?) = i/ g — g2
(Y2) 0m Jo n+2 '

n n n
Var(Y,) = 6 — 0)* = 6>
so Var(Ys) n+2 (n+1 ) (n+1)%(n+2)

So %Yn is an unbiased estimate with variance +2)62 and
so it is a consistent estimator. Hence, the biased estlmate Y,
is consistent as well.



We can see directly that {Y,} — 6 (P) because

P(|Y,—0| >¢€)=P(Y,<0—¢€)=Fy,(0—¢)=(

Recall that X, is an unbiased and consistent estimator for the
mean p = 6/2. It follows that 2X, is an unbiased and
consistent estimator for 6.

Var(X,) = Var(X;)/n = 1=-6° and so Var(2X,) = £62. This
is ”T+2 times the variance of 2£LY,,.

n

Thus, while both 2X, and =2 Y,, are unbiased and consistent
estimators of 8, the latter is a better choice because its
variance is much smaller.



Sec. 5.2: Convergence in Distribution

Now we turn to a notion of convergence which is even weaker
but nonetheless of great importance. For it we refer to the
cdf's Fx, and Fx of the random variables. We let C(Fx)
denote the set of points x € R at which the distribution
function Fx is continuous.

HMC Definition 5.2.1: {X,} converges to X in distribution
(written (D)) when

Limn_>ooFXn(X) = Fx(X) for all x € C(Fx)



Example 5.2.4: As in Example 5.1.2 we let Xi,... be an iid
sequence of the uniform distribution on (0, ) and consider
Y, = max(Xi,...,X,). Let Z, =n(0 — Y,).

E(Z)) = (0~ E(Y,) = n(0 — —=50) = =0,
Var(Z,) n*Var(Y,) = TR 2

Fr(t) = P(Zy<t) = P(Yy>60—1)

e R )

0
That is, Z, — Z where Z ~ T(1,6), i.e. it has an exponential
distribution with mean 6.



In order to compare convergence in probability with
convergence in distribution, we remember that, for example,
Fx(x) = P(X < x).

Fx(x —¢€) < Fx,(x) + P(|X — X,| > ¢€),

Fx,(x) < Fx(x+¢€) + P(|X — X,| > ¢).
Therefore,

Fx(x) = Fx,(x) = [Fx(x) = Fx(x — €)]
= Fx(x—¢€) = Fx,(x) < P(IX = X,| >e),

Fx,(x) = Fx(x) — [Fx(x + €) — Fx(x)]
— o) — Flx+¢) < P(X =X > ).

Because |a — b| = max(a — b, b — a) we put these two
together to get:



|Fx,(x) = Fx () < max([Fx(x) = Fx(x = €)], [Fx(x + €) = Fx(x)])
+ P(|X — Xa| > €).

Notice that if X is a continuous with density fx(x) bounded
by some constant M, then

max([Fx(x) — Fx(x — €)], [Fx(x + €) — Fx(x)]) < Me.

Let 6 > 0. If x is a continuity point we can choose € > 0 so
that max([Fx(x) — Fx(x — €)], [Fx(x + €) — Fx(x)]) < /2. If
X has a density bounded by M then we can choose € = §/2M
which will work for all x.



Now assume that X, — X (P). Having chosen € so that
max([Fx(x) — Fx(x — €)], [Fx(x + €) — Fx(x)]) < /2 we can
now choose N so that when n > N, P(|X —X,| > ¢€) < /2.

It follows that when n > N, |Fx, (x) — Fx(x)| < 0.

Thus, we have proved:

HMC Theorem 5.2.1: If {X,} converges to X in probability,
then {X,} converges to X in distribution.

Furthermore, if X is a continuous rv with a bounded density
function, then

Lim, .o sup|Fx,(x) — Fx(x)] = 0.
x€ER



The converse is not true in general, but it is true if the limit rv
is a constant.

HMC Theorem 5.2.2: If {X,} converges to b in distribution,
then it converges to b in probability.

Proof:
P(|X,—b| <€)= Fx,(b+¢)— Fx,(b—¢)—0)—1-0.

We state two results from the book which we will use without
proof.

