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Dear reader,
These notes have been used in the Quantitative Reasoning course for education majors at the City College of New York.  They are intended to help future teachers acquire a deep understanding of and appreciation for elementary school mathematics.

The content of elementary school mathematics is in reality very complex. Only some of the ideas discussed herein can be communicated directly to young learners. But children often ask profound and subtle questions about mathematics. The discussions herein are intended to empower you to answer their questions with knowledge and understanding. 

These notes are a work in progress. In particular, be aware that Chapters 2 through 8 are in some ways overly technical, and you may wish to skim through them at first reading.

Enjoy mathematics!

Stanley Ocken

Department of Mathematics

The City College of the City University of New York.

Lesson 1: How are numbers used?  
 Summary
· Numbers are used to describe the sizes of collections and aggregates.
· A collection (of marbles, children, or chairs) is made up of things, each of which cannot be broken down further. 
· The size of a collection is the whole number you get by counting the collection. 

· An aggregate is a continuous thing (e.g. a piece of silver, a container of water, an interval of time)  that can be broken down into smaller pieces. 

· The size of an aggregate  is the positive number  you get by measuring the aggregate.

· The base-10 numeration system allows us to name the sizes of very large collections by using the numerals 0,1,2,3,4,5,6,7,8,9. Numbers are expressed by adding together powers of 10.
How are numbers used? Here are a few of a vast number of possibilities. In all of the following examples, numbers are used to describe sizes.
How many? 


How many dreams did you dream last night?


How many children are in the class?


How many protons are in the universe?

How much?


How much does that sack of flour weigh?


How much milk is contained in that bottle?

How far?


How far away is that star?


What’s the distance from New York to San Francisco? 
How long (distance)? 


How long is that stick?


How wide is that barrel?


How high is the ceiling?

How long (time)?


How long did the movie last?

When? 


When did the movie begin?

Where?


Where is Kansas City with respect to Dallas, Texas?

How hot?


What’s the temperature in degrees Fahrenheit?

Let’s examine possible answers to some of the questions posed above.  
Q: How many dreams did you dream last night?  

A:  Seven.
Q: How many children are in Ellen’s class?

A: Thirty-one.
Q: How many stars are there in the universe?

A: About 1,000,000,000,000,000,000, called a quintillion.
The answers listed might be uncomfortably brief, but their mathematical meaning is clear. A more complete answer to the second question, for example, would be “There are 31 children in the class.”

In all three questions, the expected answer is a whole number, and it tells you how many things are in a collection. However, there is another rather different use of number: to describe a measurement of an object. Such a measurement can be either a whole number or a number that lies between whole numbers. For example, a sack of flour might weigh seven and a half pounds.  
Numbers are sizes
There are two types of numbers:
· Whole numbers 0,1,2,3,4,5, , ,   and

· In-between numbers, written in various ways, such as  0.75, 3/4, 1 3/4 , 1.75  
Whole and in-between numbers together are referred to as positive numbers. Other types of numbers are negative numbers, which will be discussed in Lesson xxx, and complex numbers, which are discussed in more advanced courses.   
Numbers describe the sizes of things. It’s a bit tricky to explain in detail what sizes and what things are meant. Actually, numbers are used in two different ways: 

· the size of a collection is a whole number;
· the size of an aggregate is a positive number: whole or in-between.
The word “collection” used above is standard, whereas the word “aggregate” is new. It will be used to include as many things as possible that can be measured. Physical objects are aggregates, but so are more esoteric things such as intervals of time.

As a verb, aggregate  (pronounced AG-ruh-gate) means to assemble or to bring together.

As a noun, an aggregate (Ag-ruh-GIT)  is the result of the assembly process.  It is formed by pushing stuff together. Commonly used synonyms for an aggregate that is a physical object are pile, piece, chunk, heap, blob, etc. 

The following chart lists the most common kinds of measurements. 
	Measurement question
	Possible Answer
	Measurement

	How long is this stick?   
	 6 inches
	 Length 

	What’s the area of this field?
	100 square ft.
	Area

	What’s the liquid volume of soda in this jar?
	3 quarts
	Liquid Volume

	How much space does this fluid occupy?
	100 cubic inches
	Volume

	How much does the flour in this sack weigh?
	5 kilograms
	Weight

	How long did the movie last?
	2 hours
	Duration


Each answer above involves both a number and a unit of measurement. In contrast, the answer to a counting question is just a whole number that specifies the size, called the count, of the collection. 
	Counting question
	Possible Answer

	How many eggs are in this basket?  
	 12

	How many people are in this room?
	100  

	How many dreams did you dream last night?
	2


If you have a bag full of things, how do you know whether the contents should be thought of a as a collection or as an aggregate? The important distinction between the two is that
· collections are discrete but 
· aggregates are continuous    

Collections are discrete. They cannot be broken down into arbitrarily small parts. If you have a collection of marbles, you can break it into smaller collections, but you will have to stop when you have separated all the marbles into collections of one marble each. Such a collection can’t be broken down further: if you smash one marble, the pieces aren’t marbles.
Aggregates are continuous. They can be broken down into smaller and smaller parts of the same type. Examples are a bar of silver, a stick, a container of orange juice. In principle, the breaking down process could continue forever. In practice, you have to stop because a sufficiently small chunk of silver, for instance, can no longer be recognized as a bar of silver. 
Other important distinctions between aggregates and collections include the following.

· The size of an aggregate can be any positive number, whereas the size of a collection must be a whole number.

· The size of an aggregate consists of two parts: a unit of measurement and a number that specifies how many units are in the aggregate being measured. 

· The size of a collection can be determined by counting, a purely mental process, whereas determining the size of an aggregate requires using a tool that incorporates the unit of measurement. Simple tools are listed in the following table.

	Measurement
Length 

Weight 

Duration 
	 Tool

ruler

scale

clock
	Units

inches, feet, yards, miles, centimeters, meters, kilometers;

ounces, pounds, tons, milligrams, grams, kilograms;

milliseconds, seconds, minutes, hours, years.


 A ruler is a “hands-on” tool for measuring length. However, the length of an object in space can also be determined remotely by radar observation. Analogously, there are two methods for determining the size of a collection: counting and matching.
· Counting a collection of marbles involves pointing to each one in succession as you say the whole numbers “1,2,3., ,.” The size of the collection is then the last number you say. To use this system, you need to know how to name numbers in order.  
· Matching up a collection means establishing a one-to-one correspondence between the items in your collection and those in a collection of known size. For example, if you can touch each marble in a collection with each of your fingertips, you understand the size of the marble collection, whether or not you give that size a name such as “ten.”  
Linguistic diversion: How is the word “number” used?

In English, and similarly in other languages, the word “number” is used in many ways, each of which has mathematical significance that may not be immediately obvious.

“Your days are numbered” really means: There is a whole number that is the same as (or is greater than) the number of days you will remain alive.

When used as a verb, the word “number” can mean either to count or simply to find a name for the size of a collection. For example, the statement in (Genesis XIV:4):

If a man can number the dust of the earth, then shall thy seed be numbered.
suggests the difficulty of finding names for, rather than counting,  the size of the referenced collections. 
 In a similar vein, the Greek scientist Archimedes sought to dispel the notion that the sands of the earth are without number. Instead of taking an extended vacation to visit the world’s beaches, he developed a system for naming whole numbers. He was able to name a number larger the count of sand grains needed to fill the entire universe! 
Collections
A collection can be represented schematically as a box or circle containing dots or other symbols. For example, the following diagram might represent 7 stamps, 7 marbles, or 7 children. 
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Here are a few ways to say how many things are in this collection.
· The size of the collection is 7.  
· The number of things in the collection is 7.
· The count of the collection is 7. 

· There are 7 things in the collection. 
Here is an important technical idea: the word ‘seven’ and the digit ‘7’ and the Roman numeral symbol ‘VII’ are not numbers, but rather are names for the number that is the size of the diagrammed collection. This distinction is seldom made in practice. People say “7 is a number,” rather than “the symbol ‘7’ is a name for a number.”  
A collection can be drawn using any symbols, not just dots. The symbols need not be identical. For example, the diagram below shows a collection of 7 things.
	A      X     Q

    1         8        &     ?


Comparing sizes

Even if you don’t know names for whole numbers, you can decide whether the sizes of two collections are the same or different by matching the things in the collections. For example, the collections below:
	& & & & & & & & & &   


| | | | | | | | | |
	@ @ @ @ @ @ @ @ @ @   


contain the same number of things, but the following collection of ‘&’ signs clearly contains 2 more things than the collection of ‘@’ signs.
	& & & & & & & & & &   


| | | | | | | |
	@ @ @ @ @ @ @ @ 


If you can’t line up the things in the collections, you can still determine which collection is larger by drawing paths between pairs of things in the collections, as shown below. 

[image: image2]
Since there is an unmatched ‘@’ sign, the collection at the right is larger than the one at the left.  
Names for the first few whole numbers are 1, 2, 3, 4, 5, 6, 7, 8, 9. The symbol 0 is used to facilitate calculation but is not the result of a counting process. It’s fine to think of 0 as naming the size of the empty collection at the right:
Digits are the ten symbols 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. 
Numerals are combinations of one or more digits. Examples are 23 and 3456789876.

The base-10 number system uses numerals to name compactly the sizes of large collections. For example, the size of the following collection is the base-10 number ‘283.’
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The left and middle boxes each contain 100 dots, for a total of 200 dots.

The right box contains eight rows of 10 dots each, for an additional 80 dots.

The last row in the right box contains 3 more dots
The grand total is 200 dots + 80 dots + 3 dots = 283 dots.

Describing large collections
Two basic ways to change the size of a collection correspond to adding and subtracting 1 to or from its size.
Inserting one new thing increments the size of the collection, i.e. increases it by 1.

Removing one thing decrements the size of the collection, i.e. decreases it by 1.

Basic methods for combining collections are described by addition and multiplication.   
Methods for breaking a collection into parts are described by the corresponding reverse operations: subtraction and division. 
Addition is repeated incrementing:
8 + 5, called the sum of 8 and 5, is the size of the collection obtained when you combine a collection of 8 things with another containing 5 things. You can produce the same result stepwise, by starting with 8 and incrementing it 5 times to obtain 8 + 1 + 1 + 1 + 1 + 1, which is the same as 8 + 5, which is 13.
Subtraction is repeated decrementing. 
8 - 5, called the difference of 8 and 5, is the size of the collection obtained when you remove 5 things from a collection of 8 things. You can produce the same result stepwise, by starting with 8 and decrementing it 5 times to obtain 8 – 1 –1 – 1 – 1 – 1, which is the same as 8 – 5, which is 3.  
Multiplication is repeated addition. 
6 * 4, called the product of 6 and 4, is the size of the collection produced by combining 6 collections, each with 4 things. There are at least three ways to abbreviate this statement:
· symbolically: 6*4 = 4 + 4 + 4 + 4 + 4 + 4 = 24;  

· using mathematical language: The sum of six  4’s is 24; or
· using everyday language: Six fours make twenty-four.    
The first alternative used the “=” sign for the first time in this text.
That sign is read “equals” and simply means “is.”

Division is repeated subtraction.

· To find 28  ÷ 4,  subtract 4’s  from 28 until you get to 0.  That’s easy because the numbers are small: 28 – 4 – 4 – 4 – 4 – 4 – 4 – 4   = 0. Since 4 was subtracted 7 times, 28 ÷ 4 = 7. The answer is: 7 is the quotient of 28 by 4.
Warning: 
7*4 is the result obtained by adding 4 to zero 7 times. However,  
 28 ÷ 4 is not the result of subtracting 4 repeatedly from 28, but rather is
 the number of times that 4 needs to be subtracted from 28 to get to zero.  
The base-10 system uses not only addition and multiplication, but also employs another operation that provides extremely compact names for huge numbers.

Exponentiation is repeated multiplication.
4^6, called the 6th power of 4, is an abbreviation for the product of six fours:

4^6 = 4*4*4*4*4*4 = 4096

A collection with size 4^6 is produced in the following way. Start with 4 bacteria. Suppose each bacterium splits into 4 bacteria each day. The number of bacteria on the sixth day will be 4^6.

The symbolic expression 4^6 is used by calculators. Math books use the symbol 
[image: image32.wmf]6

4

. 
In either case, the expression is read   “4 raised to the 6th power”, or, more briefly just 
“4 to the 6th.”

Three vocabulary words are important for describing the symbol 
[image: image33.wmf]6

4

:
· the base is 4,
· the exponent is 6, and
· the power is the result 4^6, which is 4096
The reverse operation to exponentiation, finding a logarithm to a base, is discussed in more advanced courses. 
Powers of a fixed base grow quickly as the exponent increases. For example:
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Using exponents, you can write even the largest counting numbers that occur in nature. For example, scientists believe that the total number of atoms in the universe is less than 10 ^100. That’s a  compact name for the size of a huge collection!

The table below summarizes the previous discussion.  Note the parallel structure of the two columns.
	Multiplication is repeated
 addition

The sum of six fours:

4 + 4 + 4 + 4 + 4 + 4
 is abbreviated as “6*4” 
and is read  “6 times 4.”
The ‘*’ sign indicates multiplication. In the example 6*4, the number of fours is 6 and is written to the left of the multiplication sign.

Multiplication is commutative: reversing the order of two numbers does not change their product: 6*4 and 4*6 both equal 24.
	Exponentiation is repeated multiplication

The product of six fours:

4*4*4*4*4*4
 is abbreviated as “
[image: image35.wmf]6

4

” or as “4^6” 
and is read as “4 to the 6th”.
The ‘^’ sign indicates exponentiation. In the example 4^6, the number of fours is 6 and is written to the right of the exponentiation sign.

Exponentiation is not commutative: 
4^6 = 4192 but 6 ^ 4 = 1296


Addition, multiplication, and exponentiation are fundamental operations on numbers that reflect physical changes important in everyday life, in commerce, and especially in science.

Addition and multiplication of whole numbers correspond to pushing together collections. Subtraction and division correspond to separating a collection into smaller collections.
There is a very important parallel structure at work here.

· To undo incrementing a number, decrement the result.

In other words, adding 1 to a starting number, then subtracting 1, gets you back to the starting number.

· To undo adding a number, subtract that number.
For example, if you start with 93, then add 2, then subtract 2, you get back to 93.

· To undo multiplying by a number, divide by that number.


      For example, start with 93, multiply by 2, and then divide by 2 to get back to 93.  
Writing base-10 numbers
The base-10 number system expresses large numbers compactly by using a combination of addition and multiplication to add powers of the base 10. It is  referred to as the decimal number system because “deci” is a Latin prefix for “ten.” The choice of base is said to derive from the fact that humans have ten fingers. 
As you know, the first few powers of 10 are:
10 = 10 ^ 1 = ten;
10*10 = 10 ^ 2 = one hundred, which is abbreviated as 100;
10 * 10 * 10 = 10 ^ 3 = one thousand, abbreviated as 1000;
and so on.
Five hundred, written 500, is an abbreviation for 

5 * 100 = five times one hundred = 5 * 10^2

Two thousand, written 2000, is an abbreviation for

2*1000 = 2 *10^3

2579, read “two thousand five hundred seventy-nine,” is a symbolic abbreviation for
  2000   + 500    + 70   + 9

= 2*1000 + 5*100  + 7*10 + 9

= 2*10^3 + 5*10^2 + 7*10 + 9.
Proportional spacing is used to emphasize the fact that each line is a careful rewriting of the previous one. A great deal of mathematics consists of careful rewriting. In most cases, the goal of rewriting is to simplify the expression. In contrast, the goal of the above rewriting was to clarify the meaning of a compact expression by expanding it. One would encounter more typically the following:

Example: What is the base-10 name for 2*10^3 + 5*10^2 + 7*10 + 9?
Solution: 

  2*10^3 + 5*10^2 + 7*10 + 9 
= 2*1000 + 5*100  + 7*10 + 9
= 2000   + 500    + 70   + 9
= 2579. 
The symbol ‘2579’ is pleasingly compact. If we had to write out 2579 by using only incrementing, the result would be the following unwieldy expression:
1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+

1+1+1+1+1+1+1+1+1+1+ 1+1+1+1+1+1+1+1+1+11+1+1+1+1+1+1+1+1  
For centuries, commerce and science were made possible by pencil and paper calculations using the base-10 system. About fifty years ago, computers revolutionized both disciplines by making possible complex calculating tasks that had earlier been considered completely impossible.   
Instead of fingers, computers use electronic components with just two natural states: on and off. As a result, most computers use the binary, or base-2, number system, in which the basic building blocks are powers of 2. The following diversion suggests how important it is to understand just how quickly the powers of 2 (or any larger base) grow as the exponent increases.  

The Emperor’s Chessboard

Long ago, the Chinese Emperor’s chess partner foiled an assassination plot. The grateful Emperor asked his chess partner what he might desire as a reward. The response, slightly modified, is recorded here.
My Dear Emperor:
I desire only a supply of rice for my family. I would be most grateful if the Emperor would take his chessboard and place:
1 grain of rice on the first square of the board;

2 grains of rice on the second square;

4 grains of rice on the third square;

8 grains of rice on the fourth square;
and so on, doubling the number of grains of rice on each square, until all squares have received their share of rice.  
Thanking you in advance, I remain





Your devoted chess partner




Etc., etc.
According to some versions of the story, the Emperor executed the letter writer for his arrogance. To see why, let’s calculate how much rice was requested.  
There is 1 grain of rice on square 1
There are 2 grains of rice on square 2

There are 2*2 =2^2 grains of rice on square 3

There are 2*2*2 = 2 ^3 grains of rice on square 4.

There are 2^4 grains of rice on square 5, and so on.
A chessboard has 64 squares.  Continuing the above list shows:
there are 2^63 grains of rice on square 64.

According to Exercise 8 at the end of this lesson, the total number of grains of rice on the emperor’s chessboard  is  2^64 – 1. Just how much rice is that?
Assuming that 50 grains of rice weigh a gram, it’s not hard to show that the rice on a 64-square chessboard weighs more than 3* 10^17 grams , i.e. 3* 10^11 metric tons. That’s more rice than China’s expected total rice production for the next two thousand years!

 No wonder the Emperor was angry! 
Exercises for Lesson 1
1. Use a quick method  (not counting to 2579!) to verify that there are 2579 1’s in the sum written out on page 11. 
2. Write stories for the following arithmetic statements


a) 6 * 4 = 24


b) 6 + 4 = 10


c) 6 - 4 = 2


d)24 ÷4 = 6

2. Rewrite 5346 to show how it is built up from decimal digits and powers of 10.Repeat the exercise for 5046, then for 5406. What role does the digit 0 play in each of these two numbers?

3. Find the indicated powers by multiplying. In each pair, which power is bigger?

a) 2 ^ 3 or 3 ^ 2?    b) 2 ^4 or 4 ^ 2?        c) 2 ^ 5 or 5 ^ 2?  d) 2 ^ 10 or 10 ^ 2?    


4.  Prove that  2 ^1000 is bigger than1000 ^ 2.
5.  a) Fill in  powers of 2, starting with 2^1, 2^2, ,  , up to 2^7.
	Power
	2 ^ Power

	1
	2 ^1 = 2

	2
	2^2 = 4 

	3
	 

	4
	 

	5
	

	6
	

	7
	

	8
	

	9
	

	10
	


 Add up the sum of the first six powers: 2^1 + 2^2 + 2^3 + 2^4 + 2^5 + 2^ 6. How much larger or smaller is your answer than 2^7? 

     b) In the same way, compare the sum of the first 9 powers of 2 to 2 ^10.

     c) What general principle do a) and b) seem to illustrate? 

6.  a) Rewrite the multiplication statement 1000*100000 = 100000000 with each counting number replaced by an appropriate power of 10. 
     b) What does your new number statement suggest about a possible rule for multiplying powers of 10? 
7. In this problem, you will figure out the total number of grains of rice requested by the Emperor’s chess partner. Let’s start with a small version of the same problem by assuming that the chessboard had eight squares. Had this been the case the story would have had a happier ending!
1 grain of rice on Square #1
2 grains of rice on Square #2;

2*2 = 4 grains on Square #3;

2*2*2 = 8 grains on Square #4;

2*2*2*2 = 16 grains on Square #5;

2*2*2*2*2 = 32 grains on Square #6;

2*2*2*2*2*2 = 64 grains on Square #7; and finally

2*2*2*2*2*2*2 = 128 grains on Square #8.

How many grains of rice are there all together?

Of course you could calculate 1 + 2 + 4 + 8 + 16 + 32 + 64 + 128 = 255.
This answer is correct but not enlightening.

To understand better what’s going on, make a table with the relevant information. Fill in the empty boxes below:
	Square #
	# of grains of rice on that one square
	Grains of rice on that square and on all previous squares 

	1
	1
	1

	2
	2
	3 = 2 + 1              =  2^2 – 1  

	3
	2*2     = 2^2                =     4
	7 = 4 + 3              =  2^3 – 1  

	4
	2*2*2     = 2^3            =     8
	15 = 8 + 7            =  2^4 – 1  

	5
	
	

	6
	
	

	7
	
	

	8
	
	


It appears from this table that the number of grains on any square is one more than the total number of grains on all previous squares. You can check other lines of the table to convince yourself that this pattern holds for them as well.
If you continue the pattern in the last column, it’s clear that the total number of grains on a chessboard is one less than 2 raised to the number of squares on the chessboard. Therefore the Emperor’s chess partner requested 2^64 – 1 grains of rice.
8. a) Show that 2^10 = 1024, just a bit more that 10^3. 

    b) Show that 2^60 is greater than 10^18 and thus 2^64 – 1 is greater than 16*10^18.

    c) If 50 grains of rice weighs a gram, show that 2^64 – 1 grains of rice weigh more than 3*10^17 grams  

   d)  There are 1000 grams in a kilogram and 1000 grams in a metric ton. Show that the rice in c) weighs more than 3*10^11 metric tons.

   e) Assume that China’s annual rice production is 150,000,000 metric tons and show that the chess partner’s request exceeded two thousand years’ total rice production.
9. Explain why each of the following properties of the base-10 numeration system is important in everyday life.
· completeness: every collection’s size has a name, and

· uniqueness: if the sizes of two collections have different names, then the collections contain different numbers of things.

