Definitions: Convergent and divergent series
1. A series is an infinite sum, written 
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. It doesn’t have to start at k = 0.

2. The nth partial sum of the series is 
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3. The series 
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 converges to a number L means: 
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. In other words, for n large enough, 
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 is the same as L to any number of decimal places you like.

4. If  
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converges to L, we sometimes write 
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= L . In other words, the sum is as close to L as you want if you take enough terms.

5. Sometimes there is no number L with 
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 . In such a case we say that the series  
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diverges. This could happen because the partial sums 
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 bounce around, or, in the case of a series like 
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 , because the numbers  
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 get bigger and bigger without bound.

6. Types of series:  

a) 
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 is a positive term series means that 
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 for all k.

b)  An alternating series has terms that switch signs. Every alternating series can be written as either   
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 or as 
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where 
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 for all k.

c) A series 
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is absolutely convergent if the positive term series 
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is convergent.  

If a series is absolutely convergent, it is convergent.   The reverse might not be true. For example, if  
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converges but is not absolute convergent, since 
[image: image22.wmf]0

||

k

k

a

¥

=

å

 = 
[image: image23.wmf]0

1

k

k

¥

=

å

 diverges. There is a name for this situation, as follows: 

d)   A series 
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is conditionally convergent if 
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converges but  
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diverges.   
Some basic tips for doing power series problems 
1.   You MUST start each convergence question with the kth term test: The series is divergent if  
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 a) does not exist or b) is not 0.  If that limit is 0, you must continue with other tests.   So you need to know stuff about limits, as follows.

 i) exponential functions  grow faster than polynomials. 
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  and  
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ii) factorials grow faster than exponential functions: 
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iii) limits pull inside functions:   
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Example: 
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 diverges by the nth term test. since 
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 is 1, not 0. 
2. Remember that  
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 for all x. 
Example: Does 
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    converge? None of the obvious tests work, so first

see if the series is absolutely convergent by looking at and bounding the numerator 
[image: image39.wmf]|cos12sin||cos||12sin|11213

kkkk

+£+£+=

.   Thus 
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 converges by  the p-test (since p = 2 >1) and therefore 
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   convergences by the basic comparison test. 
3. I said in class that you might need to take the derivative of the function  
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. It turns out you never have to do that if    
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 is a quotient of polynomials.

Recall: the degree of a polynomial is its highest power.  If 
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 +  lower powers and 
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 + lower powers, then  m = degree(p) and n = degree(q). 

Clever fact:  if the degree of p is less than the degree of q, then for large x, the function 
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 has negative derivative and is therefore decreasing. (Convince yourself of this by using the quotient rule). The Alternating Series Test therefore applies, provided 
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Some consequences:
a) 
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 is absolutely convergent if  degree(p) < degree(q) – 1 (same as n – m   > 1) . This follows from the ratio test and the p-test since 
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b)  
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  is convergent by the AST  if degree(p) < degree(q)  

c)  
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 is divergent by the nth term test if degree(p)  >=  degree(q). That’s because 
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 is 1 if m =  n and is infinity if m >n .
Example: 
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 is   absolutely convergent, since 
[image: image61.wmf]2

4

1750012

50012

nn

nn

++

++

å

 behaves like 
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 which converges by the p-test with p = 2.  

Example: 
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 is not absolutely convergent, since 
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 behaves like 
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 which diverges by the p-test with p = 1. However, the AST does apply (degree(top) =2 is less than degree(bottom) = 3) and so the Alternating Series is convergent. Therefore the original series is conditionally convergent.
4.  Be willing to break up fractions whose numerator is a sum, and remember that when you add series:
convergent + convergent = convergent

divergent + convergent = divergent

divergent + divergent: no conclusion is possible, try another method. However

Positive divergent  + Positive = Divergent.

Example: 
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First series: 
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 is a geometric series with ratio r = 2/4  < 1 and is convergent

Second series: 
[image: image69.wmf]10

00

4

k

n

kk

n

b

¥¥

==

=

åå

 is a series which is a good candidate for the ratio test, since it is a fraction of powers. Calculate L = 
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 < 1 and so 
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 by the ratio test.
Answer: 
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 is the sum of two convergent series and is therefore convergent.
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