HMC Theorem 5.2.3: If g is a function continuous on D C R
and the rv's have range in D then X,, — X (D) implies

{g(Xa)} — g(X) (D).

HMC Theorem 5.2.4 (Slutsky’s Theorem): If
X, — X (D),A, — a (P) and B, — b (P), then
A, + B, X, — a+ bX (D).



If X, — X (D), we would like to conclude that

E(X,) — E(X), but this need not be true. Among other
things, an rv with an unbounded range need not have an
expected value. What is true is the following:

Theorem: X, — X (D) if and only if for every bounded
continuous function g : R — R, E(g(X,)) — E(g(X).

If there is a bounded subset of R which contains all the ranges
of the rv's then any continuous function is bounded on the
range and E(g(X,)) — E(g(X)) follows. However, the
function g(x) = x is not bounded on all of R. The most
useful result for us is:

Theorem: If X,, — X (D) and there exists M > 0 such that
E(X2) < M for all n, then E(X,) — E(X).

Corollary: If X, — X (D) and there exists M > 0 and h > 0
such that E(e?"%l) < M, then E(e™") — E(e™X) for all t
with [t| < h.



That is, convergence in distribution together with some
boundedness conditions implies convergence near 0 of the
mgf’'s. Most important for us is the deep converse result.

HMC Theorem 5.2.10: Assume that for some h > 0 the mgf's
My, (t), Mx(t) exist for |t| < h. If Mx,(t) — Mx(t) for every
t with |t| < h, then X, — X (D).

That is, we can recognize convergence in distribution by using
convergence of the moment generating functions.



Squeeze Theorem

Theorem (Squeeze Theorem) If X! > Y, > X2 and
X X2 — X (P) (or (D)) then Y,, — X (P) (respectively,
(D).

Convergence in probability follows because

{IYo = X| > e} c {IX! = X| > e} U{|X? = X]| > ¢}

Convergence in distribution follows because for every x

Fxi(x) < Fy,(x) < Fxz(x).



Sec. 5.3: Central Limit Theorem

Let {X,} be an iid sequence of rv's with mean x and variance
0. So {Y, = %} is an iid sequence of rv's with mean 0
and variance 1.

The Law of Large Numbers says that the sample means satisfy
X, — 1 (P) or, equivalently, Y, — 0 (P). In fact convergence
holds ae by the Strong Law. The averaged rv's

S X VAR —w) YL

J\/ﬁ o \/ﬁ

all have mean 0 and variance 1. Let Z ~ N(0,1).

HMC Theorem 5.3.1 (Central Limit Theorem):




We will prove the result assuming that for some h > 0 X has
an mgf defined for |t| < ho. So the mgf of Y,
M(t) = E(etY) = e #/7E(elt/7)X) is defined for |t| < ho.

E(etMt=+Ya)/Viy — E(eM/VmY  E(efY/VM) = M(—)".

Sl

To compute the limit as n — oo we take the log and use
L'Hopital's Rule after the change of variable y = 1/y/n

. t : In M(yt)
Lim, o nln M(%) = Lim,_ e =
: tM'(yt) t, . 1. M'(yt)
L —L L
=20 ouM(yt) — 2 M) Ty
t? M"(yt)  t2




Recall that for Z ~ N(0,1), E(e?) = e'*/2.
Thus, for each t with [t| < h, E(et(Mt-+Ya)/Vi) 5 E(et?).

Since the mgf's converge it follows from HMC Theorem 5.2.10
that

_Z;:;%Yi — Z (D)

as n — oo.
Since 2 = L5 (X; — X)? = 0% (P), HMC Theorems

n—1

5.2.3 and 5.2.4 imply that

> Xi— i /n(Xo — 1)
Svn = S — Z (D).




HMC Theorem 5.2.9: If g(x) is continuously differentiable at

6 with g’(8) # 0 and {\/n(X, —6)} — Z (D) with
Z ~ N(0,0?), then {\/_( (X)) —g(0)} — Z' (D) with
Z' ~ N(0,02(g'(6))).

Proof: By the Mean Value Theorem

\/Z(g)'((X,,) —g(0)) = g'(ca)[V/n(X, — 0)] with ¢, between 6

X, — 6 (D) and so (P). So by the Squeeze Theorem
¢ — 0 (P).