Lesson 2: Whole number arithmetic
Summary: If you know the squares 1*1, 2*2, , , , 9*9,   learning a few tricks will enable you to memorize the multiplication table for numbers between 0 and 9.
This section is included for the sake of logical completeness. It contains a few unoriginal suggestions for organizing basic addition and multiplication facts. 

Multi-digit arithmetic calculations presuppose knowledge of sums and products of one-digit numbers in the tables below. The sum of a number in the left column and a number in the top row is located in the box to the right of the first number and below the second.
Addition Facts
	+
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9

	0
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9

	1
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	2
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11

	3
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12

	4
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13

	5
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14

	6
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15

	7
	7
	8
	9
	10
	11
	12
	13
	14
	15
	16

	8
	8
	9
	10
	11
	12
	13
	14
	15
	16
	17

	9
	9
	10
	11
	12
	13
	14
	15
	16
	17
	18


The multiplication table is laid out similarly:

Multiplication facts

	*
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9

	0
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0

	1
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9

	2
	0
	2
	4
	6
	8
	10
	12
	14
	16
	18

	3
	0
	3
	6
	9
	12
	15
	18
	21
	24
	27

	4
	0
	4
	8
	12
	16
	20
	24
	28
	32
	36

	5
	0
	5
	10
	15
	20
	25
	30
	35
	40
	45

	6
	0
	6
	12
	18
	24
	30
	36
	42
	48
	54

	7
	0
	7
	14
	21
	28
	35
	42
	49
	56
	63

	8
	0
	8
	16
	24
	32
	40
	48
	56
	64
	72

	9
	0
	9
	18
	27
	36
	45
	54
	63
	72
	81


Exercise: Show that the majority of counting numbers from 0 to 99 are found in the above tables. How would you describe the ones that are missing?
Organizing addition and multiplication facts
Skip-counting by a number means starting with the number and listing its multiples.
· Skip-count by 2 to learn doubles:  2, 4, 6, 8, 10, 12, 14, 16, 18, 20.
· To add different numbers, double the smaller one and count up.

Example: 6 + 9 = 6 + 6 + 3 = 12 + 3 = 15.

· Practice skip-counting by 3, 4, and 5 to get a feeling for multiples of those numbers. 
· Practice skip-counting by 6, and 7.It may useful to explain the exchange process that may be required for adding a 1-digit number to a 2-digit number. Start with patterns of examples such as

· 6   + 7 = 13  

· 16 + 7 = 23
· 26 + 7 = 33
      Then move on to patterns such as
· 26 + 5 = 31  

· 26 + 6 = 32
· 26 + 7 = 33

· Practice skip-counting by 8.

In the sequence 8, 16, 24, 32, 40, 48, 56, 64, 72, 80, point out that the second digit decreases by 2 whenever the first digit increases by 1.

· Practice skip-counting by 9.

In the sequence 9, 18, 27, 36, 45, 54, 63, 72, 81, 90, point out that the second digit always decreases by 1 and the first digit increases by 1. Furthermore, when you multiply 9 by a number between 2 and 10 inclusive, the first digit of the product is one less than the number and the digits of the product add to 9.
· Memorize squares of numbers 1 through 9. 
· To multiply different numbers, square the smaller one and skip-count up.
      7*6 = 7 sixes = six 6’s + one 6 = 6*6 + 6 = 36 + 6 = 42  

      8*6 = 36 + 6 + 6 = 48. 

· Explain the following geometric interpretation for the product of numbers that differ by a small even number. 
Start with numbers that differ by 2. For example, to calculate 8*6, start with 8 rows of 6 boxes each. Then move the top row of 6 to the side to construct a 7 by 7 square with one missing box. 
	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	


Thus 8*6 =7*7 – 1 = 48.
More generally:
The product of one more than a number and one less than that number is one less than its square. 
For example:     101*99 = (100 + 1)*(100 – 1) = 100*100 – 1 = 9999 
A slight modification helps multiply numbers that differ by 4. To calculate the product
9 * 5, rewrite it as the product of 7 + 2 and 7 – 2. The corresponding geometric representation involves shifting the two top rows of the left picture 
	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	 
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	


In this case the rearrangement on the right consists of
 a 7 by 7 square with a 2 by 2 square missing from its upper right corner. Therefore
(7 + 2)*(7 – 2)  = 7*7 – 2* 2.  One way to say this is:

2 more (than 7) times 2 less (than 7) = 2*2 less than 7*7. More generally,
1 more times 1 less is 1 less

2 more times 2 less is 4 less

3 more times 3 less is 9 less,

and so on. For example, 103*97 is 
(3 more than 100) times (3 less than 100) and so is

9 less than100*100, 

= 10000 – 9

 = 9991.

Exercises
1. Make a table of products as follows:

a) 3*3, 4*4, 5*5, 6*6, 7*7, 8*8, 9*9. Make sure you memorize these cold.
b) Modify the results of a) to calculate the products of consecutive numbers, i.e. products in which the second factor in a) has been increased by 1.

    3*4, 4*5, 5*6, 6*7, 7*8, 8*9 

c) Use the method shown in b) to calculate the following products, in which the factors are obtained by going one up and one down from those in a)
   2*4, 3*5, 4*6, 5*7, 6*8, 7*9, 8*10

d) Use the method shown in c) to calculate the following products, in which the factors are obtained by going two up, two down from those in a)

  1*5, 2*6, 3*7, 4*8, 5*9, 6*10 

e) The previous parts of this problem calculated all products of numbers between 5 and 9 (the hard part of the multiplication table) except for 5*8 and 6*9.

What’s a good way (other than memorizing) to figure out these products?

2. Practice skip-counting backwards, starting from ten times the size of the skip. For example, to skip-count backwards by 8, start with 8*10, which is 80.

Lesson 3: The U. S. monetary system is a model for base-10 numbers
Summary: Any monetary amount less than ten dollars can be obtained by choosing appropriate coins from among a collection of 9 each of pennies, dimes, and dollars. As such the U. S. monetary system serves as a model for the base-10 system of numeration. 
The base-10 system of numeration assigns unique names for the sizes of collections. That is, the base-10 names for the sizes of two collections are the same if and only if the collections contain the same number of objects.

This is in contrast to the base-10 system for measuring the sizes of aggregates. For example, the decimal numbers 2.5 and 2.50 are different names for the same measurement.
A good way to connect the base-10 system of numeration with a model from experience is to talk about the decimal monetary system used in the United States. The following table shows the value in cents of coins now being minted..
	Coin
	Penny
	Nickel
	Dime
	Quarter
	Dollar

	Value
	1 cent
	5 cents
	10 cents
	25 cents
	100 cents.


Think about the following question before looking at the answer in fine print.
Q.  What’s the fewest number of coins that could be used to pay exactly for any item costing under ten dollars?                                            A:    27 coins: 9 pennies, 9 dimes, 9 dollars.  

Indeed, you can count every money amount from 1 cent to $9.99 = 999 cents in the same way that you would count from 1 to 999:
1, 2, 3, 4, 5, 6, 7, 8,  or 9 pennies;

1 dime and:   0, 1, 2, 3, 4, 5, 6, 7, 8, or 9 pennies  

2 dimes and:  0, 1, 2, 3, 4, 5, 6, 7, 8, or 9 pennies  

, , , ,  
9 dimes and: 0,  1, 2, 3, 4, 5, 6, 7, 8, or 9 pennies  

1 dollar,

1 dollars and 1 penny, , ,  1 dollar, 9 dimes and 9 pennies;

2 dollars and 1 penny, , ,  2 dollars, 9 dimes and 9 pennies;

, , , ,  
9 dollars and 1 penny, , ,  9 dollars, 9 dimes and 9 pennies.
There are many other collections of coins that can be used to pay every bill under ten dollars, but the stated solution is the only one with the following three virtues:
· it is exhaustive: it can be used to pay each and every such bill;
· it is minimal: it contains the fewest possible number of coins; ;
· it is unique: only one choice of coins can be used to pay any such bill.
The last statement seems obvious, but it’s really important. There is exactly one way to pay a bill for $4.63, for example. No combination of coins other than   4 dollars, 6 dimes, and 3 pennies will work.

Suppose you try the following alternative collection of coins for paying every bill under ten dollars:    9 pennies, 8 dimes, 2 nickels, 9 dollars. This collection is still exhaustive, for it can be used to pay every bill under ten dollars. However, it is neither minimal nor unique since
· the total number of coins is 28, as compared to 27; and 

· ten cents can be paid out in two different ways: as a dime, or as a nickel and 5 pennies.
The idea of using 9 or fewer of each of a list of coins in which each new coin in is worth ten of the previous coin (i.e. one dime = ten pennies, one dollar = 10 dimes) is the underlying idea of the base-10 system of notation for whole numbers. 
The translation between money and counting numbers is straightforward. The symbols 0,1,2,3,4,5,6,7,8,9 are used in both systems. 
	     U. S. monetary System
	  Base-10 number system

	Value of a coin collection in cents
	 A base-10 number

	Penny
	1  (“one”)

	Dime
	10 (“ten”)

	Dollar
	100 (“hundred”)


For example, the value in cents of 4 dollars, 8 dimes, 3 pennies is expressed in the decimal system as 4 Hundreds, 8 Tens, 3, or, in some books, as

4 Hundreds, 8 Tens, 3 Ones. 
The first task that arises in commercial transactions is adding money amounts. 
Example 1. 

Jane has 4 Dollars, 6 Dimes, 2 pennies and

Jo has     3 Dollars, 2 Dimes, 5 pennies, and

Jill has as much money as Jane and Jo together
How much money does Jill have? 

The answer is clear in this case: 7 Dollars, 8 Dimes, 7 pennies.

Example 2. 

Dan has 4 Dollars, 6 Dimes, 2 pennies and

Don has 3 Dollars, 2 Dimes, 8 pennies, and

Dave has as much money as Dan and Don together.

How much money does Dave have?

This problem is a bit trickier than the previous one.  
Clearly Dave has 7 Dollars, 8 dimes, and 10 pennies.

Since a dime can be exchanged for 10 pennies, Dave actually has

7 Dollars, 8 dimes, and 1 dime, and so he has

7 dollars, 9 dimes, and 0 pennies.  
Example 3:

Dan has 4 Dollars, 6 Dimes, 4 pennies and

Don has 3 Dollars, 7 Dimes, 8 pennies.
Together they have 7 dollars, 13 dimes, 12 pennies.

Exchange 10 of the 13 dimes for  a dollar to get 

7 dollars, 1 dollar, 3 dimes, 12 pennies, that is

8 dollars, 3 dimes, 12 pennies

Exchange 10 pennies for a dime to get
8 dollars, 3 dimes, 1 dime and 2 pennies, that is

8 dollars, 4 dimes, 2 pennies.
The solution is summarized as follows.
Dan:  4 Dollars, 6 Dimes, 4 pennies.
Don:  3 Dollars, 7 Dimes, 8 pennies.  
Total: 8 dollars, 4 dimes, 2 pennies.

The same problem is summarized as follows in the base-10 system.  
   4 Hundred, 6 Tens, 4 

+ 3 Hundred, 7 Tens, 8 

   8 Hundred, 4 Tens, 2 

Neither of the above summaries explains how the answer was obtained. It’s important to find a method for getting the right answer that uses as little extra writing as possible. Indeed, the art of arithmetic calculation developed to satisfy the needs  of commerce. 
Merchants always needed to perform calculations quickly, with a minimum of writing, for writing materials were quite expensive. They would not have been satisfied with any of the above methods for adding Dan’s and Don’s money. Their goal was to condense arithmetic computations as much as possible. Let’s try to help them as much as possible.
For starters, write H for Hundred, T for Ten. Instead of writing 

4 Hundreds, 6 Tens, 4,   you could just as well write 4H6T4. This looks too much like secret code, and so we will write it in the form 4H,6T,4 to make it easier to read.

In this notation, the above computation could be written as follows:

  4H,6T,4 + 3H,7T,8  

= 4H + 3H, 6T + 7T, 4 + 8

= 7H,13T,12 Now change 10 Tens to 1 Hundred to get  

= 8H,3T,12  and now change 10 ones to 1 Ten to get

= 8H,4T,2   

This is shorter than before, but still too long to be considered efficient. Nevertheless, we shall continue with this sort of notation for a while. To make the above solution look a bit more traditional, change the format to 
  4H,6T,4

+ 3H,7T,8

  7H,13T,12  Calculating the sum

= 8H,3T,12   Translating the sum

= 8H,4T,2    to standard notation.

The above format, or tableau, is fairly close to the standard one, except for the following:

· The letters H and T, as well as the commas, are not needed.
· “Carrying” is not indicated explicitly.

The explanations to the right of the above calculation show that it was carried out in two steps.  
· Add Tens to get the number of Tens in the sum, and add Hundreds to get the number of Hundreds in the answer. This step is easy.
· Rearrange the answer until it is expressed according to the standard rule: use only the numbers 0,12,3,4,5,6,7,8,9 and the symbols T and H. This step is hard.

Traditional procedures for adding whole numbers intertwine these two steps. In an effort to clarify the standard methods, we will begin the next lesson by keeping the steps separate. Only after they are performed fluently is it appropriate to combine them as in the traditional algorithms. The reader who feels no need for this detour may proceed directly to Lesson 5. 
Lesson 4: Base-10 addition  
What’s the best way to add base-10 numbers? 

One good way is to carry around a supply of pennies, dimes, and dollars. Some disadvantages are wear and tear on your pockets and slow calculation speed.
Another way is to use a table that clearly indicates the numerical values of the digits.

Essentially, you need to keep careful track of ones, tens, hundreds, and possibly higher powers of ten.  For example, to add 386 and 598:

	H

u

n

d

r

e

d

s
	T

e
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s
	O

n
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s
	How to add 386 and 598

	3
	8
	6
	First number:     386

	5
	9
	8
	Second number: 598 

	8
	17
	14
	Their Sum: 8 hundreds, 17 tens, 14 ones

	8
	18
	4
	Exchange 10 ones for 1 ten

	9
	8
	4
	Exchange 10 tens for 1 hundred

	
	
	
	Answer: 984


Using the table makes it possible to omit the commas and the abbreviations H and T that were used earlier. However, drawing the table takes time and the presentation doesn’t look nice. Of course, you can do away with the table if you are extremely careful about where you position the numbers, as follows.
H     T    O       Identifiers for columns: hundreds, tens, ones

3  8  6   

5  9  8

8 17 14

8   18     4      Exchange 10 ones for one ten

9     8     4      Exchange 10 tens for one hundred to get the final answer: 984.

At this point, a couple of definitions are in order.

An algorithm is a step by step logical procedure for solving a specific class of problems. 
A tableau for an algorithm is a format for writing down the steps of the algorithm. The standard U.S. tableau is described in the section. Other tableaux are used in the U. S. and abroad; the differences are insignificant.  

We have been using a fairly standard algorithm for adding two 3-digit numbers. Briefly, the algorithm consists of two steps:

a) Adding the numbers of hundreds, tens, and ones separately to get a preliminary sum.

b) Rewriting that sum, working from right to left, by exchanging, if necessary, 10 ones for one ten and then ten tens for one hundred. 

So far we have illustrated three tableaux (plural of tableau) for the addition algorithm.

Comma tableau:

  3H,8T,6
+ 5H,9T,8

  8H,17T,14  The sum
= 8H,18T,4   Exchange 
= 9H,8T,4    Exchange

= 984 in decimal notation.
Table tableau: 
	H


	T


	O


	Explanation

	3
	8
	6
	First number:     386

	5
	9
	8
	Second number: 598 

	8
	17
	14
	Their Sum: 8 hundreds, 17 tens, 14 ones

	8
	18
	4
	Exchange 10 ones for 1 ten

	9
	8
	4
	Exchange 10 tens for 1 hundred

	
	
	
	Answer: 984


Modified Table tableau 

H     T    O       Identifiers for columns: hundreds, tens, ones

3  8  6   

5  9  8

8 17 14

8   18     4      Exchange 10 ones for one ten

9     8     4      Exchange 10 tens for one hundred to get the final answer: 984.

In a quest for an every more compact tableau, the idea of “carrying” was introduced. Using carrying, it is possible to write the addition problem without a table, without, spaces, without commas, and just with numbers. Before talking about the carrying tableau we must carefully explain place value: what it means, why it is necessary, and how it is used.
Place Value in the base-10 number system
Suppose you have 3 dollars, 8 dimes, and 6 pennies and you want to send the briefest possible message that tells exactly how many coins you have. Clearly your message must include the digits 3, 8, and 6.  The shortest possible message communicating the desired information is ‘386’.
To use this message, there must be common agreement that 

the ‘3’ stands for 3 dollars, the ‘8’ stands for 8 dimes, and the ‘6’ stands for 6 pennies.

One way to state the agreement is as follows:
When  you read the digits of  ‘386’ from right to left, the 6, the 8, and the 3 refer respectively to the number of pennies, dimes, and dollars. In other words, the value of each digit is determined by the digit’s place in the string of digits 386. Specifically,
· The pennies’ digit is written in the rightmost place.
· The dimes’ digit is written in the second place from the right.
· The hundreds’ digit is the third place from the right.
This description of place-value carries over to whole numbers. 
In the base-10 number 386, the 6, the 8, and the 3 refer respectively to the number of ones, tens, and hundreds. There’s no need to stop with the hundreds’ digit, of course. 
Remember that a digit is one of the symbols 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. 
Digits are written next to each other to form a base-10 number.  
Any combination of digits is legitimate. However, it is customary to insist that the leftmost digit not be 0. For example, the base-10 number 00345 should be written as 345. 
The place value of the rightmost digit is 1.

The place value of any other digit is 10 times the place value of the digit to its right. 

Carrying tableau
Unlike the three tableaux discussed earlier, the carrying tableau must be demonstrated step by step. The basic idea is that we are writing the modified table tableau without spaces between the digits. The resulting saving of space does not come without cost: we need to “carry” digits from one column to another. 
  386  This is the original problem. Proceed from right to left.        

 +598  Think: add 6 ones + 8 ones = 14 ones. Exchange 10 ones for 1 ten         
       Thus 6 ones + 8 ones = 1 ten + 4 ones.                    

   1
  386   Write the 4 ones below the line in the ones’ column, but         

 +598   write the 1 ten above the tens’ column.  

    4          
    1    Next add all of the digits in the tens’ column to get 18 tens.           

  386   Exchange 10 ones for 1 hundred. Thus    

 +598   1 ten + 8 tens + 9 tens = 1 hundred + 8 tens.

    4          
   11   Write the 8 tens below the line in the tens’ column, but write           

  386   the 1 hundred above the hundreds’ column     

 +598    

   84          
   11    Add 1, 3, and 5 in the hundreds’ column to get a total of 9            

  386   hundreds. Write the 9 below the line in the hundreds’ column

 +598    

  984  

The final answer is 9 hundreds, 8 tens, and 4 ones, which is read “nine-hundred eighty-four.”  The reason for omitting the word “and” is discussed at the end of this lesson.     

In practice, the solution is contained entirely in the final “frame.” 
To appreciate the efficiency of the carrying tableau, observe that only 5 digits were appended to the statement of the problem to obtain the sum Let’s compare that result with the comma tableau for the same problem.
  3H,8T,6
+ 5H,9T,8

  8H,17T,14  The sum
= 8H,18T,4   Exchange 
= 9H,8T,4    Exchange

= 984 in decimal notation.

The comma tableau can be condensed somewhat by removing the letters H and T to obtain

  3,8,6
+ 5,9,8

  8,17,14   
= 8,18,4     
= 9,8,4     

= 984 in decimal notation.

Even in this condensed comma tableau, the final answer is obtained by writing down at 12 digits and 6 commas. If you are paying for ink, the carrying tableau is a clear winner! 
You might want to condense the comma tableau by removing the commas. The first step is written below the line:  
 386      
+598         
81714    
Clearly you can’t continue, because it’s not clear how to group the digits .Removing the commas makes it impossible to interpret 81714 properly, as 8 hundreds, 17 tens, and 4 ones. This problem arises precisely because the comma tableau, as well as all tableaux other than the carrying tableau, needs to record double-digit numbers, in this case 17.

In contrast, the traditional algorithm can be written with using a comma-free tableau that is as compact as possible precisely because it never directly records a number larger than 9. 

Using the word “and” to vocalize base-10 numbers

Whole numbers are never read using the word “and.” The number 984 is   read
 “nine hundred eighty-four,”  not as  “nine-hundred and eighty-four.”    
What’s the difference? If you are using only whole numbers, either name is clear. If you are sure that only whole numbers are being discussed, including the word “and” will not cause confusion. For example, it’s OK to say “two thousand and two” to indicate that the current year is 2002. 

The difficulty arises when the word “and” needs to be reserved for locating the decimal point in the base-10 representation of in-between numbers, a representation that will be   discussed in Lesson xxx. There we’ll see that the word “and” must be used solely to identify the location of the decimal point For example.   
· “three hundred eighty-seven thousandths”  is 300.087 but

· “three hundred and eighty-seven thousandths”  is 300.087 
 The candy packing model for the base-10 system
This sectional is optional. It describes a possible pedagogical approach to the base-10 system. It is taken from Math Workshop, a 1960’s curriculum developed by Beberman, Botel, Sawyer, and Wirtz. []
Carla runs a candy packing company, which receives huge shipments of loose candies from various clients. Carla’s job  is to repack each bag into attractive containers. Of course, she is required to keep careful records.   
Carla already knows the numbers 0,1, 2, 3, 4, 5, 6, 7, 8, and 9. 
Her names for containers are the following.
A Box contains one candy:

	o


A Package contains ten Boxes  

	o
	o
	o
	o
	o
	o
	o
	o
	o
	o


A Tray contains ten Packages   

	o
	o
	o
	o
	o
	o
	o
	o
	o
	o

	o
	o
	o
	o
	o
	o
	o
	o
	o
	o

	o
	o
	o
	o
	o
	o
	o
	o
	o
	o

	o
	o
	o
	o
	o
	o
	o
	o
	o
	o

	o
	o
	o
	o
	o
	o
	o
	o
	o
	o

	o
	o
	o
	o
	o
	o
	o
	o
	o
	o

	o
	o
	o
	o
	o
	o
	o
	o
	o
	o

	o
	o
	o
	o
	o
	o
	o
	o
	o
	o

	o
	o
	o
	o
	o
	o
	o
	o
	o
	o

	o
	o
	o
	o
	o
	o
	o
	o
	o
	o


A Carton contains ten Trays, stacked atop one another.   