Because g’ is continuous g'(c,) — g'(f) (P). So by
Slutsky's Theorem

{Vn(g(X,) — g(0))} — &'(6)Z (D).
7' =g'(0)Z ~ N(0,02(g'(0))*)-



Kolmogorov-Smirnov Test

We consider a continuous rv X with support (a, b) with

—00 < a< b< oco. Thatis, the pdf fx(x) is positive for

x € (a, b) and is zero elsewhere. It follows that

Fx : (a,b) — (0,1) is a strictly increasing continuous function.

When we looked at Sec 4.1.2[4.1.1], | mentioned that the best
estimate for the cdf Fx of a continuous rv X is the sample cdf.
We now look at what this means.

Let Xi,..., X, be a sample. The empirical distribution X is

the discrete rv taking the values Xi, ..., X, with each value
equally likely and so with probability L. That is, we let [n] be
an independent rv with values {1,..., n}, so that for

i:].,...,n P(X[,,]:X,-):l.

n

For a real number x, Fx, (x) counts the number of X;'s with
value at most x and divides by n.



We let I, denote the indicator function of (—oo, x] C R so
that [,(t) = 1if t < x and = 0 otherwise. Thus,
E(l (X)) = P(X < x) = Fx(x).

F X[n] Z h(

It follows from the Strong Law of Large Numbers that as
Limyoo Fx, (x) = Fx(x) ae
This says that for almost every realization xi, x,, ... of the

sequence X1, Xo, ... the sequence of discrete realized rv's
{xn} converges in distribution to X.

However, a stronger result is true.



We can define the statistic D, = sup,c(,p) |Fx,(X) — Fx(x)|-

Theorem (Glivenko-Cantelli Theorem) Lim, D, = 0 ae.

Amazingly, the statistic does not depend on the choice of
continuous distribution Fx. To see this, recall that

U = Fx(X) ~ Unif(0,1), So that

Ur = Fx(X1), U» = Fx(X2),... is an iid sequence all with the
same uniform distribution and with empirical distribution

Ui = Fx(Xim)-

We use the change of variable u = Fx(x). So that

From which we obtain Fx[n](X) = FU[,,](U) and
Fx(x) = Fy(u) = u. Therefore,

Dn = sup [Fx, (x) = Fx(x)| = sup [Fy,(u) — ul.
x€(a,b) ue(0,1)



While D,, is the supremum over an infinite set, it really
requires only 2n computations.

Let Y7 < --- <Y, be the order statistics for Xi,..., X,. Since
X is continuous, we may assume that the n values are distinct.
It follows that

0 x< Y]_,
1 Y, <x.

Note that if G is a continuous increasing function on a interval
and c is a constant, then the maximum value of |c — G| on the
interval occurs at one of the endpoints. It easily follows that

I—1
n

n ]
D,,:rp:alx {|;—FX(Y/')|7| — Fx(Y)l}-



The Kolmogorov-Smirnov Test uses the computed values of
this statistic to test whether an iid sample with realization
Xi,...,X, and associated order sequence y; < --- < y, comes
from an rv with cdf Fx. We compute

=1
n

n ]
D, = max {|; — Fx(yi)l. | — Fx(yi)[}-

Under the null hypothesis that Fx is the true distribution, it is
known that, for example, with n = 50 the probability that Dsq
is greater than .23 has probability .01 (there are tables for
this).

Therefore, if n =50 and the value of D, computed above is
greater than .23, then we reject the null hypothesis with
confidence level .01.



Sec. 6.1: Maximum Likelihood Estimation: Existence and
Consistency

We will be considering a family of pdf's f(x; ) parametrized
by @ in an interval of the real line. Among the parameter
values is the true value 6y which we desire to estimate.

For a sample Xi, ..., X, the likelihood,
L(;x) =[] f(x:9),
i=1

is the joint density of X = (X1,...,X,).

In Section 4.1, the maximum likelihood estimator § was

defined. For a realization x = (xg, ..., X,) of the sample
O(x1,...,x,) is a parameter value at which the likelihood
L(6; x1, ..., x,) achieves its maximum. The statistic 6(X) is

the maximum likelihood estimator.