Recall Carla’s job: Take a shipment of loose candies, pack them in containers, and record the number of containers shipped. In order to keep company expenses to a minimum, Carla must always follow the

Basic packing rule:
 USE THE SMALLEST POSSIBLE NUMBER OF CONTAINERS

The capacity of each container is as follows.
A Box contains one candy.

A Package contains ten candies.

A Tray contains a hundred candies.

A Carton contains a thousand candies.

In Carla’s company, a properly packed shipment is one that obeys the basic packing rule. An improperly packed shipment is one that doesn’t.

To recognize whether a shipment is properly packed, Carla needs to check that it includes no more than nine each of boxes, packages, and trays. Otherwise, Carla should save her company money by combining ten containers into a single container of the next larger type, as follows. She should combine
· ten boxes into one package;

· ten packages   into one tray; and
· ten trays into one carton.
Representing and Repacking Decimal Numbers.

Carla calls her method for packing a loose shipment of candies the candy packing algorithm.  It works as follows.
· Fill up as many complete cartons as possible. The remaining candies will not fill up a carton. Use them to:
· Fill up as many trays as possible. The remaining candies will not fill up a tray.. Use them to
· Fill up as many packages as possible. The remaining candies will not fill up a package.  

· Pack each remaining candy in a box.

The above algorithm has some flexibility: if there are twelve boxes and fifteen trays, it does not specify which type of container should be combined first into a larger container.

 The candy packing algorithm is a step by step procedure for turning a bag of fewer than 1000  loose candies into a properly packed shipment as defined above. 
Combining shipments: adding and repacking
Sometimes Carla receives properly packed shipments from two other companies and needs to combine them into a single large properly packed shipment. For example, suppose she has two shipments:
3 Trays, 8 Packages, 6 Boxes and

4 Trays, 3 Packages, 6 Boxes  
First, Carla finds the total of each type of container. Clearly there are

7 Trays, 11 Packages, 12 Boxes. 
Next, she combines  ten boxes into one package to get
7 Trays, 12 Packages, and 2 Boxes.
Finally, she combine s10 packages into one tray to get 

8 Trays, 2 Packages, and 2 Boxes
Carla’s shipment is properly packed, since there are fewer than ten of each type of container. 
Carla records her work on combining shipments as follows.
Shipment #1: 3 Trays,  8 Packages,  6 Boxes 

Shipment #2: 4 Trays,  3 Packages,  6 Boxes,

Total:       7 Trays, 11 Packages, 12 Boxes. Combine Packages to get    

             8 Trays,  1 Packages, 12 Boxes. Combine Boxes to get
Repacked as  8 Trays,  2 Packages,  2 Boxes. 
Using less ink, Carla   abbreviates her work as

  3T,8P,6B

+ 4T,3P,6B

=7T,11P,12B

=8T,2P,2B

The relationship between Carla’s packing method and the comma tableau described earlier is clear.
Bigger and bigger containers: names for powers of 10
The examples in the last section used three base 10 containers: hundred, ten, one; or, in Carla’s company, tray, package, box. We briefly mentioned that Carla called the next larger container a Carton whereas in the decimal number system, the next base-10 container after Hundred is called Thousand  
To name larger and larger collections, Carla might extend are container list to  name lists  Box, Package, Tray, Carton, Super Package, Super Tray, Super Carton.
The base-10 system, somewhat less creatively, uses the list
One, Ten, Hundred, Thousand, Ten-thousand, Hundred-thousand, Million

Super Package = Ten-thousand = 10000 = 10*1000

Super Tray = Hundred-thousand = 100000 =10*10000 = 100*1000

Super Carton = Million = 1000000 = 10*100000 = 100*10000 = 1000*1000. 

For the record, we list below English language names for whole numbers less than one hundred..   In the following table, a counting number is written in four ways: as a decimal number, as a proper place value list, as a sum of place values, and then as an English phrase. 

10 = 1,0 = Ten

11 = 1,1 = Ten + 1 is read “eleven”

12 = 1,2 = Ten + 2 is read “twelve”

13 = 1,3 = Ten + 3 is read “thirteen”

14 = 1,4 = Ten + 4 is read four” 

15 = 1,5 = Ten + 5 is read “fifteen” 

16 = 1,6 = Ten + 6 is read “sixteen” 

17 = 1,7 = Ten + 7 is read “seventeen” 

18 = 1,8 = Ten + 8 is read “eighteen” 

19 = 1,9 = Ten + 9 is read “nineteen” 

20 = 2,0 = 2*Ten is read “Twenty” 

30 = 3,0 = 3*Ten is read “Thirty”

40 = 4,0 = 4*Ten is read “Forty”

50 = 5,0 = 5*Ten is read “Fifty”

60 = 6,0 = 6*Ten is read “Sixty”

70 = 7,0 + 7*Ten is read “Seventy”

80 = 8,0 = 8*Ten is read “Eighty”

90 = 9,0 = 9*Ten is read “Ninety “  
Larger numbers are read simply by reading their place values from left to right. For example

387 = 3,8,7 = 3*Hundred + 8*Ten + 7 is read  “three hundred eighty-seven.”
Exercises
------------------

Lesson 5: Base-10 addition and subtraction
Base-10  subtraction
(to be inserted)

Column addition of multi-digit numbers
To add 3 or more multi-digit numbers, proceed as follows.
Step 1: Add the place value lists of the numbers, entry by entry, to get the place value list of the sum.

Step 2: Repack that place value list to express the sum as a base-10 number.
Example: find the sum 3443 + 6789 + 2222

Solution: 

 3, 4, 4, 3

+6, 7, 8, 9

+2, 2, 2, 2

11,13,14,14 Improper place value list. Work from right to left:  

11,13,15,4

11,14,5,4

12,4,5,4  ----> 12354 = the sum.
The U.S. tableau for this problem is

  1  1  1
+ 3 4 4 3

+ 6 7 8 9

+ 2 2 2 2

 12 4 5 4

Exercise: Find the following sums. Use the U.S. tableau, place value lists, and then try the problem in your head.

a) 123 + 456 + 789

b) 4444 + 5555 + 2222

c) 23 + 67 + 88 + 99

d) 345 + 678 + 9999

e) 12345 + 67890 
Lesson 6: Multiplying by a one-digit number
Efficient algorithms for multi-digit multiplication problems are based on breaking them down into smaller problems such as  345 * 6, in which one factor is less than ten. One such procedure is the following. To start,  call a comma-separated list a place value list, to be interpreted as a decimal number as in the discussion of the comma tableau for addition in Lesson 4.
A basic algorithm for multiplying any base-10 number by a one-digit number is: 
· Convert the multi-digit number to a place value list

· Multiply each entry in the place value list by the single digit to obtain the place value listfor the product.

· Simplify the place value list.

Example: Find the product of 6789 by 7

6,7,8,9           Rewrite 6789 as a place value list. Multiply each     


place by 7 to get the product place value list: 42,49,56,63       Simplify from right to left: exchange 60 ones:                  
42,49,62,3                                     exchange 60 tens:  
42,55,2,3                                      exchange 5 hundreds:
47,5,2,3
= 47523           Remove commas 
In the above place value tableau, all the digits of 6789 are simultaneously multiplied by 7, and only then are the exchanges performed.

For the purpose of hand calculation, the comma tableau is replaced by a carrying tableau as follows. Remember that 
· Any digit written above or below the 9 (ones) will stand for that number of ones.  
· Any digit written above or below the 8 (tens) stand for that number of tens.

· Any digit written above or below the 7   will be that number of hundreds.

· Any digit written above or below the 6   will be that number of thousands.

Working from right to left, we’ll multiply each place value in 6789 by 7, while gradually building up the answer below the line.  
Start with the original multiplication problem:

6789

   7 

9 times 7 is 63, i.e. 6 tens and 3, which are written respectively as a “carried” digit above the tens column and as an answer digit below the answer line: 
  6

6789

   7 

   3

Move left and multiply 8 Tens by 7 to get 56 Tens. 
Add the 6 Tens from the previous step to get 56 + 6 = 62 Tens, which is rewritten as 60 Tens + 2 Tens, that is, as 6 Hundreds + 2 Tens. Again, split the result into an answer digit 2 and a carried digit 6: 
 66

6789

   7 

  23

Next multiply 7 Hundreds by 7 to get 49 Hundreds.

Add the 6 Hundreds from the previous step to get 49 + 6 = 55 Hundreds, which equals 5 Thousands and 5 Hundreds. Split the result into an answer digit 5 and a carried digit 5.
566

6789

   7 

 523

Finally multiply 6 Thousands by 7 to get 42 Thousands.
Add the 5 Thousands from the previous step to get 47 Thousands,  which does not have to be split into an answer digit and carried digit, but rather is written in the answer line to indicate  4 Ten-thousands + 7 Thousands. 
 566

 6789

    7 

47523

The solution is complete. For purposes of explanation, the above description rewrote the entire tableau at each step.. With adequate practice it is possible to write down the tableau all at once, i.e. to write down only the last step.   
Multiplying by multiples of powers of ten
To multiply a whole number by 10, 100, 1000, or by a higher power of ten, append at the right of the number as many zeroes as appear in the power of ten. The reason is straightforward.   
Multiplying a number by 10 involves replacing  
· each One by a Ten;
· each Ten by a Hundred;
· each Hundred by a Thousand;
As a result, the product of a whole number by 10 contains
· as many Tens as the original number has Ones;
· as many Hundreds as the original number has Tens,

· as many Thousands as the original number has Hundreds, and so on.
For example to multiply 3456 by 10, write 3456 as a place value list

  3,4,5,6        3 Thousands, 4 Hundreds, 5 Tens, 6 Ones,.Multiply by 10 to get
3,4,5,6,0        3 Ten Thousands, 4 Thousands, 5 Hundreds, 6 Tens (and no ones)
otherwise written as 34560 in standard base-10 notation. 
Thus the product of 3456 and 10 is obtained by adding one zero at the right of 3456 
Similarly, to multiply a number by 100, add two zeroes at the right.
3456 times 100 = 345600

3456 times 1000 = 3456000, and so on. 

Exercises

 Find the following products. Use both the place value tableau and the U.S. tableau. Can you do the problem in your head?

a) 234*2

b) 234*9

c) 2345*3

d) 2345*7

e) 2345*9 

Lesson 7: Multi-digit Multiplication 

This section and the one that follows describe algorithms and tableaux for multi-digit multiplication and division of whole numbers. Recall the following definitions.
An algorithm is a sequence of logical steps which is guaranteed to produce the answer to a class of arithmetic problems. The algorithm should be as efficient as possible, meaning that on average, it is the fast method for solving problems of the desired type. 

A tableau (plural “tableaux”) is a standardized format for writing down solutions obtained with an algorithm. 

In the previous sections we encountered two somewhat different algorithms for multi-digit addition, based respectively on proceeding left to right and right to left. However, for multiplication and division, there is just one truly efficient base-10 algorithm. Students in Russia and the United States use different tableaux to record their work, but they use the same division algorithm. Variations from one tableau to another are minor and involve the placement of the results of intermediate calculations.  
We will discuss multi-digit multiplication and division algorithms with the goal of clarifying the inverse relationship between multiplication and division. 
In Lesson 1 we observed that multiplication and division of whole numbers can be viewed respectively as repeated addition and repeated subtraction.  For example, the sum of seven 10’s is 

7* 10 = 10 + 10 + 10 + 10 + 10 + 10 + 10 = 70.
The reverse statement:
70 – 10 – 10 – 10 – 10 – 10 – 10 – 10 =  0  
shows that there are 7 tens in 70, and therefore that 70÷10 = 7. 
<<<<<<<<<<<<<<<<<<<<<<<<< Sequence:>>>>>>>>>>>>>>>>>>>>>>>>
Consider, for example, the multiplication problem 27*4572 = 123444, and its inverse problem, 123444 
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 27 = 4572. The inverse relationship between these problems is that multiplication is repeated addition and division is repeated subtraction. 

· 27*4572 is calculated by starting with zero and adding on 27 a total of 4572 times to get up to 123444, whereas

· 123444 
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 27 is calculated by starting with 123444, then subtracting 27 a total of 4572 times to get down to zero.

Of course, the addition and subtraction procedures are ridiculously inefficient.  The decimal system of base-10 representation of whole numbers makes possible an enormous increase in efficiency by assuming a kind of “library” of prerequisite skills. Formulating the contents of that library requires the following simple piece of terminology: 
A place value number is a base-10 number in which all digits other than the leftmost digit are zero.    
The place value numbers, in size order, are:
1,2,3,4,5,6,7,8,9,

10,20,30,40,50,60,70,80,90,

100,200,300,400,500,600,700,800,900, , , and so on.

The required prerequisite skills for multiplying and dividing base-10 numbers are:  

· For multi-digit multiplication: finding the product of any number and a place value number, and finding the sum of two numbers.

· For long division: finding the product of any number and a power of ten, and finding the difference of two numbers.

Any whole number expressed in base-10 notation is the sum of place value numbers that correspond to its digits in an obvious way. For example,  4572 = 4000 + 500 + 70 + 2. It is this decomposition that lies at the heart of both the multiplication and division algorithms. 

Multiplying any number by a place value number is easy, since we already know the two necessary steps: multiplying any number by a single digit, and multiplying any number by a power of ten.  
Example: Find 6789 *70.

Solution: In the previous lesson, we showed that 6789 * 7 = 47523. 
Recall the definitions of product and factor in a multiplication problem.
The product is the answer.

The factors are the numbers that are multiplied. 
 Thus
   6789 * 70      can be computed as follows. Rewrite 70 as 7*10.
= 6789* 7 * 10 Multiply the first two factors using the algorithm shown above to get

= 47523 * 10.   Multiplying by 10 is even easier: just add a zero to get  

= 475230          the final answer. 
The multi-digit multiplication algorithm is easy to summarize 

· Expand the second factor as the sum of place value numbers;

· find the products of those place value numbers and the first factor; and finally

· add those products.
This procedure is actually justified by invoking the distributive law for addition that will be discussed in Lesson xxx. The idea, however is clear: Since 4572 = 4000 + 500 + 70 + 2, the product 4572* 27, which the sum of 4572 27’s, can be computed as the sum of
4000   27’s and  500   27’sand 70   27’s and 2   27’s. It’s convenient to reverse the order of summands as follows: 
27 * 2    =      54

27 * 70   =    1890  
27 * 500  =   13500  
27 * 4000 =  108000  

Total:       123444  

This tableau is a very slight variation of the following one, hereafter referred to as the standard multiplication tableau, in which trailing zeroes are omitted:

               27                                                                                                                                                                                      
          x  4572     

               54

             189                                                                                                                                                                       
            135 

           108___     
           123444                        

We’re cheating a bit here, since the method shown presumes knowledge of column addition and so does not adhere strictly to the stated prerequisite skill list for the multiplication algorithm. 
Of course, it is possible to add just two numbers at a time. Despite the resulting compromise of efficiency, we’ll adjust the above tableau in precisely that manner. The goal is to clarify the inverse relationship between the tableaux for multiplication and division. 
The result is the modified multiplication tableau for 27 *4572:  
Start:                0

Add 27 * 2     =     54

Subtotal:            54

Add 27 * 70    =   1890  
Subtotal:          1944

Add 27 * 500   =  13500  
Subtotal:         15444

Add 27 * 4000  = 108000 
Total:                    = 123444  
Lesson 8: The long division algorithm
In the last lesson we obtained the product 4572*27 by starting with zero and adding 27 4572 times to get up to123444. In this lesson we’ll work in reverse to obtain the quotient 123444 
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 27 by starting with 123444 and  subtracting 27 a total of 4572 times to get down to zero.  

One obvious but extremely slow way to solve this division problem would be to perform 4572 subtractions, starting with the dividend 123444.

123444 – 27 = 123417

123417 – 27 = 123390.

............... (4569 more subtractions and then, finally:

27 – 27 = 0.

Since 27 was subtracted a total of 4572, the quotient 123444 
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 27 is 4572.

The method shown is of course ridiculously inefficient. The long division algorithm speeds up the work enormously by subtracting bunches of 27’s at one time. 

Each bunch is the product of 27 and a place value number.  The first few bunches are 
1    27    270     2700    27000

2    54    540     5400    54000

3    81    810     8100    81000

4   108   1080    10800   108000

5   135   1350    13500   135000

6   162   1620    16200   162000

7   189   1890    18900   189000

8   216   2160    21600   216000

9   243   2430    24300   243000

The second through fifth columns list multiples of 27 by the product of the digit in the left column by, respectively, 10, 100, 1000, and 10000.  In other words, the table lists multiples of 27 organized as: 
from one to nine 27´s in column 2;

from one to nine  10´s of 27´s in column 3;

from one to nine 100´s of 27´s in column 4;

from one to nine 1000´s of 27´s in column 5.

It is easy to scan the table to find the largest possible multiple of 27 that can be subtracted at each stage of the division algorithm.  

Recall the multiplication tableau from the previous section.
27 x    2 =     54 since 27*2 = 54
27 x   70 =   1890 since 27 * 7 = 189

27 x  500 =  13500 since 27 * 5 = 135
27 x 4000 = 108000 since 27 * 4 = 108

Grand total:123444  
The product was built up by adding multiples of 27 by the place value numbers 2, 70, 500, and 4000. All those multiples are easily found in the table above.

The division algorithm proceeds in reverse, by subtracting multiples of 27 by the place value numbers 4000, 500, 70 and 2.  
To divide 123444 by 27, begin by finding the largest number in the table that is less than 123444. Since 123444 is between the table entries
27*4000, which is 108000, and

27*5000, which is 135000,

it is clear that the thousands’ digit of the quotient will be 4. In other words, the quotient will be

4000 + ? , where ?  is less than 1000, and so is a 3-digit number. In simpler language, 

· the number of 27’s in 123444 is 4000 + ? 

· To find ?,  remove 4000 27’s from 123444. Therefore
? is the number of 27’s in 123444 – 4000*27 which is 15444, and so

· ? is the number of 27’s in 15444.  

The number of 27’s in 15444 is less than 1000 and so this new problem is easier than the original one. It can be solved in the same way, this time by first figuring out the number of hundreds of 27’s in 15444. After you find that number, find the number of 10’s of 27’s, then the number of 27’s, and you will be done. The complete solution is summarized in the following table.

To begin, start with   123444 (which is the dividend).

Subtract 27 * 4000 =   108000   (Note: 27*5000 = 135000 is too big)
which leaves                        15444  

Subtract  27 * 500 =    13500   (Note: 27*600 = 16200 is too big)
which leaves             1944 

Subtract  27 * 70  =     1890    (Note: 27*80 = 2160 is too big)
which leaves               54  

Subtract  27 * 2   =       54    (Note: 27*2 is just right!)
which leaves (finally)     0, the remainder, since 0 < 27.

Reading down, the number of 27’s subtracted was 4000 + 500 + 70 + 2 = 4572. Therefore the quotient is 4572 with remainder 0. 

Removing the comments from the above work yields a compact tableau, in which the multiples of 27 being subtracted are listed at the left. This tableau is a slight modification of the standard one used in the United States and elsewhere.
Modified division tableau:

           123444  
27*4000  - 108000     
            15444 
27*500    - 13500  
             1944                      

27*70      - 1890  
               54                  

27*2         - 54 
                0 
Total 27’s subtracted: 27*(4000 + 500 + 70 + 2) 

= 27*4572, and so the quotient is 4572. 
 The modern long division tableau condenses the one above by

· leaving out the list of multiples of 27;

· “bringing down”  digits from the dividend only as they  are needed; and

· writing the quotient on top of the dividend.

The result is the Modern division tableau:

    __4572  

27/ 123444  

    108        
     154      
     135       

      194     
      189       

        54                     

        54      

         0   

The remainder is zero because  this problem was constructed as the inverse of a whole number multiplication problem. In general however, there will be a nonzero remainder.  For example, suppose you divide 123456 by 27 as follows.

    __4572  

27/ 123456  

    108        
     154      
     135       

      195     
      189       

        66                     

        54      

        12   

 The tableau shows that when 4572  27’s are subtracted from 123456, the result is 12. Since 12 is smaller than 27 , it follows that 123456 does not contain an exact number of 27’s. If, for example, 123456 marbles are split into bags of 27 marbles each, the result will be 4572 bags and there will be 12 marbles remaining. This is summarized by the statement: “123456 divided by 27 equals 4572 with remainder 12.”  In short:
123456 – 4572*27 = 12.  This statement can equally well be written

123456 = 4572*27 + 12   with the multiplication performed before the addition. 

&&&&&&&&&&&&&&&&&&&
It is instructive to write the modern division tableau and the earlier modified tableau side by side. It is possible that many students would benefit by listing the summands of the quotient vertically, even when they use the modern tableau, and so these are included in parentheses, to the right of the arrows below. Educators with perfect allegiance to the modern tableau may choose to wean their students from this minor variation. 

        Modified division tableau                                   Modern division tableau 
                                           __4572  

To begin, start with  123444           27/ 123444  In the quotient,

Subtract  27 *4000 =  108000    --->(4000) 108     write 4 (thousands).                                                                                        

leaving                15444                154    Bring down the 4.  

Subtract  27 * 500 =   13500    ---> (500)  135    Write 5 (hundreds). 

leaving                 1944                 194   Bring down the 4.

Subtract  27 *  70 =    1890    --->  (70)   189   Write 7 (tens). 

leaving                   54                   54  Bring down the 4. 

Subtract  27 *   2 =      54    --->   (2)     54  Write 2 (ones). 

finally leaving            0                    0  is the remainder.  

Writing the modified multiplication tableau obtained earlier for 4572 * 27 = 123444 next to the modified division tableau, above left, for 123444 
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 27 = 4572 reveals the underlying design principle of the latter. Simply stated: in their modified forms,

The modern division tableau, read from top to bottom, is identical to the standard multiplication tableau, read from bottom to top: 

Modified Multiplication Tableau    Modified Division Tableau

for  4572 * 27 = 123444            for 123444 
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 27 = 4572

Start with            0            Start with            123444            

Add    27 * 2 =      54            Subtract  27*4000  =  108000   

Subtotal:            54            leaving                15444             

Add   27 * 70 =    1890            Subtract   27*500  =   13500 

Subtotal:          1944            leaving                 1944                  

Add  27 * 500 =   13500            Subtract    27*70  =    1890  
Subtotal:         15444            leaving                   54                    

Add 27 * 4000 =  108000            Subtract     27*2  =      54 
Total:           123444            finally leaving            0     

Indeed, in the multiplication tableau below at the left, the product 123444 is built up from 0 by adding the place value numbers of the multiplier 4572, whereas in the division tableau to its right, subtracting those same place value numbers, but in reverse order, reduces the dividend 123444 back down to 0:

The inverse relationship between the two tableaux is perhaps easier to see when they are written horizontally, with intermediate sums and differences omitted:   

Multiply:          0 + 2*27 + 70*27 + 500*27 + 4000*27 = 123444  

Divide:            123444 – 4000*27 – 500*27 – 70*27 – 2*27 = 0   

It is the exact and beautiful symmetry between the reasonably obvious tableau for multiplication, and the much less obvious tableau for long division, that underlies the popularity and utility of the latter, beginning more than five centuries ago and continuing until the present day.

Whole number division with remainder  
[More detail needed – how will this connect with converting between proper and improper fractions?]

Think of the division problem 
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 as separating 231 children into classes with 25 children each. Your answer should be “ 9 R 6 ,” i.e., 9 with remainder 6. In other words, you can form 9 complete classes and there will be 6 children left over.  

To check your answer, you would calculate the number of children in the 9 classes as 9 * 25 = 225 children, and then you would add to that total the number of children who were “left over,” to get 225 + 6 = 231. In summary:

In a division problem with counting numbers, multiply the divisor by the (integral part of) the quotient and then add the remainder. The result should be the dividend.

Comparing whole numbers
As discussed in Lesson 1, one important use of counting numbers is to compare the sizes of collections. Similarly, measuring numbers help to compare the sizes of things. Examples of such comparisons are:

· The lengths of sticks, as in: Your stick is longer than mine.

· The areas of pieces of paper: The available print area on a page becomes larger as the margins are made smaller.

· The volumes of containers: My canteen holds more than yours.

The following symbols are used to compare numbers.

>    is read “is greater than;”

<    is read “is less than;”

=    is read “equals,” or “is equal to.”

Whole numbers are compared by listing them in order as counting numbers.


  1, 2, 3, 4, 5, 6, 7, , , , ,

Any number in the list is smaller than (or less than) any number to its right. For example, 2 is to the left of 7 and so 2 < 7.

Similarly, any number in the list is bigger than (or larger than, or greater than) any number to its left. For example, 7 is to the right of 2 and so 7 > 2.

The comparison statements 7 > 2 and 2 < 7 are two ways of saying the same thing.

Finally, counting numbers are equal if they are the same counting number.  

Therefore 7 = 7. This is of course no surprise.

Comparison of in-between numbers cannot be done in the same way, because there is no way to list such numbers in order. The next lesson will explain how to proceed in this more difficult case.

Exercises:
1. Write out each of the following counting numbers 

· as a packing list of numbers separated by commas, and

· in decimal notation, using T for ten, H for hundred, and D for thousand.

Sample: 6234 = 6,2,3,4 = 6D,2H,3T,4

a) 3234

b) 6789

c) 6000

d) 6030

e) 603

2. Using T,H,D notation, explain carefully how to do the following addition problems:

a) 624 + 333

b) 624 + 666

c) 624 + 333 + 333

d)2345 +7655

3.  Explain each addition problem in the previous exercise by using packing company language: boxes, packages, trays, and cartons.

4.  Refer to section 2.6. Repack each of the following improperly packed lists as a properly packed shipment. Do each problem twice: repacking from left to right, then repacking from right to left. Explain each repacking operation in terms hundreds, tens, and ones.

a) 5,12,12 = 5 trays, 12 packages, 12 boxes

b) 5,30,30

c) 15,12,3

d) 15,15,15

e) 12,12,50,65

5. Do each of the following problems using packing list notation. First obtain an improperly packed list and then repack to get a properly packed list. 

a) 345 * 3

Solution: 3,4,5 times 3 gives 9,12,15. Repack:

9,12,15

9,13,5

10,3,5

Answer: 1035

b) 666*5

c)1234*5

d) 567*9

6. Do each problem in the previous exercise by using the standard algorithm for decimal multiplication and explain how each step in the standard algorithm can be thought of as part of the packing list procedure.

7. Use the distributive law to write out the solution to the following multiplication problems, following the format of the format for multi-digit  multiplication that was discussed in Section 2.14. Make sure that you understand how that format is related to the standard format for multi-digit  multiplication.

a) 222*33

b) 2345*99

c) 2345*28

Then do each problem by reversing the order of the factors.

8. Do each of the following long division problems by following the format shown in Section 2.14. Check your answer by multiplying.

a)   
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b)   
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4567
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c)   
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d)   
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Lesson 9: Using numbers for measurement
· Numbers describe measurements, such as length, weight, area, or volume, of  physical objects.  
· Numbers are used in other ways as well: to describe duration (how long an event takes, as well as to measure speed, temperature and other quantities. 
· A measurement (of length, of weight, etc.) consists of two parts: a number followed by  a unit of measurement.  For example: 

· The length of this stick is 7.5 feet (the unit is a foot).

· This elephant weighs 7 tons (the unit is a ton).

· This movie lasted 2 1/2 hours (the unit is an hour).
· Some measurements can be expressed using whole numbers 1, 2 ,3, 4, 5 (the same symbols used for counting numbers). For example: One foot is 12 inches long.

· Most measurements use numbers that are in-between two whole numbers. For example, 2.5 is a number halfway between 2 and 3.
· Numbers have many names. As you probably  know,  the number halfway between 2 and 3 is named in several ways, as:
· 2.5, 2.50, 2.500 etc. using decimal numbers as names;

· 2 1/2,   2 2/4,  2  3/6 etc. using mixed numbers as names;

· 5/2, 10/4, 15/6 using (improper) fractions as names.

· A tool is needed to determine (approximately) the measurements of a physical object: a ruler for length, a scale for weight, a watch for the time difference between two events. In contrast, you don’t need any tools to figure out the size of a collection: all you do is take a look and count its things. 

· Science and technology rely on measurement.  

In this course, our perspective will be that 

· Numbers exist and can be manipulated independently of any meaning we attach to them.

· Numbers have applications to counting and to measuring things, but the things are models for the numbers and are most definitely not themselves the numbers.

The first statement is better left for philosophy courses. The second has extremely important consequences for pedagogy.  
It is considerably more difficult to describe numbers used for measurement than it is to describe numbers used for counting. The most straightforward description is:
  Numbers are points on the number line
This statement should arouse immediate suspicion. Indeed, it contains no more useable information than does the statement that apples are fruits on an apple tree, a description that is useless unless you know what an apple tree is.  However, you are no better off if you explain that an apple tree is a tree whose fruits are apples. That’s going in circles: you have to start somewhere, for example by taking a trip to an apple orchard and pointing to an apple tree. Indeed, the most basic terms of reference, whether in mathematics or in botany, must be described by a model. 
In mathematics, the number line, a mathematical idea, is modeled as a real-world straight line with two special points on it labeled 0 and 1. More labels will be added later. The model is drawn as follows and is understood to extend both to the right and to the left.

	
	
	


                                              0                                               1
Another possibility:

	
	
	


                                                                      0                                   1
A third possibility:
	
	
	


        0                                                                                                 1
Each drawing should remind you of a ruler. That’s the best real-life model for a number line. Of course, most rulers start with 0 at the left. 
The vertical lines drawn from 0 and 1 to the line are not part of the number line. They are called ticks. The top of a tick shows the point on the number line that is named by the numerical label beneath the tick. 

The three diagrams above are differently drawn representations, or models, of a mathematical idea called the number line. The reader can make any of the diagrams look exactly like the others by changing eye position relative to the page, by moving closer to or further away from the paper, and/or by shifting the paper right or left.  
From now on the word “number” and the phrase “point on the number line” will be used interchangeably.  
Numbers are described in terms of their location with respect to 0.

Positive numbers are 0 and points to the right of 0.

Negative numbers are 0 and points to the right of 0.
Strictly positive numbers are the points to the right of 0.
Strictly negative numbers are the points to the right of 0.
Every number is exactly one of:  zero, strictly positive, or strictly negative.

The positive number line is the part of the number line starting at 0 and extending right:

	
	


 0                              1                                        
Numbers other than 0 and 1 are located in much the same way that a carpenter constructs a ruler from a long unmarked stick. Assume that 0 and 1 are marked. The first task, labeling whole number points, is easy. In the following discussion, we will not distinguish between the abstract number line and the model that is drawn on the page.
The unit interval is the part of the number line running from 0 to 1.  It is used to locate the other numbers on the number line.
Constructing the number line

Start with the following picture of the number line: the heavy segment is the unit interval:
	
	


 0                              1                                        
Now slide the unit interval to the right so that its left end is aligned at the number 1: then put the label 2  at under the tick at the right end of the shifted unit interval, as in the picture below.
	
	
	


0                               1                               2

Shift the unit interval  once more to locate the number 3:

	
	
	
	


  0                              1                              2                               3

Keep going as long as you like. 
Remember that the number line we’re talking about is a kind of ideal mathematical object. We have shown how  to label specific points on the number line as counting numbers.

The part of the number line between any two points on it is called the interval between those points, or, more usually, the interval from the left point to the right point. For example, the interval from 1 to 3 is shown below:

	
	
	
	


  0                              1                              2                               3

The length of an interval is the number of unit intervals needed to cover it. Clearly the length of the interval in the above picture is 2. 

The left endpoint of the above interval is 1.

The right endpoint of the above interval is 3.

In the above example (in fact always) the length of an interval can be calculated as the right endpoint minus the left endpoint.

We have shown how to locate whole numbers on the number line. Soon we will explain how to locate as well in-between numbers such as 2.3 and 2 ½.



Measuring the length of a real-life object
You know how to use a ruler to measure the lengths of real life objects such as a piece of spaghetti or a straight stick. In contrast to the length of an interval on the number line, which is just a number, the length of a real life object must be specified by using both a number and a unit of measurement. A stick could be 2 inches long, or 2 meters long, but you would never say that the length of a stick is 2 long.  
Not all real life objects have a length: nobody speaks about the length of a chair, for instance. In contrast, every object has both a weight and a volume. You can, at least in principle, use a scale to find the weight of any reasonable size object, and you can submerge the object in a full tank of water, and let the overflow pour into containers that measure volume.
Roughly speaking, for an object to have a measurable length, it needs to be straight and it needs to have two clearly defined endpoints. You really don’t care about any thickness that the object might have. . To find that length, you use a ruler to measure the distance between those endpoints.
To construct a ruler, begin by cutting a stick of any length you like: an inch, a foot, or anything else.  This stick is called a unit stick; it is analogous to the unit interval on the number line.  Next take as your ruler a long straight stick that’s easy to write on.  
Align the left endpoints of your unit stick and your (as yet blank) ruler. Write 0 and 1 on the ruler at the left and right ends of the unit stick, respectively.
	
	

	
	
	

	0                            1                              


Now you can proceed in the same way as you did with the number line: in this case keep shifting the unit stick to the right to add each new label on the ruler. First you get:
	
	
	

	
	
	

	0                            1                              2            


And then:

	
	
	
	

	
	
	
	

	0                            1                              2                              3


Remove the stick to see the ruler you constructed.
	
	
	
	

	0                            1                              2                              3


Continue in this way to label as many whole numbers as you wish. 
You can now use your ruler to measure the length of a real-life stick.
Definition: The length of a stick is described as a number followed by a unit of length.

The number is how many  unit sticks which you must lay end to end in order to exactly cover the stick, 
The unit of length,  is the name of the length of your unit stick.   
To use your ruler to measure the length of a stick, line up the left ends of the stick and the ruler. Then the number located on the ruler at the right end of the stick tells you the length of the stick. For example, if the length of your unit stick is 1 inch, then the length of a stick that reaches from 0 to 2 on the ruler you constructed is 2 inches.
As in the case of the number line, you need not align the left end of your stick with the left end of your ruler. If, for instance, a stick runs from 1 to 3 on your ruler, then the length of that stick is also 2 inches. The picture is as follows:

	
	
	

	
	
	
	

	0                            1                              2                              3


 In general, the length of a stick is the number (on the ruler) at the right endpoint of the stick minus the number at the left endpoint of the stick. 
Locating in-between numbers
Next you need to label the numbers on your ruler that lie between the counting numbers you have already labeled. 
To see how this is done, cut a unit stick into 4 equal parts. In this context, the word “equal” means: “having the same length.”  
	
	
	
	
	

	
	
	
	

	                              1                              2                              3


Draw tick marks at the end of each ruler and label them as shown below:

	
	
	
	
	

	
	
	
	
	
	
	

	    ¼      ½     ¾      1                              2                              3


The three new labels are read respectively as “one fourth,” “two fourths;” and “three fourths.” The word “fourth” means “one out of four equal parts.”
New labels can be used to measure the lengths of new sticks. The length of the shaded stick below is ¼ of a unit. Remember than the “unit” is “inch” or “foot” or whatever other name you give to the length of the unit stick. 
	
	
	
	
	

	
	
	
	
	
	
	

	    ¼      2/4    ¾      1                              2                              3


In what follows, we will use the phrase “length 1/4 stick” as an abbreviation for: a stick whose length is 1/4 of a unit. Furthermore, to avoid repetition, we will sometimes omit the phrase “of a unit,” and we will say “the length of the stick is ¼” rather than “The length of the stick is ¼ of a unit.” However, in a real-life situation, you must always name the unit you are using, and say “This stick is ¼ inch long” or “The length of this stick is ¼ of an inch.”

The length of the shaded stick below, which is obtained by gluing together two length ¼ sticks,  is 2/4, which means two out of four equal parts of a unit.

	
	
	
	

	
	
	
	
	
	
	

	    ¼     2/4     ¾      1                              2                              3


Similarly, the length of the shaded stick below, obtained by gluing together three length 1/4 sticks, is 3/4: 

	
	
	

	
	
	
	
	
	
	

	    1/4   2/4    3/4    1                              2                              3


Go one more step to obtain a length 4/4 stick:

	
	

	
	
	
	
	
	
	

	    1/4   2/4    3/4    1                              2                              3


Notice that ‘4/4’ is a new label, or name, for the number 1.  Every point on the number line has many possible names. 
Fraction arithmetic is essentially an exercise in renaming fractions. 

There’s no reason to stop. Glue together 7 length 1/4 sticks to locate the number 7/4 

	

	
	
	
	
	
	
	
	
	
	

	    1/4   2/4    3/4    1    5/4   6/4   7/4     2                              3


Summary:
· Cut a unit stick into 4 equal length parts to obtain a stick with length 1/4. 

· The stick obtained by gluing 7 of those parts together end to end has length 7/4. 

· If the left end of the stick is aligned at 0 on the number line, the point at the right end of the stick is the number 7/4.  
There is nothing special about the particular numbers 7 and 4 used in the previous paragraph. If you cut a unit stick into 13 pieces and glue together 9 of them, produces a length 9/13 stick as in the following picture, where some labels are omitted for clarity.  
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	   1/13        3/13         5/13        7/13        9/13                                           15/13  


Similarly, gluing together 16 of those pieces produces a stick whose length is 16/13:

	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	   1/13        3/13         5/13        7/13                                                    15/13  


Stick and number line pictures can be drawn in many different ways. For example  the following representation conserves space and effort.  
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


0                                                                                                  1                  16/13

Here is a similar picture of the number line:

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


 0                                                                                                 1                 16/13

The idea of all these pictures is the same: to locate the number 16/13, split the length between 0 and 1 into 13 equal pieces, and then glue together 16 of those pieces. 

The following warning is issued to avoid possible confusion. In any single problem, all unit sticks must be drawn to have the same length. One problem should not include both of the following diagrams, for sticks that run from 0 to 1 have the same length and therefore should look it, as is not the case in the following.
	
	
	


0                                            1                                               2                                             3

	
	


0                                                                    1                                                                      2

The symbols  1/2, 1/3, 1/4, 1/5, , ,  are names for the length of a stick that has been obtained by splitting a unit stick into 2, 3, 4, 5, , , equal length parts.  Their English names are listed below for reference. 

1/2 is “one half 
1/3 is “one third”  
1/4 is “one fourth”

1/5 is “one fifth”

,  ,  ,  ,  ,

1/19 is “one nineteenth”

1/20 is “one twentieth”

1/21 is “one twenty-first”      (not “one twenty-oneth”)

1/22 is “one twenty-second” (not one twenty-twoth”)

1/23 is “one twenty-third”    (not one twenty-threeth”) , and so on. 

Note that the name for 40 is “forty”, not “fourty.”  .”
Exercises
1. Read today’s newspaper and make a list of all measuring numbers that appear in news stories (not in advertisements!).
2. When you order half a pizza, what are you really asking for? In other words, what criteria would you use to decide whether you were served exactly half a pizza, less than half, or more than half?

3. Can you walk into a dish store and buy four and a half cups? If not, what is meant by the expression “four and a half cups of flour?” Is the in-between number in the expression being used to count or to measure?

4. In each picture below, add as many whole number labels as fit on each ruler. To the right of each picture, write a reduced fraction name for the length of the shaded stick, as well as a reduced mixed number name if appropriate. Note that each picture is a separate problem, and so the unit length (measured on paper) changes from problem to problem. 
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


0                         1
Sample: In the picture above, between 0 and 1 there are six equal length spaces, so each space between ticks has length 1/6. Therefore there is a new whole number every six spaces: Since the shaded stick is 15 spaces long, a name for the stick length is 15/6.

The answer should be drawn as:
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c.
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h.
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i.
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j.
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0                            1   

Lesson 10: Renaming fractions

As explained in the previous lesson, a fraction is a number name formed by writing  
· a whole number called the numerator  followed by 

· a slash (sometimes called the fraction line) followed by 

· a whole number called the denominator.
Rational numbers are numbers that can be named as a fraction. Lesson xxx will demonstrate that there are sticks whose length is not a rational number.

The symbol ‘3/5’ , used on calculator screens, is an example of a fraction written in horizontal notation, whereas the possibly more familiar vertical notation ‘
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’is used in math books. Fractions written using vertical notation are better thought of as the result of dividing the numerator by the denominator, as will be explained shortly.  

You may also be familiar with the following terminology:

· A proper fraction is one whose numerator is less than its denominator.

· An improper fraction is one whose numerator is greater than or equal to its denominator.

The discussion in the previous lesson shows that 

· The length of a stick shorter than the unit stick is a proper fraction.

· The length of a unit stick or a longer stick is an improper fraction.

The names “proper” and “improper” are simply a convenience. There’s nothing “wrong” with an improper fraction.

How many names does a fraction such as 3/5 have? Look at the picture of a unit stick split into 5 equal parts.

	
	
	
	
	


0                       1/5                        2/5                         3/5                         4/5                      1                                                                                                       

Remember that the name 3/5 was obtained as follows.

The denominator is the number of equal pieces in the unit stick.

The numerator is the number of those pieces in the shaded stick.

To find another name for 3/5, pick a whole number, e.g. 4, and split every box in the above picture into that number of equal parts
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


0                                                                                                                                            1
What fraction is the length of the stick just drawn?  
One way to answer is to count the boxes: there are 20 pieces in the unit, and 12 are shaded, so the fraction is 12/20. This is a second name for the fraction 3/5 represented by the first picture. However, it’s more efficient to reason as follows.

Every box in the original picture has been split into 4 equal pieces. Since the unit in the original picture was split into 5 pieces, it follows that the unit in the new picture is split into 5*4, or 20, equal pieces.

Similarly, the original picture showed 3 shaded pieces and the new pictures shows 3*4, or 12 shaded pieces. Therefore 

· The denominator is 20, the number of equal pieces in the unit stick.

· The numerator is 12, the number of those pieces in the shaded stick.
· The new fraction label is 12/20.

Now try the same problem, this time splitting each piece into 17 equal parts. Clearly you don’t want to draw all the new ticks:  

	
	
	
	
	


0                       1/5                        2/5                         3/5                         4/5                      1                                                                                                       

The 5 boxes shown will become 5*17 = 85 parts.

The 3 shaded boxes will become 3*17 = 51 boxes.  

Since
· The number of pieces in the unit stick is the denominator and
· The number of pieces in the shaded stick is the numerator
it follows that 51/81 is a name for the length of the shaded stick.

It’s useful to employ vertical fraction notation: 
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 to summarize the above discussion. This arithmetic statement describes two ways of renaming fractions, depending on your starting point.

Expand (or build up) the fraction:          ------->
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Reduce (or break down) the fraction:      <-------

[image: image50.wmf]
If you start with a fraction, say 5/7, it’s easy to list other expansions, as follows:
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and so on. 
To rename a fraction, you can multiply numerator and denominator by the same whole number.

No matter what whole number you pick (except for 1, which leaves the fraction name unchanged), the above renaming process expands the fraction in the sense that it makes both numerator and denominator bigger than they were to begin with. 
Reducing fractions

To add fractions, you usually need to expand them. However, in all other situations, the goal is to rename the fraction by reducing it as much as possible. This process is a bit trickier than expanding.  If you are given a fraction such as 12/14 and notice that it can be rewritten:
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, it’s clear that 12/14 is obtained by expanding 6/7 and so they are names for the same rational number. This sort of renaming is called reducing fractions. 
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To describe a systematic method for reducing fractions, it’s important to review standard vocabulary about multiplication of whole numbers.

The number statement 12 = 6*2 expresses 12 as the product of factors 6 and 2. Similarly, the statement 12 = 3*4 expresses12 as the product of factors 3 and 4. 
The statement 12 = 6*2, is called a factorization of 12.
Factorizations can include any number of factors, e.g. 