We make various regularity assumptions

HMC Assumptions 6.1.1:
RO The pdf's are distinct: If 6, # 6, then f(-,601) # f(-, 62).
R1 The pdf's have common support for all 6.

HMC Theorem 6.1.1: If 6; # 6y, then
Limp o0 Pay[L(60, X) > L(61,X)] = 1.

Proof: L(6o, X) > L(01, X) if and only if

%Z In[?g z;;] <0



F(X,61)
fox. o)) (P)

110
—§ In[ 6011, i
1100
by the Law of Large Numbers.

By Assumption (RO) the rv ;gz{l’g

is positive on the common support of the pdf's (R1). So
Jensen’s Inequality implies:

is a nonconstant rv, which

f(X,61)
f(X,6p)

Il < B[R]

Ego[ln[ o f(X 90) .

But,

f(X,Hl) . f(X,Ql) .
Eulie ] / g Flxto) dx = 1



So there is a positive number k so that Ey,[In]
and so

f(X,00)

—Z X"el’l (P).

P(|%Z|n[£g:zzg]—(—k)| <k) — 1.

P> WIS <o) - 1

f(X,@l)]] _



HMC Example 6.1.1: f(x;6) = 1e~*=% (Laplace or double
exponential, shifted by 6.

00;x) = —nIn(2)—Z|x,-—0|, E’(@):ngn(x,-—Q).

+1t>0,
-1t<0

where sgn(t) = { and is undefined if t = 0.
So 0'(0) > 0 if #{x; > 0} > #{x; <0} and

0(0) <0if #{x; > 0} < #{x; < 6}.

Let Yi,...,Y, be the order statistics for the sample

Xy, X

If n =2k + 1 then § = Yki1, the median.

If n = 2k, we can use § = (Yi + Yii1)/2 but the maximum

value for the likelihood is achieved at any point y with
Yk < y < Yk+1.



Example 6.1.3: With the Bernoulli mass function
f(x;0) = 6*(1 — 0) for x = 0,1 we saw in Example 4.1.4
that the mle @ for X is the sample mean X.

But if the range is restricted to [0, %] then we are looking for
the maximum of L(#) on this closed interval. When the critical
point X lies in the interval then it is the mle. If X > % then
L(6; x) is increasing on the interval and so the mle is the right
hand endpoint.

A 1
= min(X, 2).
7 min( ,3)



HMC Theorem 6.1.2: If g is a one-to-one function on the
parameter interval and n = g(6), then the mle estimate 7

equals g ().

Proof: For any n = g(0), L(n; x) = L(0;x). That is, we are
just relabeling.

If we let L(n,x) be the likelihood in terms of 7, then L(7, x)
just means L(6,x) = L(g"*(n), x).

We are assuming that L(0;x) > L(0;x) with 6 # 0. Let

A

7} = g(f) and let n = g(#) be some other value of the variable.

L(7,x) = L(A,x) > L(8,x) = L(n; x).



HMC Assumptions 6.1.1:

R2 The true value 6y is in the interior of the parameter
interval.

R3 The pdf f(x, 8) is twice continuously differentiable as a
function of 6.

HMC Theorem 6.1.3: There is a sequence of statistics {,} in
the interior of the parameter interval, which converges ae to 6,

and such that

Py, (L(6; X1, ..., X,) has a local maximum at §,) — 1.

Notice that at an interior local maximum % =0.



Proof: Let ky be the smallest positive integer such that the
closed interval [6o — 7,60 + ;] is contained in the interior of
the parameter interval. For each k > kg let

1
= 0 =0+ =
PO
so that the intervals [0, 6] each have mid-point 6 and they
are closing in on 6.

0 =0p —

For each k > ky define the event

Sk ={X: L(0g; X) > L(6,; X)} N {X: L(Bo; X) > L(6,; X)}.

Looking ahead, notice that if X € S, x then on the interval
[0, ,6,] the function of 6 L(6; X) takes its maximum at a
point 6 in the interior (6, ,6,") rather than one of the

endpoints and so @ is a local maximum for L(6; X) on the
entire parameter interval.



Theorem 6.1.1 says that for each k > kg the probability
Po,(Snk) — 1 as n — oc.

This means we can choose a positive integer N, so that
Poo(Snk) > 1 — % for all n > N, and so that Ny.1 > N.

For n < Ny, let 6,(X) = 6q.

For k > ko and Ny < n < Niy1 we restrict L(6; X) to the
parameter interval [0, , 6, ] and let 8,(X) be a parameter value
in this interval at which the restricted function achieves its
maximum.



So for Ny < n < Nyysq
(i) 6, <0a(X) <6

(i) If X € Sy, then 8,(X) € (6;,6]) is a local maximum for
the unrestricted function L(6; X).

(iii) The 6, probability that 6,(X) is a local maximum for
L(6; X) is greater than 1 — .

From (i) it follows that the sequence {f,} converges to 6.
From (iii) it follows that

Ps,(L(9; X) has a local maximum at 6,) — 1.

Notice that this is a pure existence theorem. We don't know
what 6y is and so none of this can be computed.



Let us summarize the proof.

(a) For g in the interior of the parameter interval there is a kg
so that with k > ko the interval [0, , 0] with midpoint 6, and
of length 2/k is contained in the interior of the parameter
interval.

(b) Using Theorem 6.1.1 we get an increasing sequence of
positive integers { N} so that for n > N

PQO[L(HO,X) > L(QZ,X) & L(eo,X) > L(G,f,X)] > 1—(1//()

(c) For n with Ny < n < Nii1 let 8,(X) be a point in [0, ,6/]
at which L(6, X) has its maximum on the interval. When the
condition in (b) holds, §,(X) is not an endpoint and so is a
local maximum for L(6, X) as 6 varies over the whole
parameter interval. From (a) the sequence {f,(X)} converges
to Oy for every X.



HMC Corollary 6.1.1: If the likelihood equation 95 = 0 has a

unique solution A(X), then P(6, =0,) — 1 andsofisa
consistent estimator for 6.

Proof: When 8,(X) is a local maximum for L(6; X) then it is a
solution of the likelihood equation and so equals 6.

It then follows from (iii) above that for
Nk§n<Nk+1, P(@nzgn)>1—%.

From (i) it then follows that P(|0, — 6| > ) < 1, and so
b, — 0 (P).



Sec. 6.2: Information and Efficiency

HMC Assumptions 6.2.1:

R4 The integrals can be differentiated under the integral sign
as functions of 6.

Because 1 = [ f(x;6) dx we can differentiate to get:

* Of(x;0) * Jlnf(x;0) _
O:/_ de:/_ T-f(x,@)dx

[e.e] o0

) has expectation 0. That is,

That is, the rv 8'":;#

dInf(X;0)

E9[ o0

]=o0.



Differentiating again we have

0— /OO w.f(x; 0) dx—i—/oo (w)zf(x; 0) dx

o 062 e o0
The second integral, denoted /(0), is a variance of 209 g(ex?@)
and is called the Fisher information. Therefore,
9In f(X;0) Inf(X;0)
1(0) = Var|—————"2] = —F, ’
( ) arH[ 89 ] 9[ 892 ]

AlIn f(x;0)
06

The function is called the score function.



Note that

n

00;X) = > Inf(X;:0)

0(0:X) = 8£(géX) _ Z Jln 1;(;(,-;0)

i=1

Examples 6.2.1- If X ~ Bern(f) then the pmf is
f(0,x) =6*(1 —0)' > with x =0,1 and E(X) = 0. So

(0) =xInf+ (1 —x)In(1—0)

, x 1—-x
0 =5-1-%
" X 1—x
) 02 (1—0)?



Examples 6.2.2- For a location model we assume that the iid
sequence X1, Xo, ... are such that X; — 6 are rv's with density
fx(x)dx, not depending on 6. For example, X; ~ N (6, 1) for
all 7 is a location model. Hence, the common pdf of X;'s is
fx(x — 0)dx.

The information is given by:

via the change of variables z = x — 6.

Thus, the information in this case does not depend on 6.



For a sample X = (Xy, ..., X,), 20t0X) _ s~ %(exw

26
and so Var(2" g(ee;X)) = nl(0).