60 = 2*2*3*5

The factors of a whole number are those numbers that that appear in any of its factorizations. Thus the factors of 12 are 1, 2, 3, 4, 6, and 12 since these numbers are factors in the statements 12 = 1*12, 12 = 2* 6, and 12 = 3*4.

Factoring small whole numbers is not difficult. For example, 20 = 4*5 and so 20 = 2*2*5.

In the above example:
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 , it’s clear that 12/14 reduces because 12 and 14 both have a factor 2. In general, a fraction can be reduced if some whole number is a factor of both its numerator and its denominator. This observation   is usually stated as follows:

To reduce a fraction, cancel (erase, cross out) a common factor of its numerator and denominator. Repeat this process until it is clear that the reduced numerator and denominator have no common factor other than 1.
 For example, 10/6 can be reduced because
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Of course, you have to be careful in a case such as
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 for you don’t want 2 to disappear from the numerator, thereby leaving a blank space.  Instead, write
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.  and then cancel 2 from top and bottom to get 
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Another example:  Since 6 is a common factor of 48 and 60,
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However, it’s possible to continue:
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at which point no further reduction is possible. Of course, the same result could have been obtained in one step by noticing that 12 is a common factor:
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 . However, 4/5 can be reduced no further, since 
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 is a complete factorization showing that numerator and denominator have no common factor.
The above problem illustrates one procedure for complete reducing a fraction. Another way is to rewrite the fraction by completely factoring both numerator and denominator. For example:
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Since 2*2*3 is a factor of both top and bottom, those factors can be eliminated and the fraction can be rewritten as 
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Renaming fractions summary:  

To expand a fraction, pick any whole number and multiply both the numerator and denominator of the fraction by that whole number.

To reduce a fraction, rewrite its numerator and denominator with a common factor and eliminate, or cancel, the common factor.
Example 1: Rename the fraction 
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 as a fraction with denominator 12.

Solution: You want to fill in 
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. Since 12 can be obtained as the original denominator 4 times 3, certainly
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A bit harder:

Example 2: Rename the fraction 
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 as a fraction with denominator 24.
Solution: Here you need a different strategy, since the denominator 24 in the fill-in
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 can’t be obtained by multiplying a whole number by 18. Instead, start by reducing
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 to lowest terms:
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. Now its easy to rewrite 
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 with denominator 24, as in the previous example: 
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Example 3: Rename 17 as a fraction with denominator 5.

If you want to do this in an automatic way, write
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. If you want to think, reason that the unit 1 contains 5 fifths, and so 17 units contains 17*5, or 85 fifths.

Therefore17 = 85/5.

Example 4: What is the length of the shaded stick below?
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


0                                                                                                                                            2

The answer is definitely NOT 3/5, even though three fifths of the entire stick has been shaded. To solve the problem, you can use at least the following to methods.

Method 1. The entire stick length is 2, as indicated by the number below the right end of the stick. The shaded stick length is 3/5 of 2, which is calculated as 3/5 * 2 = 6/5 [See Lesson xxx for explanation of when and why “of” means “times”]

Method 2. The entire stick length is 2. Since there are 20 small boxes of equal length making up the stick, the length of each small box is 2/20. Therefore the length of the shaded stick, which contains 12 small boxes, is 12 * 2/20, or 24/20, which reduces to 6/5.

Answer: the shaded stick length is 6/5, or 1 1/5. 

Mixed numbers: new names for improper fractions

As stated earlier, there’s nothing wrong with an improper fraction, but they are not always easy to visualize. For example, how much longer is a length 14/5 stick than a unit stick?
Every length named as an improper fraction can be more conveniently renamed using the largest whole number that is less than that length. For example, the following picture of a length 14/5 stick is drawn by gluing together 14 length 1/5 sticks 
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Since the shaded stick could be constructed by gluing a length 4/5 stick to a length 2 stick, it’s reasonable to say that its length is “2 and 4/5” and to write that number as a mixed number
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, in which the whole number part is 2 and the fractional part is 4/5.  
A later lesson will explain in detail how to switch between improper fraction names and mixed number names. Here are the methods if you can’t wait.

Convert the mixed number 
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 to an improper fraction as follows.

· Multiply the denominator of the fraction part by the whole number part. 
· Add this product to the numerator of the fraction part. 
In short, the numerator of the improper fraction name is calculated as 
2*5 + 4 = 10 + 4 = 14.

Conversely, to convert 14/5 to a mixed number, use the traditional whole number division tableau to divide the improper fraction’s numerator by its denominator:
    _2
5/ 14    The whole number part of the mixed number is the quotient 2.

    10    The numerator of the fraction part of the mixed number is the remainder 4.
      4    The denominator of the fraction part of the mixed number is the divisor 5.

Example 5: Rename the mixed number 
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  as an improper fraction.

Think of the following stick picture in which the last unit is split into 8 equal parts. The length of each part is therefore 1/8 (an eighth), while the first 3 units contain 3*8 , or 24, of these parts.
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 Therefore 
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 consists of 3 units and 7 more parts for a total 24 + 7 = 31 parts and so the fraction name for   
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  is 31/8.

Summary: 

To convert a mixed number to a fraction,

· The denominator of the fraction is the denominator of the fractional part of the mixed number.

· The numerator of the fraction is obtained by adding the numerator of the fractional part of the mixed number to the product of its whole number part and  the denominator of the fractional part..

The wordiness of the above explanation can be alleviated by using symbols as follows. 
First, look carefully at the example: 
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The numerator was obtained from  
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The same idea words for a harder example:
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The important thing is that the whole number 5 contributes 5*17, or seventeenths and then you add on the fraction part 6/17 to get a total of 91/17. 

The general situation is indicated by using letters to indicate any possible choices of whole numbers, as follows. Suppose M, a, and b are whole numbers. Then the mixed number
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can be renamed as the fraction 
[image: image87.wmf]b

a

b

*

M

+


Exercises:
1. What fraction is a name for the length of the shaded stick?
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if each small box is split  into

a) 3 equal length pieces? b) 5 equal pieces? c) 10 equal pieces?

2.  Draw a diagram of the fraction 10/6. Rename the fraction using a smaller numerator and denominator. Rename it again using a larger numerator and denominator.

3. Reduce completely the following fractions: 
a)  20/8    b) 32/12      c)   100/65      d)   80/60        e)  90/30      f) 60/96
4. Write each of the following as a fraction with denominator 8

a) 3/4    b) 1 3/4     c) 5/2     d)   1      e) 3

5. Rewrite each of the following mixed numbers as a fraction:

a) 
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Lesson 11: More about rulers
We saw earlier that a ruler is a real-world tool used to measure lengths of physical objects. It is basically an organized picture of part of the number line. This lesson discusses the rulers that are used in English-speaking countries.
A ruler that measures lengths up to 2 units might look something like the following:
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The vertical lines on the ruler are called ticks.
The longest ticks, labeled 0, 1, and 2, are located at intervals one unit apart.  

In this diagram, the size of the unit stick, reaching from 0 to 1, was not chosen in any special way. On standard measuring tapes and rulers, the unit is either an inch or a centimeter. However, it makes perfect sense to measure lengths with the ruler drawn above even though the unit of length is not one that is commonly used.   

There are many ways to label ticks. For example, the following ruler shows clearly how to measure sticks built out of pieces of length 1/2:  
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A more usual type of labeling would avoid the use of improper fractions, as follows: 
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The following labeling emphasizes the ruler’s ability to measure sticks built out of pieces of length 1/4:
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Another way to label the above ruler:
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Another way that is useful for measuring sticks built out of pieces of length 1/8 is
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but the following labeling is more useful:
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Exercises
1. In the following table, all fractions in a row are equivalent: they name the same length. Fill in the appropriate missing boxes in the table: in each column, all fractions must have the same denominator. Look carefully at the sample filled-in boxes.

You will NOT be able to fill all the empty boxes 
	0
	 
	
	
	

	1/16
	
	
	
	

	2/16
	
	
	
	

	3/16
	
	
	
	

	4/16
	2/8
	1/4
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2. Equivalent fractions are different names for the same measuring number. Choose any row from the above table and list three fractions not in that row that are equivalent to the fractions in that row. Each row in the table contains different fraction names for the same number.   

After you finish, if you turn the table sideways, you should see a pattern that looks very much like the unlabeled ruler diagram below:

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	       
	
	      
	
	       
	
	       
	
	
	
	
	
	
	
	
	

	                
	
	                      
	
	                
	
	               
	

	                                 
	                                                             
	

	
	


3. How is the above ruler diagram different than the ones used earlier? What’s better about this diagram?

4. Label some or all of the ticks in the ruler diagram above in a way that would be most useful for helping a child to learn about measurement and measuring numbers.
Lesson 12: Decimal notation and arithmetic
The decimal number system is used in science and commerce to name numbers that can be expressed as fractions whose denominators are a power of ten. Here is a comparison between decimal and fraction naming systems for numbers.

· It’s easier to compare two numbers named as decimals.

· It’s easier to add and subtract numbers named as decimals.

· It’s much harder to divide numbers named as decimals.

· It’s just a bit harder to multiply numbers named as decimals.

This comparison is not really fair, since there are many rational numbers that can’t be expressed with denominators that are powers of ten. In other words, not all rational numbers can be expressed exactly in decimal notation.  In practice, this is not much of a difficulty, because any number can be approximated very closely by a number that can be so named.

A decimal number name consists of two whole numbers separated by dot called the decimal point. 

The idea is easiest to explain with an example:  345.678  

345 is the whole number part of the decimal number. 

.678 is the fractional part, which is   678/1000. 

In the same way that the mixed number   
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[image: image93.wmf]1000

678

+

345

  

The decimal number 345.678 is an abbreviation for 345 + .678.

The fractional part .678 is usually written 0.678 .  

It is called a proper decimal number because it is less than 1, in the same way that a fraction is called proper if it is less than 1. 

The correspondence between proper fractions and proper decimal fractions is as follows.

The proper decimal fraction .0123 is a proper fraction with

· numerator 123, obtained by removing the decimal point and any zeros immediately to the right of the decimal point

· denominator 10^4 = 10000, where the power of ten is the number of digits in .0123  to the right of the decimal point.

Similarly, to convert 123/10000 =123/10^5 to a decimal, rewrite 123 as .00123 by inserting enough zeroes to obtain a total of 5 zeroes to the right of the decimal point.  

An ordinary fraction name is obtained from a decimal name as follows: 
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. Again, note that

· The denominator is the power of 10 in which the exponent is the number of   digits as there are to the right of the decimal point

· The numerator is the string of digits to the right of the decimal points, with the omission of any consecutive string of zeroes beginning at the decimal point.  

To convert an ordinary fraction name such as 39/5 to a decimal name, divide the numerator by the denominator using long division. This process will be explained in detail at the end of this lesson. Here is a simple example.

   _7 _
5/39

   35

     4
The dividend, the number you start with, is 39

The quotient 7 is the whole number part of the mixed number.

The divisor 5 is the denominator of the fraction part of the mixed number.

The remainder 4 is the numerator of the fraction part of the mixed number.

This will be written up in detail later.] 

------------------------------------

The decimal naming system is a method for extending the base-10 number system for whole numbers to in-between numbers.  

The numbers 1, 10, 100, , , are “building blocks” for the base-10 system. The ground rules for writing whole numbers in the base-10 system are:

· each building blocks can be multiplied by either 0,1,2,3,4,5,6,7,8, or 9, and

·  the sum of such multiples can be used to construct counting numbers. 

Since numbers are written with the highest power of ten on the left, it’s appropriate to list the building blocks listed in order as    , , ,1000, 100,10, and 1.

Each number on this list is obtained by dividing the previous one by ten. 

There’s no reason to stop. If you keep on dividing each building block by 10 to obtain a new one, the list becomes 

100, 10, 1,   1/10,   1/100,   1/1000 , , ,  

Indeed, 1÷10 is another name for 1/10  
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, and so on.

If we interpret the list as a list of measuring numbers (think of lengths of sticks) we might get the following list, in which each length is ten times the length to its right or –saying the same thing in reverse—each length is one tenth of the length to its left

100 feet; 10 feet; 1 foot; 1/10 of a foot; 1/100 of a foot; 1/1000 of a foot, and so on. 

You know that a yard is 3 feet and an inch is 1/12 of a foot. However, the lengths on the above list don’t have special names. In other words, there’s no connection between the base-10 system of counting numbers and the mile/yard/foot/inch system of length measurement used principally in English-speaking countries.

In contrast, most countries use the metric system, which is based on a unit of length called the meter and gives special names to lengths that are obtained by multiplying or dividing a meter length by a power of 10 have special names.

1000 meters = 1 kilometer, about five/eights of a mile.

1 meter = the basic unit of length, about 39.37 inches.

1/100 meter = 1 centimeter, about 0.4 inches

1/1000 meter = 1 millimeter, approximately the thickness of 10 sheets of paper.

Extending the base-10 system to in-between numbers
Let’s examine closely the proper decimal fraction .456 
The first digit   to the right of the decimal point stands for 
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The second digit   to the right of the decimal point stands for 
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The third digit (4) to the right of the decimal point stands for 
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 The number .456 is the sum of building blocks listed:
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Sometimes you need to simplify in reverse to convert a sum of building blocks to a decimal fraction.
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= 0.456 

Here are some more examples:
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Multiplying and dividing by base-10 building blocks
The product of a whole number and 10 is the number followed by the digit 0.

For example: 345 * 10 = 3450. It’s important to understand why this is so.

First, observe that the boldface statement is true for building blocks:

1*10 = 10 (“1” followed by “0”)

10*10= 100 (“10” followed by “0”),,,,

10000*10 = 10000, and so on.

A more general number is built up as a sum of building blocks:

345 = 3 * 100 + 4*10 + 1

To multiply this number by 10, replace each building block by 10 times the building block:

replace 100 by 1000

replace 10 by 100

replace 1 by 10 to get

345*10 = 3 * 1000 + 4*100 + 10 ( + 0*1) which is the base-10 number

3450, which in turn is obtained by adding a 0 at the right of 345.

Similarly: to multiply a whole number by a whole building block, write the number followed by as many 0’s as there are in the building block. For example

345*10000=3450000, since 10000 has 4 zero digits.

The next task is to multiply a fractional building block by a whole number building block.
If a number has a decimal point, move the decimal point one place right to multiply the number by 10.

For example:   123.456 * 10 = 1234.56. The reason is similar to before: When you multiply each building block by 10. The detailed reasons:
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and so the decimal point has moved one place to the right.

To multiply a decimal number by a whole building block, move the decimal point right as many places as there are zeroes in the building block. For example, move the decimal point

1  place right to multiply the number by 10;

2 places right to multiply the number by 100;

3 places right to multiply the number by 1000;

and so on.

If moving the decimal point right would position it to the right of the number, you need to fill in 0 digits at the right. In other words

23.45 * 100 = 2345 but

23.45*1000 = 23450 and

23.45 * 10000= 234500 

The same process works in reverse:

To divide a decimal number by a whole building block, move the decimal point left as many places as there are zeroes in the building block. For example, move the decimal point

1 place left to divide the number by 10;

2 places left to divide the number by 100;

3 places left to divide the number by 1000;

and so on.

If moving the decimal point would position it to the left of the number, you need to fill in 0 digits at the left. In other words

23.45 ÷ 10 = 2.345 and

23.45 ÷ 100 = .2345 , also written 0.2345 but

23.45 ÷ 1000 = .02345, also written 0.02345 and

23.45 ÷ 10000 = .002345, also written 0.002345

Products of building block numbers
The whole building blocks are 1, 10, 100, 1000, , ,

We saw before that

100*10 = 1000

100*100=10000

100*1000=100000. These examples show

The product of whole building blocks is a whole building block. The number of zeroes in the product is the sum of the numbers of zeroes in the factors.

In other words,

10000 has 4 zeroes

1000 has 3 zeroes, and so the product

10000*1000 = 10000000 has 4 + 3 zeroes.

In the language of exponents, when you multiply powers of ten, the exponent of the product is the product of the exponent. 

10000*1000 = 10^4 * 10^ 3 = 10^ 7 since 4+3 = 7.

Fractional building blocks are also easy to multiply. Make sure that you are familiar with the following conversions between decimal and ordinary fractions.
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Notice that the number of 0 digits in the ordinary fraction denominator can be described as either:

· One more than the number of 0 digits to the right of the immediate right of the decimal point, or

· the same number of 0 digits in the decimal fraction, provided that decimal fraction is written with a 0 to the left of the decimal point.

To find a rule for multiplying fraction building blocks, namely 1/10, 1/100, 1/1000, ,  , try some examples:
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Clearly, when the building blocks are written as ordinary fractions, the number of 0 digits in the denominator of the product is the sum of the numbers of 0 digits in the denominators of the factors.

What happens when building blocks are written as decimal fractions? The two examples above become 

0.1 * 0.1 = 0.01 and  

0.01 * 0.001 = 0.00001. These examples suggest: 

When two fractional blocks written as decimals are multiplied, the number of 0 digits in the product is the sum of the numbers of 0 digits in the factors provided the decimal numbers are written with a single 0 to the left of the decimal point!

For example

0.0001 * 0.0000001 = 0.00000000001

The first factor has 4 zero digits, the second has 7 zero digits, and so the product has 11  zero digits.

Positioning the decimal point in sums and products.

The stated rule, for multiplying fractional building blocks, is actually a special case of a rule that you probably have seen when you learned how to multiply decimal numbers.

When you multiply decimal numbers, the number of digits to the right of the decimal point in the product is the sum of the numbers of digits to the right of the decimal points in the factors.

The basic idea is easy to see if you work a simple example. Find 3.45 * 6.7 . Let’s assume that you know how to multiply whole numbers and are figuring out how to multiply decimal numbers. You could reason as follows:

3.45 is 345 * 0.01

6.7 is 67 * 0.01

Therefore 3.45 * 6.7

= 345 * 0.01*67 * 0.01

= 345 * 67 *0.01*0.01

= 23115 *0.001. Multiplying by 0.001 is the same as dividing by 1000.

= 23.115 since you move the decimal point three places left to divide by 1000.

 Addition of decimal numbers follows the same idea as addition of whole numbers: write the numbers underneath one another making sure that the numbers in each column all have the same place value. This is easy to arrange:

To add decimal numbers, align their decimal points.

Example: 12.34 + 234.005 is calculated as

    12.34

  234.005

  246.345

Comparing numbers
If two measuring numbers are the lengths of sticks, compare the measuring numbers by lining up the sticks to see which is longer. 

  For example

The shaded stick drawn earlier and named 7/3

	
	
	
	
	
	
	
	
	


0                       1                     2                      3

A length 2 stick:

	
	
	
	
	


0                      1                      2   

Clearly the top stick is longer, and therefore we write 7/3 > 2, read “seven thirds is greater than two.”

This comparison can also be written symbolically as 2 < 7/3, which is read “two is less than seven thirds.”

Earlier we showed that 7/3 and 14/6 are names for the length of the same stick. Therefore   7/3 = 14/6, read as “seven thirds equals fourteen sixths.”  

The last statement should be understood to mean that 7/3 and 14/6 are two names for the same length. We continue to emphasize that any number (which we are thinking of as a length) can have more than one name.

Exercise: Use a picture to compare the following pairs of numbers by substituting for the word “and” one of the three comparison signs < ,   >  , and =  . Then try to figure out which is bigger without using a picture.

a) 7/3 and 11/3;

b) 1/3 and 2/6;

c) 1/3 and 3/6

d) 2 1/3 and 8/3

e) 1/3 and 1/4

f) 1/2 and 3/5  
How numbers are used in English sentences

(to be expanded)

Using counting numbers is easy

1a. An egg carton contains 12 eggs, or: there are 12 eggs in a carton.

1b. 2 egg cartons contain 24 eggs or: there are 24 eggs in 2 cartons.

Using measuring numbers is a bit tricky.

2a. A stick is 12 inches long.

2b. 2 sticks (as in the previous sentence) glued together are 24 inches long.

Comment: Why don’t we just say that 2 sticks are 24 inches long?

3a. A chocolate bar weighs 8 ounces.

3b. 2 chocolate bars weigh 16 ounces.

Comment: Is the question in the previous comment relevant in this case?

4a. One class period is 50 minutes long or: one class period lasts 50  minutes.

4b. 2 class periods are 100 minutes long, or: 2 class periods last 100 minutes. 

5a. I would like to borrow a cup of flour

5b: I would like to borrow 2 cups of flour.

5c: I would like to borrow half a cup of flour (1/2 of a cup).

5d: I would like to borrow two and a half cups of flour (2 1/2 cups).

Food for thought:

Is there really such a thing as 2 1/2 cups? Could you go to Macy’s and ask to purchase 2 1/2 cups, for instance?

If not, why does it make sense to talk about 2 1/2 cups of flour?
Exercises:
1.  Convert each of the following decimal numbers to a mixed number.

a) 3.456   b) 78.001 c) 78.010   d) 0.34567 e) 22.005 f) 22.05 g) 70.0225

2. Multiply each of the numbers in Exercise 1 by 100.

3. Divide each of the numbers in Exercise 1 by 100.

4. Multiply each of the numbers in Exercise 1 by 2.4

5. Divide each of the numbers in Exercise 1 by 0.4

-------------

Lesson 13: Addition and subtraction

Summary:

· Addition is modeled by combining collections or gluing sticks.
· Subtraction is modeled by removing part of a collection or a stick.
· Addition and subtraction undo each other.

· When two numbers are added, each number is the sum minus the other number.

· When two parts are combined into a whole, 

· the measurement of the whole is the sum of the measurements of the parts;

· the measurement of each part is the measurement of the whole minus the measurement of the other part.

· Equations remain true when the same number is added to or subtracted from both sides. 

Addition, subtraction, multiplication, and division   are the four basic binary arithmetic operations.  
The adjective “binary” means “dealing with 2 things.”
The word “arithmetic”  means that the things are numbers.

An  “operation” is a process that produces a well-defined result. 
Exponentiation is also a binary operation. It is considerably trickier to deal with than the other four, and will be discussed in Lesson xxx.
Addition and subtraction are modeled by everyday experience. 