HMC Theorem 6.2.1 (Rao-Cramer Lower Bound): For an
rv Y = u(X), if k(f) = Ey(Y), then

Vary(Y) >

In particular, if Y is an unbiased estimator of #, so that
k(0) = 6, then

Varg( Y) Z



Proof:
k(0) = /n u(x)L(8; x)dx,

K'(0) = /n u(x)al%(:;x)L(G;x)dx.

With Z = 2"L0X) e have E(Z) = 0, Var(Z) = nl(8). So
K'(0) = E(Y -Z) = Cov(Y,Z) = poy/nl(8).

Because the correlation coefficient p satisfies p?> < 1, it follows
that

K (0 < o2 - nl(0).



For an unbiased estimator Y of 6 we define its efficiency to be
1/0% nl(0) which is at most 1 and we call Y efficient when it
is unbiased and with efficiency equal to 1. That is, its variance
is as small as possible, namely equal to 1/n/(#).

Example 6.2.3- Consider the case with X; ~ Poiss(f) so that
the mean and variance equal 6.

00;x) = Z Inf(x;0) = (Zx,-)ln&—n&—Zln(x,-!)

i

So the mle is § = X with mean # and variance 6/n. In
particular, it is unbiased.



The Rao-Cramer |_ower bound for the variance is
nI%@) = % = Var(X).

Thus, 0 is an efficient estimator.



HMC Assumptions 6.2.2:

R5 There exists a continuous function M(x) with
Eg,(M(X)) < oo such that for 61,6, in the parameter
interval

| 92 1In f(x; 61) B 02 1In f(x; 65)
06? 06?2

| < M(x)[61 — 02|



We will use the notation

0(6; X) = InL(6; X) Z In f(x;; 0

(0 %) alnLa(HQ,X)7 (0 %)

As we have seen above

2 In L(6; X)
06°

E(C(6:X)) = 0, nl(8) = Vary(£'(6: X)) = —Ey(£"(6: X)).

From the Central Limit Theorem and the Law of Large
Numbers, we then get

\%e’(eo;X) s N0, 1(60)) (D), —%E”(HO;X) s 1(66) (P).



We refer to ¢/(0; X) = 0 as the MLE equation which is
satisfied by an interior maximum of ¢(6; X).

HMC Theorem 6.2.2: Assume that 0 < /() < co. If {6,(X)}
is a consistent sequence of solutions of the MLE equations,
then

\/ﬁ(én - 90) — N(Oa

1(6o)

Proof: We apply the Mean Value Theorem to the function
'(6; X).

0=0'(0) = ¢'(66) + (0 — 60)0"(67)
with 6*(X) between § and 6.



By Assumption R5:

n e (60)—"(67)] < M(X)|06—0", with M(X) = 1"y M(X).
i=1

By the Law of Large Numbers, M(X) — Ey,(M(X)), and by
consistency and the Squeeze Theorem |0y — 6*| — 0 (P).

It follows that —n=1¢"(6*) — 1(6p) (P).

. Cn120(0,) L
VIO =b0) = Sy 7 i)




Thus,

nl(6)(0 — 65) — N(0,1).

HMC Corollary 6.2.2: \/n(f — 6,) = Wﬁ (60) + R, with
R, — 0 (P).
Proof: From the previous equation,

1 1

Ro=[n20'(6)] - [

—n107(0%) /(90)]'

The first factor tends to N (0, /(6p)) in distribution and the
second tends to 0 in probability and so the product tends to 0
in probability.



Because /() is a continuous function and 0 is consistent,

A

1(0) — 1(60) (P).
Consequently,

nl(0)(0 — 6,) — N(0,1).

So we can use

A 1
) 0,7 + Za/2

nl(6,) nl(0,)

)

(én — Zy)2

as an approximate (1 — «)100% confidence interval for 6.



Sec. 6.3: Maximum Likelihood Tests

We now use the mle to test the null hypothesis Hy : 6 = 6,
against the alternative Hy : 6 # 6,.

NOTICE an annoying change in notation (I follow the book).
Previously, 6y denoted the unknown true value of 6. But now
o is a known value and we are testing to see whether it equals
the true value.

We will restrict attention to cases where the likelihood L(6; X)
has a unique interior local maximum 0 at which, of course, the
likelihood equation,L” = 0, holds. That is, the likelihood
equation has a unique solution at which L(6) has its maximum
value.