When collections are combined, their sizes add. A basic model for the statement

7 + 2 = 9 is that a collection of 7 marbles and a collection of 2 marbles combine to form a collection of 9 marbles. The top and bottom diagrams, respectively, show this scenario before and after the combination has taken place.

	•     •      •      •      •      •      •      
	   
	    •      •      


	•     •      •      •      •      •      •      •      •      


A slightly different interpretation of the statement 7 + 2 = 9 is that a collection of 2 things is combined with a starting collection of 7 things to produce a collection of 9 things. Another way to say this is that you increment 7 two times to get 9. 
Of course, if you start with 2 and increment it 7 times, the result will be 9 as well.

The numbers 2 and 7 of course could be replaced by any pair of numbers. Instead of writing out long lists of examples, it’s much easier to formulate the fact that 7 + 2 = 2 + 7 in a way that covers all possibilities, by using letter names in place of specific numbers.
Commutativity of addition: Let a and b be whole numbers. Then a + b = b + a 

The word commutative refers to the fact that the expression a + b can be transformed into the expression b + a by moving, or commuting, either letter past the other. 

The commutative law is true not only for whole numbers, but for all numbers, whether they be the positive numbers modeled as stick lengths or negative numbers that will be introduced shortly. 

Numbers, letters, variables, laws

First, a sort of mathematical grammar reminder.  You know that 2 + 4 = 4 + 2 because you the sums on both sides are 6. Please remember that ‘2 + 4’ is an arithmetic expression, not an instruction, not a process, not a request for a mathematical encounter. It means specifically the result of adding 2 and 4. That result is called “the sum of 2 and 4.” In summary:

‘2 + 4’ is just another way of writing ‘6.’

If you encounter ‘2 + 4’ in any arithmetic expression, you are entitled to replace it by 6, provided, of course that it actually means the sum of 2 and 4. This warning is necessary for some obvious reasons and for some subtle ones.

Here’s an obvious example. You don’t want to replace ‘2 + 4’ by ‘6’ in the expression 
12 +  48, since you would then be asserting that 12 + 48 = 168, which is clearly false.
Here’s a less obvious example. The expression 3*2 + 4 is ambiguous.

· If you multiply first, the expression changes to 6 + 4, which is 10.

· If you add first, the expression changes to 3*6, which is 18.

Neither interpretation makes more sense the other, but certainly there has to be an agreement about what is intended by the expression. To resolve the ambiguity, it is universally agreed that the second interpretation is the correct one.  That is, to find the value of expression with a multiply sign and an add sign, do the multiply first.

In particular, it is wrong to replace ‘2 + 4’ in the expression ‘3*2+4’ to ‘6.’
The commutative law as stated above: 
Let a and b be numbers. Then a + b = b + a
is really nothing more than a powerful method for summarizing many facts – actually an infinite number of facts – each of which is perfectly clear. Some of these facts are

2 + 4 = 4 + 2

7 + 13 = 13 + 7

2.5 + 3.2 = 3.2 + 2.5

The use of letters in the commutative law as stated means precisely the following:  

Suppose two symbols name numbers.
If, in the expression a + b = b + a 
each ‘a’ is replaced by the first symbol and 
each ‘b’ is replaced by the second symbol,
then the resulting statement is a true statement about numbers.

For example replace ‘a’ by ‘12345678’ and ‘b’ by 87654321. Then

a +  b = b + a becomes

12345678 + 87654321 = 87654321 + 12345678

Some books use the word “substitute” rather than “replace.” The statements

· Substitute ‘12345678’ for ‘a’

· Replace ‘a’ by ‘12345678’

mean exactly the same thing.  
Let’s return to the basic pair of diagrams (top and bottom) from before.
	•     •      •      •      •      •      •      
	   
	    •      •      


	•     •      •      •      •      •      •      •      •      


There are at least four ways to interpret the two diagrams above as “before and after.”  

· Combine the top two collections to get the bottom one:   
· 7 + 2 = 9             Add 2 things to a collection of 7 things to get 9 things.

· 2 + 7 = 9             Add 7 things to a collection of  2 things to get 9 things 

· Separate the bottom collection into two parts:    
· 9 – 2 = 7               Removing 2 things from a collection of 9 leaves 7 things. 

· 9 – 7 = 2               Removing 7 things from a collection of 9 leaves 2 things.          

The above four equivalent arithmetic statements summarize the experience of combining and separating collections. The word “equivalent” means: all true or all false. In other words, if one statement is true, all are true; if one is false, all are false.   
Although it seems natural to group the four statements by operation (addition vs. subtraction), it’s crucial for understanding of word problems to group them in a different way, as follows.  
The first pair of statements, 7 + 2 = 9 and 9 – 2 = 7, show that

Addition and subtraction undo each other.   
· Subtraction undoes addition: to undo the effect of adding a number, subtract that number:
· 7 + 2 = 9 Start with 7 and add 2 to get 9.
· 9 – 2 = 7 Subtract 2 to get back to your starting number 7. Furthermore 
· Addition undoes subtraction: to undo the effect of subtracting a number, add that number:
· 9 – 2 = 7  Start with 7 and add 2 to get 9.
· 7 + 2 = 9 Subtract 2 to get back to your starting number 7

Specifically, the statements showed that adding and subtracting 2 undo each other. 
In much the same way, the second pair of statements, 2 + 7 = 9 and 9 – 7 = 2, show that adding and subtracting 7 undo each other. 

The above discussion suggests a new way of thinking about the four basic arithmetic operations. The old, more standard, way is to describe addition as a process for combining two numbers, e.g. by pushing together collections 
The new perspective on the statement 7 + 2 = 9 is that a starting pile contains 7 marbles and that that adding two more marbles yields a pile of 9 marbles  Indeed, the idea of altering a starting number by one or more arithmetic operations is a fundamental tool for studying real world events and physical phenomena.   
Two principal methods, tabular and graphical, are used to demonstrate the effect of an operation on a starting number. Graphical representations will be postponed to Lesson xxx. Here is a tabular representation that should need no explication.
      Add 2 to a starting number.

	X
	2
	3
	4
	10
	333
	555
	4567
	12345

	x + 2
	4
	5
	6
	12
	335
	557
	4569
	12347


The idea of the table is clear: below a number in the top row, write the sum of that number and 2. The first column, which provides all the information needed to generate the examples in any other column, uses the letter ‘x’ as the name of a starting number.  
It’s a good idea to write the title of the table at the left, as follows:

	Start
	x
	2
	3
	4
	7
	333
	555
	4567
	12345

	Add 2
	x+2
	4
	5
	6
	9
	335
	557
	4569
	12347


The above “Add 2” table is directly related to the following word problem.
I’m thinking of a number. When I add 2 to my number, I get 9. What’s my number?

The idea is clear. Let x be my number, i. e. the starting number. The problem really says:

My starting number is x. I’m telling you that x + 2 is 9.  Find x.
One way to solve the problem is to locate the number 9 in the second row of the table, which lists values for x + 2. The desired value of x is 7, directly above the 9.
If the problem states that adding 2 to my starting number gives 35, a number not listed in the table, a way to find my number would be to add that starting number to the table:
	Start
	x
	2
	3
	4
	7
	  ?

	Add 2
	x+2
	4
	5
	6
	9
	 35


Clearly the missing number (my number) is 33, obtained as 35 – 2 in the same way that the top row of the table is obtained from the bottom row by subtracting 2. This method of finding the solution can be summarized by adding a new row to the original table as follows.
Subtracting 2 undoes adding 2
	Start
	x
	2
	3
	4
	7
	333
	555
	4567
	12345

	Add 2
	x + 2
	4
	5
	6
	9
	335
	557
	4569
	12347

	Subtract  2
	x + 2 – 2     = x
	2
	3
	4
	7
	333
	555
	4567
	12345


The table clarifies the stated word problem. 
· My starting number is x. 

· Adding 2 to x gives 9, 
· Subtracting 2 from 9 gets back to my starting number, which must be 9 – 2.  
Solving equations
Remember that an equation is a statement that two expressions are equal.
It is customary to implement the above discussion by writing an equation and then either subtracting or adding a number to both sides of the equation. 
Example 1: When I add 2 to my number, the result is 9. What’s my number?
Solution: Let x be my number. Then the given information translates to
x + 2       = 9              Subtract 2 from both sides to get
x + 2 – 2 = 9 – 2        Since addition undoes subtraction, the left side is x and so
x             =  7              is the simplified answer.
Answer 1: My number is 7. 
Example 2: When I subtract 2 from my number, the result is 7. What’s my number?

Solution: Let x be my number. Then the given information translates to

x - 2          = 7              Subtract 2 from both sides

x – 2 + 2   = 7 + 2        Since addition undoes subtraction, the left side is x and so

x               =  9             is the simplified answer.

Answer 2: My number is 9

The above discussion may seem a bit overmuch for describing how to solve the problem “My number and 2 add to 9. What’s my number?”
To see the power of the method, consider the following examples.
Example 3: When I subtract 12345678 from my number, the result is 87654321. What’s my number?

Solution: Let x be my number. Therefore
x – 12345678                     = 87654321.                              Add 12345678 to both sides:            

x – 12345678 + 12345678 =  87654321 +12345678.          Addition undoes subtraction, 

x                                         =  87654321 +12345678  

Answer 3: My number is       87654321 +12345678.

The stated answer is correct but unsimplified.  It is the responsibility of a test writer to specify whether or not the test taker is required to simplify the answer.

Example 4: I subtract my number from 888888: the result is 1234567. 
What’s my number?
Solution: Let x be my number.  The problem states that 
8888888 – x               = 1234567                          Add x to both sides to get 

8888888 – x + x         = 1234567 + x                    Addition  undoes subtraction and so
8888888                     = 1234567 + x                    Addition is commutative and so
8888888                     =  x + 1234567                   Subtract 1234567 from both sides:

8888888 – 1234567   =  x + 1234567 – 1234567  Subtraction undoes addition and so         
8888888 – 1234567   = x
Answer 4: My number is 8888888 – 1234567.

The solution could easily be condensed as follows: 

8888888 –  x              = 1234567                     Add x to both sides 

8888888                     = 1234567 + x.              Subtract 1234567 from both sides.

8888888 – 1234567   = x
Note, however, that this solution required two operations to both sides of the equation, rather than just one, as did the previous three examples. 

The result of adding two numbers is called their sum. The following statement is yet another formulation of the principle that that addition and subtraction undo each other.
When two numbers are added, each number is their sum minus the other number.

This statement focuses on the equivalence of the two statements 9 -7 = 2 and 9 – 2 = 7, which implies that in a subtraction problem, the answer and the number being subtracting can be exchanged. That’s why the solution to  

8888888 –  x = 1234567   is

8888888 – 1234567 = x. 
The examples discussed used whole numbers, but are equally valid for all positive numbers, for which the model of addition we are using is very natural.
When you glue sticks together, their lengths add.

Example 5: My number and 1.5 add to 5. Find my number.

x + 1.5 = 5                              is given. Subtract 1.5 from both sides to get             
x + 1.5 – 1.5 = 5 – 1.5            Subtraction undoes addition and so           
x = 3.5                                    is the answer, as in the diagram:
	
	
	
	
	
	


0                        1                            2                           3                           4                          5

Solution: My number is 3.5.
The left stick is the starting stick. Gluing on the right stick yields a length 5 stick. Cutting off the right stick leaves the original stick. Therefore removing undoes gluing, and so subtraction undoes addition. 
Addition and subtraction word problems.

Finally, we formulate the above principle in a way that is easily applied to word problems. Addition is modeled by starting with a collection or aggregate and pushing onto it another collection or aggregate. This could be phrased as

Total Size = Original size + size of new part.

The reverse process would be removing the new part that was just inserted.

Size of remaining part = total size – size of removed part.

Example: Remove 3 eggs from a box of 12 eggs. How many eggs remain?

Answer: The number of remaining eggs is 12 – 3 = 9..

Please be aware of the following less common formulation.

 .

Size of removed part = total size – size of remaining part.
Example: How many eggs were removed from a box of 12 eggs if 7 eggs remain?

Answer: The number of eggs removed was 12 – 7 = 5.  
Simple word problems solved two ways

Example 6. My number and 30 add to 56. Find my number.

Solution 6a:   


When two numbers are added, each number is their sum minus the other 
number.

The total is 56, the other number is 30, and so

My number = 56 - 30

Answer 6a: My number is 26.

Solution 6b: Let x be my number . Then

x + 30 = 56. Subtract 30 from both sides to get

x + 30 – 30 = 56 – 30 and so

x = 56.
Answer 6b: My number is 26.

Example 7. Together Ann and Bill have 56 fruits. Ann has 30 fruits. How many fruits does Bill have?

Solution 7a:

When two numbers are added, each number is their sum minus the other 
number.

Count of  Bill’s fruits = Total Count – Count of Ann’s fruits

# Bill’s fruits = 56 – 30   

Answer 7a: Bill has 26 fruits.

Solution 7b: Let x be the number of Bill’s fruits
x + 30 = 56. Subtract 30 from both sides to get

x + 30 – 30 = 56 – 30 and so

x = 56.
Answer 7a: Ann has 26 fruits.

Example 8. The length and girth of a package total 100 inches. If the length is 40 inches, find the girth.

Solution 8a:  Given: Girth + Length = Total
Girth of Package = Total – Length

Girth = 100 inches – 40 inches. 

Answer 8a. The girth is 60 inches. 

Note that the unit of measurement may be omitted in the solution, but must appear in the answer.

Solution 8b: Let x be the girth

Length + girth = 100

60 + x = 100.           Rewrite as

x + 60 = 100.          Subtract 60 from both sides

x = 60

Answer 8b. The girth is 60 inches. 

Example 9. Campers completed 30 miles of a 100 mile hike. How far must they go to complete the hike?

Solution 9a :
Size of remaining part = total size – size of removed (completed) part of trip

Remaining distance = total distance – completed distance.
Remaining distance = 100 miles – 30 miles.

Answer 9a: The must go 70 miles to complete the hike.

Solution 9b : Let x = distance to go

Distance to go +  distance gone  =  total distance 

x + 30 = 100. Subtract 30 from both sides.
x = 100 – 30

Answer 9b: The must go 70 miles to complete the hike.  
Example 10: I cut away part of a 20 inch stick and was left with an 8 inch stick. How much did I cut away?
Solution 10a:

Size of removed part = total size – size of remaining part.

Removed length = original length – remaining length.
Removed length = 20 inches – 8 inches.

Answer 10a: The remaining part of the stick is 12 inches long.

Solution 10b: Let x be the length of the part I cut away.
Cut away length + length left = total length

x + 8 =  20 Subtract 8 from both sides to get

x = 12. 
Answer 10b: The remaining part of the stick is 12 inches long.

Example 11: I gave away 10 apples and I had 12 apples left. How many apples did I start with?

Solution 11:  Original count = count of apples removed + count of apples remaining

Original count = 10 apples + 12 apples.

Answer 11: I started with 22 apples. 

In this example, there is no need for an algebraic solution.

Warning: Not all equations have solutions!

If an equation doesn’t arise from a problem that someone knows the answer to, you need to be careful.  For example, the equation

x + 4 = x + 5 can’t have a solution, because any solution would have the property that adding 4 to the solution would give the same result as adding 5 to that solution. This is impossible, since the result of adding 5 is always 1 more than the result of adding 4.

Suppose you don’t think before you solve. Then you would work as follows. Start with  
x + 4 = x + 5                and subtract x from both sides to get

x + 4 – x = x + 5 – x.  Therefore

4 + x – x = 5 + x – x    since the order of adding doesn’t matter and so you obtain

4 = 5,                           a clearly false statement.

Obviously, something bad has happened. It’s clearly not true that 4 and 5 are the same solves the equation. 
What’s going on is that you assumed at the beginning that there really is a number x that makes x + 4 equal to x + 5. That assumption was incorrect! The equation doesn’t have any solution whatsoever! 
Exercises:
 Fill in all missing entries in the following tables.
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Lesson 14: Multiplication and Division:

Summary:

· Multiplication is modeled by combining several collections or sticks of the same size.

· Division is modeled by splitting a collection or stick into equal parts.

· Multiplication and division undo each other.

· When two numbers are multiplied, each number is the product divided by the other number.

· When equal (same measurement) parts are combined to form a whole, 

· the measurement of the whole is the size of each part times the number of parts;

· the number of parts is the measurement of the whole divided by the measurement of each part;

· the measurement of each part is the measurement of the whole divided by the number of parts.

· Equations remain true when each side is multiplied by or divided by the same number.

Multiplication and division are modeled by everyday experience. 

Multiplication is repeated addition. The fact that 3 collections, each containing 6 marbles, combine to form a collection of 3*6 marbles is a model for the arithmetic statement 3*6 = 6 + 6 + 6. The following pair of pictures (top and bottom) shows that when equal collections are combined, the count of the combined collection is the product of the number of collections and the size of each collection 
	 ••••••
	
	••••••     
	
	••••••


	•••••• •••••• ••••••       


The two most obvious ways to interpret the above diagrams as “before and after” are: 

Combine the top collections to form the bottom collection. 
3 * 6 = 18: combine 3 size 6 collections to get a size 18 collection.      
Separate the bottom collection into the top collections.  
18 ÷ 3 = 6: divide the collection size by the number of parts to get the count of each part.  

The phrases “number of parts” and “count of each part” can be interchanged to obtain a second interpretation that will be discussed later.

In the previous discussion of addition, it was obvious from experience that 7 + 2 = 9 and 2 + 7 = 9 are equivalent statements, an example of the fact that addition is a commutative operation. However, the corresponding multiplication statement, that the products 6 * 3 and 3 * 6 are equal, is considerably less obvious. Indeed, it is not immediately clear why the pair of diagrams showing 6*3 = 18 and 18 ÷ 6 = 3 
	•••        
	
	•••
	 
	•••
	
	•••
	
	•••
	
	•••


	••• ••• ••• ••• ••• •••       


are equivalent to the diagrams that show that 3 collections of 6 things combine to form a collection of 18 things.

The usual way to explain that the diagrams

	•••        
	
	•••
	 
	•••
	
	•••
	
	•••
	
	•••


and

	••••••
	
	••••••
	
	••••••


contain the same total number of dots is to observe that the first diagram can be obtained by splitting it into 6 columns with 3 dots each the rectangular picture,
	• • • • • • 

• • • • • •
• • • • • •       


whereas splitting this picture into 3 rows with 6 dots each produces the second diagram. 
  Another way to see that 6 * 3 and 3 * 6 are equal is to observe that the dots in the containers
	•••        
	
	•••
	 
	•••
	
	•••
	
	•••
	
	•••


can be transferred to three empty containers as follows:
Fill the first empty container with 1 dot from each of the above 6 containers.

Fill a second empty container in the same way.

Fill a third empty container in the same way.

Following this procedure, the 3 dots in each of 6 containers have been transferred to 6 containers, each with 3 dots. The same argument of course works irrespective of the number of containers or the number of dots in each. In summary:

Let a and b be whole numbers. Then

a + b = b + a:       Addition of whole numbers is commutative.???????
a* b    = b*a:        Multiplication of whole numbers is commutative. 
In the same way that addition and subtraction undo each other, multiplication and division undo each other. The pair of statements 6*3 = 18and 18 ÷ 3 = 6 show respectively that

Division undoes multiplication: to undo the effect of adding a number, subtract that number: For example:
Multiply the starting number 6 by 3 to get 18.

Divide 18 by 3 to get back to the starting number 6. Similarly

Multiplication undoes division: to undo the effect of multiplying by a number, divide by that number:

Divide the starting number 18 by 3 to get 6.

Multiply 6 by 3 to get back to 18. 
As in the case of addition and subtraction, multiplication and division can be viewed as operations on a starting number. The following table shows a good way to think of solving the following word problem:

Example: When I multiply my number by 3, the result is 30. What’s my number?

Solution:  make a table to show that dividing by 3 undoes multiplying by 3.
	Start
	x 
	2
	3
	4
	10
	333
	555
	4567
	12345

	Multiply by 3
	3 * x
	6
	9
	12
	30
	999
	1665
	13701
	37035

	Divide by 3
	3 *x ÷ 3
    = x 
	2
	3
	4
	10
	333
	555
	4567
	12345


Since division undoes subtraction, the first and last lines match. Therefore the answer to the problem can be obtained by dividing by 3 the stated result of multiplying to the starting by 3.
Multiplication and division problems can also be solved by writing equations. 
Example 1: When I multiply 3 by my number, the result is 18. What’s my number?

Solution: Let x be my number. Then the given information translates to

3* x      =  18                  Divide both sides by 3:
3* x ÷ 3 = 18 ÷3             Since division undoes multiplication,
         x   =  6                    is the simplified answer.

Answer 1: My number is 6.

Of course, there is another table, which you should write down as an exercise, entitled “Multiplication undoes division.” The corresponding word problem:

Example 2: When I divide my number by 3, the result is 6. What’s my number?

Solution: Let x be my number.  
x  ÷ 3        = 6        is given. Multiply both sides by 3 to obtain        
x  ÷ 3 * 3  =  6*3   Since multiplication undoes division, the left side is x and so

x                =  18      is the simplified answer.

Answer 2: My number is 18 

Example 3: When I divide my number by 123, the result is 321. What’s my number?

Solution: Let x be my number. Then
x  ÷ 123          = 321                   is given. Multiply both sides by 3            

x  ÷ 123*123  = 321*123           Multiplication undoes division and so 

x                     =   321*123             

Answer 3 (correct but unsimplified): My number is 321 * 123.  
Example 4:  I divide 39483 by my number: the result is 321. What’s my number?
39483  ÷ x         = 321             is given. Multiply both sides by 3 to obtain           

39483  ÷  x * x  = 321* x        Multiplication undoes division and so 

39483                =  321* x       Divide both sides by 321
39483 ÷ 321      =  x         

Answer 4 (correct but unsimplified): My number is 39483 ÷ 321           
The above solution requires performing two operations on both sides of the equation, rather than just one, as did the previous three examples. 

There is another way to view multiplication and division as undoing each other.

You know that the result of multiplying two number is called their product.  
When you divide 18 by 6, 

18 is the dividend
6 is the divisor
3 is the quotient.
The following statement is clear from experience with small numbers.
When you multiply two numbers, each number is the product divided by the other number. Therefore the statements 18 ÷ 3 = 6 and 18 ÷ 6 = 3 are equivalent. If the divisor is 3 and the quotient is 6, then the quotient will be 6 when the divisor is 3.
Therefore the above problem has a one step solution:

39483 ÷ x  = 321                 is given.       

39483 ÷ 321 =   x                Interchange the quotient and divisor.   
It’s nice to understand this trick, but the two-step solution method is safer and more comfortable for most students.

The previous examples used whole numbers. The principles apply equally well to all positive numbers, and are modeled by the following:

When you glue equal length sticks together, their total length is the product of the number of sticks and the length of each stick.
Example 5: My number multiplied by 3 is 4.5. Find my number.
3 * x       =  4.5
3* x  ÷ 3 = 4.5÷3
x             = 4.5 ÷3
This example used the fact that dividing by 3 undoes multiplying by 3, as in the picture
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


0                        1                           2                            3                           4
Answer 5: My number is 1.5

Each stick length is 1.5. If you glue 3 such sticks together and immediately separate the glued stick into 3 equal parts, each of those parts is as long as the original stick.
The rectangle picture for demonstrating commutativity of multiplication for whole numbers does not extend neatly to the case of positive numbers, for it’s not clear why gluing 4 1/2 length 3 sticks produces the same result as gluing 3 length 4 1/2 sticks. The reason will become apparent in the following lessons after the rules for fraction multiplication have been explained. 
Multiplication and division word problems.

Finally we formulate the above principle in a way that is most applicable to word problems. Recall that multiplication is modeled by pushing together a number of equal size aggregates or collections. The sizes are related as follows.

Total Size = Number of parts times the size of each part.
 Example: Find the total weight of 7 apples weighing 8 ounces each.

Answer: total weight = number of parts time weight of each part = 7*8 = 56 ounces.

The reverse process would be pulling apart the aggregate just constructed.

Number of parts = Total size divided by the size of each part
Example: Cut a 12 inch ruler into 5 equal length pieces. How long is each piece?

Answer: Total length divided by number of parts is 12÷5 = 2.4 inches.
Please be aware of the following less common formulation.

Size of each part      =   Total size divided by the number of parts
Example: If  15 candy bars were split equally among 4 children, how many candy bars would each child get? 

Answer: Total of 15 candy bars divided by 4 (equal parts) is 15/4 = 3 4/5 candy bars for each child.  
Simple word problems  
Example  6: I have 10 cartons. Each carton contains 12 eggs.  How many eggs in all?

Solution:  

Total size = number of parts times the size of each part.
This is a counting problem and so  

Total egg count =  # of parts times the count of each part and so.

Total egg count =  # of cartons  multiplied by # of eggs in a carton.

Thus the total number of eggs is 10 * 12 

Answer 6: There are 120 eggs in all.

Many of the following examples are solved two different ways.
Solution “a”  requires remembering all three bulleted facts above.

Solution “b” depends on knowing only the first bulleted fact but also the ideas presented about solving equations. 

Either method is fine. For now, use whichever method you prefer.

Later on, however, you will need to use method b, so make sure you know it.
Example 7: A school with 120 children has 12 children in each class. How many classes are there? 

Solution 7a: 

Number of parts =   Total size ÷ Size of each part
Number of classes = Total # of children  ÷ number of children in each class

Number of classes = 120 ÷ 12 

Answer 7a: There are 10 classes in the school.
Solution 7b: Let x be the number of classes. Then

Total size = number of parts * size of each part

Total number of children = number of classes * number of children in each class

120 = x * 12  Divide both sides by 12 to get

120 ÷ 12 =  x * 12÷ 12 . Since division undoes multiplication 

10 = x.

Answer 7b: There are 10 classes in the school.  

Example 8: 120 students go on a trip using 10 buses. All buses take the same number of children. How many children are in each bus?

Solution 8a: 

Size of each part              =   Total size ÷ number of parts

# of children in each bus  = Total # of children  ÷ number of buses.
# of children in each bus  = 120 ÷ 10  

Answer 8a: There are 12  buses.

Solution 8b: Let x be the number of children on each bus. Then

Total size = number of parts * size of each part
Total number of children = number of buses* number of children in each bus

120 = 10 *x  which can be rewritten

120 = x * 10 Divide both sides by 10 to get 

12 = x.

Answer 8b: There are 12 children on each bus. 

Example  9. 4 sticks measuring 2 inches each are glued end to end. How long is the glued stick?

Solution 9 : 

Total size =  number of parts * size of each part

Total length = number of sticks * length of each stick

Total length = 4 * 2 inches
Answer 9  : The length of the glued stick is 8 inches.  

In this problem an algebraic solution is not needed.
Example 10: An 8 inch long stick is cut into pieces, each 2 inches long. How many pieces are there? 

Solution 10a: 

Number of parts =   Total size ÷ Size of each part
Number of pieces = Total # length ÷ length of each piece.
Number of pieces = 8 (inches)   ÷ 2 (inches)  
Answer 10a: There are 4 pieces.

Solution 10b: Let x be the number of pieces.
Total size = number of parts * size of each part

Total length = # of pieces * length of each piece

8 = x * 2                           Divide both sides by 2
8÷2 = x
4 = x.

Answer 10b: There are 4 pieces.
Example 11: A 120 inch long stick is cut into 4 equal length pieces. How long is each piece?  

Solution 11a: 

Size of each part =   Total size÷ number of parts

Length of each piece = Total length ÷ number of pieces.
Length of each piece =   120 (inches)  ÷ 4 (pieces)  

Answer 11a: Each piece is 30 inches long. 

Solution 11b: Let the length of each part  (in inches) be x 

Total size = Number of parts * size of each part

Total length = Number of parts * length of each part

120 = 4 * x or
120 = x*4  Divide both sides by 4 to get

30 = x 
Answer 11b : Each pieces is 30 inches long. 

The above measurement problems were a bit misleading. It’s important to understand that when a total measurement  is divided into equal parts,  either or both of the number of parts and the size of each part can be an in-between number.

Example  12: What’s the total weight of 4 1/2 bags of flour if each bag weight 2 1/2 pounds?

Solution: 

Total size =  number of parts * size of each part
Total weight = number of bags * weight of each bag.
Answer 12: Total weight = 4 1/2 * 2 1/2 pounds
This problem doesn’t require an algebraic solution

The answer given may not look like much of an answer, but the student who gets this far has demonstrated that she knows which arithmetic operation to use to solve the problem. The answer is correct but unsimplified: To simplify the answer, you need to know how to multiply mixed numbers, a topic covered in Lesson xxx. 

Example 13: A ten pound sack of flour is split into bags weighing 4 pounds each. How many bags of flour will there be?   

Solution 13a: 

Number of parts =   Total size ÷ Size of each part
Number of bags = Total weight of bags ÷ weight of each bag.
Number of bags = 10 (pounds)   ÷ 4 (pounds)  
Answer 13a: The number of bags is 10 ÷ 4, or 2 1/2.

Solution 13b: Let x be the number of bags.
Total size = Number of parts * size of each part

10  = x * 4 Divide both sides by 4 to get
10 ÷ 4=   x  

Answer 13b : Each pieces is 30 inches long.  

Example 14:  You can buy 2 1/2 bags of grapes for 10 dollars. What’s the cost of each bag of grapes?  

Solution 14a:

Size of each part  =   Total size÷ number of parts

Cost of each  bag = Total cost ÷ number of bags
Cost of each bag =   10 (dollars)  ÷ 4  

Answer: The cost of each bag is 10 ÷ 4  dollars, or 2 1/2 dollars.

Solution 14b: Let x be the cost of each bag, in dollars 

Total size = Number of parts * size of each part

Total cost = # of bags * cost of each bag

10 = 4 * x. Rewrite as
10 = x*4  Divide both sides by 4 to get
10  ÷ 4  = x 
Answer 14b : Each bag costs 10 ÷ 4  dollars, or 2 1/2 dollars.

When you solve multiplication/division measuring problems, you need to think carefully about the statement Total size = Number of parts * size of each part
You know that a measurement can be less than 1 or greater than 1. Please be aware that the number of parts can also be less than 1 or greater than 1! 

In the following example, the number of parts is greater than 1.

Example 15:  3 1/2 bags of flour cost 20 dollars. How much does each bag cost?

Solution 18a: 

Size of each part = Total Size ÷ Number of parts
Cost of each bag  = Total Cost ÷ Number of bags

Answer 15a: Cost of each bag = 20 ÷ 3 1/2 dollars

Solution 15b:  Let x be the cost of each bag
Total cost = Number of bags * Cost of each bag

20 =  3 1/2 * x    Rewrite as

20 = x * 3 1/2       Divide both sides by 3 1/2

20 ÷ 3 1/2 = x
Answer 15b:Cost of each bag = 20 ÷ 3 1/2 dollars  = 40/7 dollars (see Lesson 7)
In the following example, the number of parts is less than 1.

Example 16: Half of a bag of  flour cost 20 dollars. How much does one bag cost?

Solution 16a: 

Size of each part = Total Size ÷ Number of parts
Cost of each bag  = Total Cost ÷ Number of bags

Answer 16a: Cost of each bag = 20 ÷  1/2 = 40 dollars.

Solution 16b:  Let x be the cost of each bag
Total cost = Number of bags * Cost of each bag

20 =   1/2 * x    Rewrite as

20 = x *   1/2       Divide both sides by   1/2

20 ÷   1/2 = x
Answer 16b: Cost of each bag = 20 ÷ 1/2 dollars  = 40 dollars (see Lesson xxx)
The following example is critical to understand if you want to avoid serious errors in certain types of word problems. It involves two numbers 40, and 10, and must be solved by dividing 10 by 40.

Moral: When you divide #1 by #2, it is FALSE that #1 is the larger number.

The important thing is that #1 represents a total measurement. 

Example 17: A bag of flour costs 40 dollars. How many bags can you get for 10 dollars.

Solution 17a: 

Number of parts = Total Size ÷ Size of each part

Number of bags  = Total Cost ÷ Cost of each bag
Number of bags = 10 ÷  40 

Answer 17a: You can get 1/4 of a bag of flour for 10 dollars.
Solution 17b:  Let x be the number of bags
Total cost = Number of bags * Cost of each bag 
10 = x *  40       Divide both sides by   40

10 ÷  40 = x
x = 1/4 (Lesson 7)
Answer 17b:  You can get 1/4 of a bag of flour for 10 dollars.

Exercises
1. A box contains two types of coins: nickels and hapennies. If the box contains 80 coints and 20 of them are nickels, how many are hapennies?   Hint: don’t worry about what kind of coin hapennies are.
2. My number and 60 add to X. Find my number. 

3. A 100 minute long movie was shown in two parts. If the first part took 30 minutes, how long did the second part take?
4. My number and X add to 12345678. Find my number.

5. My number and 12345678 add to Q. Find my number.

6. The total number of men and women in the United States is 285,000,000. If there are 143,000,000 women, how many men are there?

7. The sum of my number and 12345678 and X is Q. Find my number. 

8. Part I of a movie took 80 minutes. Part II took 40 minutes. How long did the movie last?
9. There are X children in the school. If there are 25 children in each class, how many clases are there in the school.
10. My number and 60 add to 100. Find my number.
11. The product of my number and X is 12340. Find my number.

12. I have 5 packs of gum with 10 sticks in each pack. How many sticks of gum do I have?

13. I have X packs of gum with Y sticks in each pack. How many sticks of gum do I have?

14. There are 100 apples in each bag. If there are 5000 apples in all the bags together, how many bags are there?

15. 20 bags with the same number of apples in each bag contain a total of Q apples. How many apples are in each bag?

16. I have packs of gum with 200 sticks of gum in all. If each pack contains 10 sticks of gum, how many packs of gum do I have?

17.  There are 100 children in a grade. If there are 25 children in each class in the grade, how many classes are in the grade?
18.  There are 200 children in a grade. If there are X children in each class, how many classes are there in the grade?

19.  I have 5 cases of soda. If there are 30 bottles of soda in all and all cases contain the same number of bottles, how many bottles are in each case?  

20 Cases of soda are packed with X bottles in a case. If there are Y bottles in all, how many cases of soda are there? 
21. I have two bags containing a total of 11.6 pounds of flour. One bag contains 3.8 pounds of flour. What’s the weight of flour in the other bag?

22. I have two bags of flour. One contains 7.5 pounds of flour, and the other contains X pounds of flour. Find the total weight of flour in the two bags.

23. I have two bags containing a total of Y pounds of flour. One bag contains 7.2 pounds of flour. How much flour does the other bag contain?

24. I have 5 bags of flour weighing a total of 54.7 pounds. How much does each bag weigh?

25. Flour comes in bags weighing 6.7 pounds each. If I have 79 pounds of flour, how many bags of flour do I have?
26. I have two bags of flour, one with 7.5 pounds of flour and the other with 6.4 pounds of flour. How much flour do the two bags contain all together?
27. If 3 1/2 bags of flour weigh 9 pounds, how much does one bag weigh?

28. Salt comes in ten pound bags. How many bags are needed to contain 35 pounds of salt?

29. Salt comes in ten pound bags.  How many bags are needed to contain 4 pounds of salt?

30. I have 5 bags of flour, each weighing 5.6 pounds. What’s the total weight of the bags of flour?

31. Flour comes in bags weight 6 pounds each. If I have  X pounds of flour, how many bags of flour do I have?
32. If half a bag of sugar weighs  334 pounds, how much does a bag of sugar weight?
33. I have 5 bags of flour weighing a total of X pounds. Find the weight of each bag of flour.

34. I have Y bags of flour weighing 7.5 pounds each. What’s the total weight of flour in these bags?
35. I have two bags of flour. One contains 7.5 pounds of flour, and the other contains X pounds of flour. Find the total weight of flour in the two bags.

36. Fill in all missing entries in the following tables
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	Add 7
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Lesson 15: The underlying principles of arithmetic and algebra 
Arithmetic and Algebraic Expressions

Both learning and teaching arithmetic require a secure understanding of the relationships between the four arithmetic operations.  The game plan is simple:

· Understand addition, multiplication, division, and subtraction of whole numbers. Then extrapolate to successively more general classes of numbers including positive and negative rational numbers.
· Apply your understanding to arithmetic with fractions 

· Learn to do algebra with letters, such as x, y, z

· Apply algebra to solve real-life problems in which the unknown is represented by a letter.

Binary arithmetic operations
Addition, subtraction, multiplication, and division are called binary operations: they combine two numbers and produce a result that is a number.

The following properties of addition are obvious for whole numbers but in fact hold for all numbers.

:

Commutative law: Let a and b be numbers. Then a + b = b + a
Associative law: Let a, b, and c be numbers. Then (a + b) + c = a + (b+c)
The associative law says, for example, that the sum of three numbers, e.g. 3, 4, and 5 canbe calculated in either of two ways:

· Add 3 and 4 to get 7, then add 5 to get 12; or
· Add 4 and 5 to get 9, then add 3 to get 12.

be evaluated in two different ways.
Exercise: Find a third way to add 3, 4, and 5.

 Longer expressions such as 3 + 4 + 5 + 6 can be worked out in lots of ways.  It’s clear from experience, and it can shown to be a consequence of the associate and commutative laws, that all methods of adding numbers will yield the same result. We will refer to this fact informally as the 

Rearrangement law for addition:
 In a sum, the order of addition doesn’t matter.  
Example: Here are two ways to evaluate 3,  4, 5, and  6 
3 + 4 = 7, then 5 + 6 = 11, then 7 + 11 = 18

3 + 5 = 8, then 8 + 4 = 12,  then 12 + 6 = 18

Exercise: Find as many other ways as possible to add 3, 4, 5, and 6 

It is not immediately obvious, but it is true, that the above discussion of addition holds word for word as well for multiplication:
Two basic properties of multiplication are:

Commutative law: Let a and b be numbers. Then a * b = b * a
Associative law: Let a, b, and c be numbers. Then (a * b) * c = a * (b*c)
Example: (3 * 4) * 5 = 3 * (4 * 5)

In words: the following two methods for finding the product of 3, 4, and 5  yield the same answer.

· Multiply 3 by 4 to get 12, then multiply 12 by 5 to get 60

· Multiply 4 by 5 to get 20, then multiply 20 by 3 to get 69.

Exercise: Find a third way to find the product of 3, 4, and 5.

As seen in this example, multiplying numbers using different orderings of the numbers multiplied yield the same result. We will refer to this fact informally as the 

Rearrangement law for multiplication: In a product, the order of multiplication doesn’t matter.  
Exercise: List all possible ways to find the product of 3, 4, 5, and 6. 

Numerical and algebraic expressions 
The basic phrases of mathematical language are called expressions and are classified in two ways:

Every expression is either simple or general.

Every expression is either numeric or algebraic.

In this lesson, we will define only simple numeric expressions. Discussion of general numeric expressions and of algebraic expressions will be postponed until Lesson xxx.

A simple numeric expression consists of numbers alternating with binary operation signs ‘+’      ‘–’    ‘*’ ‘ and  ‘/’   The expression must begin and end with a number.

Until now, we have used the ‘/’ sign as the fraction line in number names and have used the divide sign ‘÷’ to indicate division. That divide sign has fallen out of use, whereas the slash is still used in horizontal notation to indicate division, and in this lesson we will follow that convention. 

Examples

· 7 + 3 – 2

· 8*4/2 + 3/4 – 2

· -2 * -3 +5 – 7/3

The value of a numeric expression is the number obtained by performing the indicated binary operations. 
Evaluating a numeric expression means: finding its value.

The numeric expressions dealt with so far have consisted either of addition operations or multiplication operations, each of which can be rearranged in any order. However, expressions that mix addition and multiplication operations cannot be rearranged The following example is important.
There are two ways to evaluate 3 + 4*5

· Add 3 and 4 to get 7, then multiply by 5 to get 35.

· Multiply 4 and 5 to get 20, then add 3 to get 23.

Changing the order of operations produced different answers! 

There is no specific reason to prefer either answer over the other, but there are overwhelming practical reasons to do so, for mathematics is supposed to be the language of science, and communication is impossible unless the language has universally accepted grammatical rules.  
A simple numeric expression should be evaluated as follows. 
Step 1: Perform all multiplications and divisions, working from left to right.

Step 2: Perform additions and subtractions, working from left to right.

Example: Evaluate 7 – 3 – 2

Proceed from left to right:

   7 – 3 – 2

= 4 – 2

= 2                                       This is the correct answer.

The order of operations appears to matter, for proceeding from right to left would yield a different result:

   7 – 3 – 2

= 7 – 1
= 6 
Example: Evaluate 7 + 3*4*5 
 Step 1: multiplies and divides, from left to right
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Step 2: adds and subtracts, from left to right
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The distributive law connects addition and multiplication

The distributive law is a way of making precise the statement that multiplication is repeated addition   It’s easy to state:

	Distributive law: If c, b, and g are numbers, then 
a)                  c*(b + g) = c* b+ c*g 

b)                  (b + g)*c = b*c + g*c


The usual formulation is version a), but version b) is easier to understand. Of course, the two versions are completely equivalent: each is obtained from the other by applying the commutative law for multiplication to reverse the orders of factors in each product.
Left side: The parentheses around b + g say: figure me out first! 

That is, to find c*( b + g), multiply c by the sum of b and g.

Right side: The intent is as follows:

i) find the product of c and b.

ii) find the product of c and g

ii) add the two products you just found.

For example, take c = 10, b = 12, and g = 18. Then 

· c* (b + g) = 10 * (12 + 18) = 10* 30 = 300 whereas

· c* b + c*g = 10*12 + 10* 18 = 120 + 180 = 300.

These two statements really show two different methods for answer the following question. Every class has 12 boys and 18 girls. How many children are in 10 classes?

· Method 1: Each class has 12 boys + 18 girls, or 30 children. Then 10 classes contain 10* 30 = 300 children.

· Method 2: There are 10*12, or 120, boys in the 10 classes. Furthermore, there are 10*18, or 180, girls in the 10 classes. Therefore the total number of children is equal to the sum 120 + 180 = 300 children as before.

Another way to explain why

10* 12 + 10*18 = 10*(12 + 18) is to reorder each product:

12 * 10 + 18*10 = (12 + 18) * 10.

The last statement is clear from the idea that multiplication is repeated addition, for

12* 10 is the sum of 12  tens and18* 10 is the sum of 18 tens. Thus 

12*10 + 18* 10 is the sum of 12 + 18 tens, which is 30 tens, and so

12*10 + 18*10 = 30*10.

Vocabulary for numeric expressions

It’s important to translate correctly between 

· English terminology for mathematical ideas and 

· symbols used in expressions and equations.

Please learn the terminology in the following table before you go on.
	Symbols
	English

	
	

	7 + 4 = 11
	The sum of 7 and 4 is 11
7 is the first summand
4 is the second summand

	7 + 4 + 5 = 16
	The sum of 7, 4, and 5 is 16

The summands are 7, 4, and 5

	7 - 4
	The difference of 7 and 4 is 3

7 is the minuend
4 is the subtrahend

	7 * 4 = 28
	The product of 7 and 4 is 28

7 is the first factor

4 is the second factor

	3 * 4 * 5 = 60
	The product of 3, 4, and 5 is 60

The factors are 3, 4, and 5
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	The quotient of 12 by 3 is 4

12 is the dividend
3 is the divisor
4 is the quotient


Exercises: evaluate each of the following expressions 

a) 3 + 5*7 + 2*9    b) 3+5*4+2    c) 23 – 4*5     d) etc. 
Lesson 16: Negative numbers: extending the number line

The following diagram shows the result of gluing together sticks of length x and y when x is 3 and y is 4.  

	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	


   0             1                           x                                                      x + y
· Let x and y be positive numbers. Then


x + y is the point located y units to the right of x
· Let x and y be positive numbers with y greater than (to the right of) x. Then


x – y is the point located  y units to the left  of  x.
The second statement is of particular interest. It says, for instance, that 7 – 4 is the point you get to when you start at 7 and move 4 units left.

Suppose y is less than x. For example, attempting to calculate 4 – 7 by starting at 4 and moving 7 left requires moving left past 0. Doing so requires extending the number line to the left to include a new class of numbers: negative numbers.   