We use the ratio A = L(6)/L(A) < 1. If Hy is true then since
@ is a consistent estimate, and so tends to the true value, A
should be close to 1.

So for significance level o we Reject Hp if A < ¢ with ¢ chosen
so that Py,(A < ¢) = a. Notice that we use the fact that 6,
as opposed to the true value, is known.

For Example 6.3.1: f(x;0) = 0 texp(—x/0). So with a
sample of size n the likelihood function is
L(#) = 6 "exp(—nX/0) and the MLE is X. So

A= 0 (;f) Yrexp(—nX J60) = g(X /65)

with g(t) = e"t"exp(—nt).




For the function g(t) it is easier to look at the log:

(Ing)(t) = n(1+In(£)—1); (Ing)(t) = n(%—l); (ng)'(t) = -

t2

The maximum occurs at t = 1 with g(1) = 1. That is, the
max of A is 1 when 00—0—

For 0 < ¢ < 1 there are two values ¢y, ¢, with
g(a)=c=g(e)and 0 <c <1< c. Thus, A <cif and
only if X/0y < ¢ or X/0y > c.

Observe that X/6 ~ Exp(1) =T(1,1) and so 2X/0 ~ (1, 2).

Therefore, (2/0) >, X; ~T(n,2) = x*(2n).



Example 6.3.2: We consider the family {N(6,02)} with o2
known. Observe that

3 (=0 = 3 iR +F—0 = 3 (=X + 3 (=0)*

1

1

The cross term vanishes as usual because ). (x; — X) = 0.

n

L(0) = (W)”“exp(—(%z)‘1 Z(x; —0)) = (ﬁ)”/2X
exp(—(20°) 7 Z(x,- — %)) exp(—(202) Z n(x — 0)?).
Since 0 = X,
A = L(6o)/L(0) = exp(—(202)* Z n(X — 6)?).



The condition A < c is equivalent to —2InA > —2Inc.

X — 6o,
=W

o/\/n )

which has a x?(1) distribution, as it is the square of a standard

normal. Given a we choose @, so that P(W > Q,) = «.
Then with —21In¢c = @, we obtain our test of size .

—2InA = (

HMC Theorem 6.3.1: Under the null hypothesis that 6y is the
true value of 0,

—2InA = (1) (D).



Proof: We use Taylor's Theorem (the second order version of
the Mean Value Theorem to get:

) ) / 1A 1" n*
0(0) = £(0o) + (0 — 60)¢'(6h) + 5(9 — 00)0"(0y),
with 67 between 0 and 6.

We are assuming that 6, is the true value. So as in the proof
of Theorem 6.2.2, we use Assumption R5 and the Squeeze
Theorem to get —n=1¢"(07) — 1(6p) (P). Next, Corollary
6.2.3 says that

n~Y20(0) = n*2(0 — 06)1(06) + R,
with R, — 0 (P) Therefore



—2InA = 2(¢(0) — £(6)) =
2y/Al (BB~ 0 - [1 — (503 /nl(60)] + R;
V1 (00)(@ — 66) — N(0,1) (D) and so
[v/nl(60)(0 — 60)]2 — Xx*(1) (D).
1—(30(0;)/nl(00)) — 3 (P). Finally,
R* = /n(0 — 6,) - R,. Because

V(0 —0o) — N(0,1/1(6) (D) and R, — 0 (P), the product
R tends to O in probability as well.



With Xf defined to be —21In A, we have under the null
hypothesis that x7 — x?(1) (D) and so we can use the test:
Reject Ho if x7 > x2(1). Here ¢ = x2(1) is the value such
that with Z2 ~ y2(1).

Fr(c) = P(Z°<c) = 1—a.

Under the null hypothesis /(A) — /(6,) and so with x2,

defined to be [\/nl(A)(A — 6,)]? we also have that
Xy — X3(1) (D) and so we can use the test: Reject Hp if
Xiv > xa(1)-

We can also define x% = [¢'(60)/+/n!(60)]>.

The difference between any two of the statistics x?, x3, and
X% tends to 0 in probability under the null hypothesis.
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