Numbers to the left of 0 are named with a negative ( - ) sign as in the picture below.

Numbers to the right of 0 can be named with a positive ( + ) sign, but that sign is almost always omitted. In other words: a number written without a sign is positive.

	
	
	
	
	
	
	
	


               -3                -2              -1                0                1                 2                3    

As stated earlier in Lesson xxx

Positive numbers are 0 and numbers to the right of 0 on the number line.

Negative numbers are 0 and numbers to the left of 0 on the number line.

Strictly positive numbers are numbers to the right of 0 on the number line.

Strictly negative numbers are numbers to the right of 0 on the number line.  

The symbol -3 is read “negative 3” or “minus 3.”  The sign is called a negative sign, or a minus sign. It is most certainly not a subtract sign, although it will turn out that -3 is equal to 0 – 3,  the result of subtracting 3 from 0. 

The numbers -3 and 3 are opposite each other on the number line. More precisely

· They are on opposite sides of 0, and 
· they are both the same distance from 0. We say

-3 is the opposite of 3 and 3 is the opposite of –3

In-between negative numbers are named similarly: 

-2.3 is the opposite of 2.3 
-
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The interpretation of addition/subtraction as movement on the number line becomes:

	Addition/Subtraction as movement on the number line.

Let y be a positive number, x any number.  Then

· x + y is the number located y units to the right of x. 

· x – y  is the number located y units to the left of x. 


According to these statements, addition and subtraction undo each other because the actions of moving equal distances left and right undo each other.

Example. Draw a number line that goes from –10 to 10 to see that the following statements are true.

Start at 7 and move 2 units right to   7 + 2, which is 9.

Start at 7 and move 2 units left to   7 – 2, which is 5.

Start at -7 and move 2 units right to   -7 + 2, which is -5.

Start at -7 and move 2 units left to   -7 – 2, which is -9.

Special examples:
Start at -7 and move 7 units right. You get to 0 and so 

· -7 + 7=0. Similarly 

· -3 + 3 = 0 

· -4.7 + 4.7 = 0

· -
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This example show that a number and its opposite add to zero.  Since the order of addition doesn’t matter, the above examples could equally well be written

· 7 + -7 = 0. Similarly 

· 3 + -3   = 0 

· 4.7 + -4.7  = 0

· 
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If you start on the number line at 0 and move 7 units left: you get to -7. Since subtraction was described by moving left from a starting point, it follows that  0 – 7 = -7. This subtraction statement can be restated as: 

 -7 is a name for the difference 0 – 7.

Please note:

The result of a subtraction problem is called a difference in the same way that

the result of an addition problem is called a sum; and

the result of a multiplication problem is called a product; and

the result of a division problem is called a quotient.  

The preceding discussion of adding and subtracting signed number is incomplete, since one of the numbers has been assumed to be positive.
 However, if all numbers are to follow the same addition and subtraction rules, the result of adding or subtracting a negative number is not hard to figure out. For example, requiring addition of all numbers to be commutative tells us that 3 + - 7 equals  -4, since we know that -7 + 3 = -4 (start at -7, move 3 units right to get to -4). Other deductions will be discussed later. 
Much of what you need to know about addition and subtraction of signed numbers comes from a few basic ideas:

· A number and its opposite add to 0. For example, -7 + 7 = 0.

· Every addition statement of the form x + y = T is equivalent to (says the same thing as) a corresponding subtraction statement x = T – y. Specifically,

· In the last statement, suppose T is 0 and y is 7. Then the statements x + 7 = 0 and x =   0 – 7 are equivalent and in each case x is the negative number -7.  
	A number and its opposite add to 0

If two numbers add to 0, each is the opposite of the other.


Example: Calculate the difference 4 – 7.
One method is to look at the number line to see what’s happening: Start at 4, then move 7 to the left to get to  -3. Therefore 4 – 7 = -3.

Example:  Calculate the difference 432 – 460. 

This is the same problem with bigger numbers. You want to move 460 units left from 432. That’s a long trip: break it into two pieces.

______________________________________________________________________

                |                             |                                                                                      |

             -28                           0                                                                                   432

Start at 432

Move 432 units left to get to 0. 

Move an additional 460 – 432, or 28, units left to complete the trip, which therefore ends at -28. Therefore 432 – 460 = -28.

The pattern is clear: 432 – 460 is the opposite of 460 – 432! 

One way to see this fact without drawing the number line is to check that

432 – 460  and 460 – 432   add to zero:
Since adding 460 undoes subtracting 460, the sum  

432 – 460 + 460 – 432    simplifies to  

432 + 0 – 432                             

= 432 + -432

= 0.

NB The associative law was used. Discuss it?

Thus 432 – 460 and 460 – 432 add to zero, and so they are opposites of each other 

More generally, if x and y are positive numbers, this sort of argument shows that
the opposite of x – y is always y – x.
                                      Subtracting negative numbers

We have not yet defined what it means to subtract a negative number. The easiest way to do so is to proceed as indicated earlier by requiring the following principles apply to all numbers, not just positive ones: 
· Addition is commutative

· Addition and subtraction undo each other.

Based on this principle, it follows that for all numbers,  y – x = opp(x-y) . The reasoning is as follows. The sum of y –x and x – y can be written

   y – x + x – y 

= y – y since adding x undoes subtracting x
= 0 + y – y
= 0 since subtracting y undoes adding y.

A similar argument shows that   opp( x + y)  = opp(x) + opp(y) for all numbers x and y.  
    x + y + opp(x) + opp(y)

=  y + x + opp(x) + opp(y)

= y + 0 + opp(y)

= y + opp(y) 

= 0  
In particular, opp(x) + opp(y) is the opposite of x + y.
It now follows easily that subtraction must be defined by the formula

x – y = x + opp(y). 

Indeed,

x – y + y = x because addition undoes subtraction.

x + opp(y) + y = x because a number and its opposite add to 0. Therefore

x  - y + y = x + opp(y) + y since both expressions equal x. Subtract y from both sides:

x – y = x + opp(y)

This last result provides a concise description of subtraction.

	To subtract a number, add its opposite:

x – y = x + opp(y)




Examples:

x = 7 and y = - 3  
7 - -3 = 7 + opp(-3) = 7 + 3 = 10. This gives us a nice way to calculate a problem with

positive subtract negative.

 x = -7 and y = - 3  
-7 - -3 = -7 + opp(-3) = -7 + 3 = -4. This gives us a nice way to calculate a problem with

positive subtract negative

x = 7 and y = 3  
7 – 3 = 7 + opp(3) = 7 + -3 
To summarize addition and subtraction rules, the following definition is useful.  
	The magnitude of a number is its distance from 0 on the number line.


Remember that the distance between two points on the number line is the length of a stick that reaches exactly from one number to the other. It’s easy to see:

The magnitude of a positive number is that number.

The magnitude of a negative number is its opposite. 

The magnitudes of both 7 and   -7 are 7.

The last example shows:

To add negative numbers, add their magnitudes and give that sum a negative sign.

The earlier example -12 + -7 = -19 (as well as the fact that 12 + 7 = 19) shows

	To add numbers with the same sign:

· Add their magnitudes and give the sum the sign of the numbers.

To add numbers with different signs (one positive, one negative)

· Subtract the smaller magnitude from the larger magnitude. 

· Take the answer from the previous step and attach the sign of the number with the larger magnitude.
To subtract a number, add its opposite according to the above instructions.



Example 1:

-4 + 7 

The difference of the magnitudes is 7 – 4  = 3.

The 3 gets a positive sign because 7 (which is positive) has larger magnitude than -4.  Attach a positive sign to 3:the answer is still 3 of course. Thus

-4 + 7 = 3.

Example 2: 

-7 + 4: 

the difference of the magnitudes is 7 – 4 = 3 as before. However, the

 3 now gets a negative sign because  -7 (which is negative) has larger magnitude than 4.

Attaching the negative sign to 3 gives the answer

-7 + 4 = -3.

Negative rational numbers
The rational numbers studied so far are positive numbers. They are located to the right of zero on the number line. Every such number is the length of a stick that reaches from zero to that number’s position on the number line.
Every positive rational number has an opposite that is equally far from zero but is located to the left of zero. Just as in the case of integers, addition of rational numbers is based on the fact that a number and its opposite add to zero.

For example, -7/5 is located a distance of 7/5 to the left of zero. If you begin at -7/5 and move 7/5 units to the right, you end up at zero. Thus -7/5 + 7/5 = 0.

When you write fractions using vertical notation, the minus sign goes in front of the fraction line. Thus the opposite of 
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.  The minus sign is placed to the left of the fraction line to indicate the opposite of the fraction 
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 . When we talk about dividing signed numbers, we’ll see that -
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 can also be written as either of the quotients -7/5 or 7/-5  [N.B. Equation editor doesn’t print minus signs!???]

                           Stick pictures for adding signed numbers
One way to represent addition of signed numbers is to represent a positive number by a shaded stick (as we have always done) and a negative number by an unshaded stick. Two such sticks could be added by placing them end to end, but it’s easier to see what’s going on if you place one stick above the other. For example, the sum 7 +  -4 could be represented as 

	
	
	
	
	
	
	

	
	
	
	


0                1                   2                   3                   4                   5                    6                7

To interpret this picture, recall that -4  and 4 add to 0. In the diagram the unshaded stick (-4) and the first 4 units of the shaded stick “annihilate” each other to leave the following shaded stick, whose length is 7 – 4 = 3. Therefore7 + -4 = 3.
	 
	
	
	
	
	
	


0                1                   2                   3                   4                   5                    6                7

The reverse problem -7 +  4 could be represented as 

	
	
	
	
	
	
	

	
	
	
	


0                1                   2                   3                   4                   5                    6                7

Again, -4  and 4 add to 0. In this version the shaded stick (4) and the first 4 units of the unshaded shaded stick annihilate each other to leave the following unshaded stick, whose length is also 7 – 4 = 3. 
	 
	
	
	
	
	
	


0                1                   2                   3                   4                   5                    6                7

Since unshaded sticks represent negative numbers, -7 + 4 = -3. 

Exercises:

1. Find the following sums using algebra rules stated in this lesson. For parts a) and c), draw a stick picture as well.

a)  4 + -7   b) 4 + -77    c) -4 + 7    d) -4 + 77  e) -4 + -77 

e) -80 + 81  f) – 80 + 120    g) -120 + 80    h) -120 + -80
Answers: -3, -73, 3, 73, -81, 1, 40, -40, -200

Lesson 17: Six ways to write fractions

· Fractions are names for numbers. A fraction is written in the form a/b, where a and b are whole numbers. The numerator of the fraction is ‘a’ and the denominator of the fraction  is ‘b’.
· A unit fraction is a fraction with numerator 1. The fraction 1/6 is really an abbreviation for 1 out of 6 equal parts.  For example, if you split a unit stick into 6 equal length parts, the length of each part is the unit fraction 1/6.

· A general fraction, such as 5/7, is described in two ways:

· It is the length of a stick obtained by gluing together 5 sticks, each of length 1/7;

· It is the length of a part obtained by splitting a length 5 stick into 7 equal parts.

· A fraction is the sum of equal parts. 

· The numerator is the number of parts. 

· The denominator is the number of parts that add to 1.

· A proper fraction is one with numerator less than the denominator.

· An improper fraction is one with numerator greater than or equal to the denominator.

· A mixed number is the sum of a whole number and a proper fraction. Every improper fraction can be rewritten as a mixed number.
· A fraction of a number is that fraction times the number. For example, one-seventh of 14 is 1/7 * 14.
· Rational numbers are those numbers that can be named as fractions.
· Most numbers are not rational. For example, the length of the diagonal of a square with side 1 is not a rational number.
Using 4/5 as an example, this lesson will explain why and how a fraction can be written in many different ways. It is extremely important to be able to shift automatically back and forth among these various symbolic representations.
Start with a unit stick. Split it into 5 parts, each with length 1/5. In the diagram below, one of those parts is shaded. 
	
	
	
	
	


           1
Glue 4 length 1/5 sticks together to get a length 4/5 stick (shaded).

	
	
	
	
	


           1
Any number of length 1/5 sticks can be glued together. For example, 7 such sticks combine (glue together) to form a length 7/5 stick
	
	
	
	
	
	
	


          1 

23 such sticks combine to form a length 23/5 stick:
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


     1           2           3          4

Go back to the basic picture of 4/5, the shaded stick below.
	
	
	
	
	


           1
This picture was drawn by cutting the unit stick into 5 equal parts and shading four of them. 
However, there is another way to construct the shaded stick 4/5:
Start with a length 4 stick and cut it into 5 equal pieces, as follows.
Start with a length 4 stick, consisting of 4 unit sticks glued together:
	
	
	
	


0          1           2           3           4  
Split each of the 4 unit sticks in the picture into 5 equal pieces. Each of those smaller pieces is a length 1/5 fraction stick.  

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


0          1           2           3            4

Each unit stick has been split into 5 equal pieces. 

Since there are 4 unit sticks, the number of pieces is 5 + 5 + 5 +5, which is the same as 4*5, or 20.

Now suppose you want to cut the length 4 stick into 5 equal parts.

There are 20 little pieces. The fact that 5*4 = 20 tells you that a 20 piece stick with 20 (small) pieces splits into 5 equal parts with 4 pieces in each part, as is clear from the picture: 

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


0          1           2           3            4

The shaded part on the left consists of 4 pieces (each 1/5 long) glued together, so that shaded part is our old friend 4/5.

Make sure you understand the above argument: It is saying that 4/5 is the length of a part obtained when you split a length 4 stick into 5 equal parts.

Another argument of interest to children is the following:

Suppose you want to share 4 candy bars equally among 5 children. How many candy bars should each child get? 

Solution: Share 1 candy bar at a time.

Each child will get 1/5 of the first candy bar.

Each child will get 1/5 of the second candy bar.

Each child will get 1/5 of the third candy bar.

Each child will get 1/5 of the fourth candy bar.

Each child received 1/5 + 1/5 + 1/5 + 1/5 of a candy bar, totaling 4/5 of a candy bar. This is the same result as before: 4/5 can be obtained by dividing 4 by 5.

Lesson 6 used pictures of collections to demonstrate adding, subtracting, multiplying, and dividing whole numbers. This section will do the same for measuring numbers that are modeled as the lengths of sticks.

Adding measuring numbers: the basic picture revisited
When you glue sticks together, their lengths add to the length of the glued stick. For example: the picture
	
	
	
	
	


0           1           2           3           4           5

shows that a gluing a length 2 stick to a length 3 stick produces a length 5 stick. Since gluing corresponds to adding lengths, the picture represents the addition fact 3 + 2 = 5.  
Now suppose you want to add   6/7 and 2/7. The picture is simple:

	
	
	
	
	
	
	
	
	
	
	
	
	
	


0       1/7       2/7        3/7       4/7       5/7      6/7          1         8/7                                                          2             

The picture shows a 2-unit long stick, with each unit cut into 7 equal parts. The length of each part is 1/7, read “one-seventh.” Clearly the shaded stick on the left has length 6/7, and the stick in the middle with vertical stripes has length 2/7. Together the sticks glue together to form a long stick that reaches from 0 to 8/7. 

Since you add lengths when you glue sticks, it follows that 6/7 + 2/7 = 8/7. This sentence is read “the sum of six sevenths and two sevenths is eight sevenths.”
In the same way:

9/4 + 5/4 = 14/4 because 9 + 5 = 14. 

Note that the answer can be reduced to 7/2. Similarly:

210/333 + 7/333 = 217/333 because 210 + 7 = 217

Therefore, to add two fractions with the same denominator, add numerators and keep the common denominator.

This statement is summarized symbolically as follows. 
Suppose a, b, and c are whole numbers.  Then 
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The stated rule remains true if a, b, and c are any numbers, not just whole numbers. We’ll return to this point later.

In the following picture, each of 4 units has been split into 5 equal parts, each of length 4/5.
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


0          1           2           3            4

This picture shows that 4/5 can be described as
a) The length of the part of a length 4 stick that has been split into 5 equal parts.
According to the above discussion of division that length can be written as 
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Thus 4/5 = 4÷5
b) The length of the stick you get when you glue 4 length 1/5 sticks together.

According to the above interpretation of gluing as adding lengths, and so 
  4/5 = 1/5 + 1/5 + 1/5 + 1/5 
c) Next, since repeated addition of 4 numbers is multiplication by 4:

  4/5 = 4*1/5  
d) Finally, since we know from the previous lesson that the order of multiplication doesn’t matter (????) we expect 1/5 * 4 to be equal to 4* 1/5 and so

4/5 = 1/5 * 4. 

Any fraction can be written in two ways:


Horizontally:   4/5, the form we have used to name numbers.

Vertically:
[image: image120.wmf]5
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, the form used in most math books.
These two symbols are used interchangeable, although in any one paragraph, it’s good form to use only one of them. However, the vertiical form 
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 is really an abbreviation for the quotient  4÷5, whereas 4/5 is a name for that quotient.   
The difference between the two ways of writing the fraction line   is that the vertical notation is much more convenient for writing complicated quotients. For example, 
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 is the result of dividing the sum of 5 and 6 by the sum of 2 and 3. More generally, a rational expression is a quotient of two expressions such as 
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, each formed by adding, multiplying, and subtracting letters and or numbers. 
 Summary: a proper fraction can be written symbolically in six different ways:

	4/5   
	
[image: image124.wmf]5
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	    4÷5
	     4  * 1/5
	            1/5 + 1/5 + 1/5 + 1/5
	       1/5 * 4


An improper fraction can be written symbolically in seven different ways:

	7/5   
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	    7÷5
	     7  * 1/5
	1/5 + 1/5 + 1/5 +
+ 1/5 + 1/5 + 1/5 + 15
	  1/5 * 7
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The most important things to remember are that 4/5 is an abbreviation for 4 * 1/5 and that both are equal to the quotient 4÷5.
The following linguistic point is important for understanding word problems: The phrase “one fifth of 20” means one of the parts you get when you separate length 20 stick into 5 equal pieces. Thus one fifth of 20 is 20÷5, which is 4.
 However, another way to write 20÷5 is as 1/5 * 20, and so one fifth of 4, written 1/5 of 4, is equal to 1/5 * 4. Conclusion:

 A fraction of a number is the fraction times that number.  
Exercises: (some problems review earlier lessons)

1. Draw a picture to help you find 4/5 + 3/5

2. Figure out 47/5 + 33/5 without drawing a picture. State a rule for adding fractions that have the same denominator. 
3. 
a) Make a list of all possible fraction names for 1/5 in which the numerator is less than 6.

b) Make a list of all possible fraction names for 1/4 in which the numerator is less than 6.

c) Look back at Exercises 1 and 2 for a hint as to how to use the lists in a) and b) to find the sum 1/4 + 1/5. Draw a picture of the unit stick cut into an appropriate number of pieces to get a picture of your answer.

4. Write 7/8 in five other ways. Look at the previous page for a model.

5. Write 7/6 in six other ways: five ways as in Problem 4 and a sixth way as well. Explain what feature of 7/6 makes a sixth way possible.
6. Draw a linear picture that shows 4 * 5/8. Express the answer as a fraction.  
7. Draw a linear picture that shows 4 – 5/8. Express the answer as a fraction.  
8. a) Find the quotient 
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 by drawing a picture. You need to remember that one interpretation of this problem is: If a length 6 stick is split into pieces each 3/4 inch long, how many pieces will there be?
b) Can you use part a) to explain why the “invert and multiply” method can be used to find the quotient? 
9. Find

a) one seventh of 50

b) three sevenths of 50.

c) ten sevenths of 50.

10. In a class of 150 children, one sixth of the children are boys. How many are girls?

Lesson 18: Rules for combining fractions

Rules for combining fractions can be memorized, but it’s important to understand why they work. In what follows, all letters stand for positive whole numbers.

We start with a rule that does not follow from logic, but is simply a statement about how mathematics is written.
Fraction notation: 
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In the previous section, this notation was explained with the understanding that m and n are whole numbers. However, the statement remains correct when   m and n are any expressions whatsoever.. We could write, for instance
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 is an abbreviation for  
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The rules for combining fractions will be stated and explained when the numerator and denominator are whole numbers. All of these rules are true as well when the numerator and denominator are arbitrary expressions, as you will be asked to show in the Exercises at the end of this lesson.

Unit fraction multiplication rule:  Suppose m and n are whole numbers. Then 
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Example: 
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First proof: 
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 means the length of 1/4 of a length 1/5 stick. 

You get a length 1/4 stick by splitting a unit stick into 4 equal length pieces.

If you split each of the pieces into 5 equal little pieces, you get a total of 5*4 = 20 little sticks that glue together form a unit stick. Each little stick is therefore 1/20 of a unit stick. However, each little stick was constructed by splitting a length 1/4 stick into 5 equal parts, and therefore each little stick length is indeed 
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 Thus each little stick’s length can be described in two ways: as 
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and as
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Second proof: The statement 

20 * X = 1 can be rewritten as X = 1÷20. X can be any expression. In other words, if 20 times a number is 1, that number is
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. 
Let’s figure out 20 times the number 
[image: image142.wmf]4

1

5

1

*

and show that the product is 1.
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General fraction multiplication rule 
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For this rule, you need to recall a basic property of fractions:   
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Therefore
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because of the Fraction Abbreviation Rule. 

The fraction multiplication rules were stated for m, n, p, q whole numbers. In fact, they are true if m, n, p, q are themselves fractions, see the exercises. More generally, as will be discussed in Lesson xxx, they will remain true when m, n, p, and q are general algebraic expressions.

Definition of reciprocal: The reciprocal of the fraction 
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In other words, to find the reciprocal of a fraction, interchange its numerator and denominator.

Basic property of reciprocal: The product of a fraction and its reciprocal is 1.

Indeed, the fraction multiplication rule shows 
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Fraction Division rule:  
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First try an easy example: Write 

X=
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.     Multiply by p/q to get
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We just saw that the product of a fraction and its reciprocal is 1. Clearly X = p/q
This result is important in and of itself:
The quotient of 1 by a fraction is the reciprocal of the fraction. 
It’s just as easy to generalize to the case
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 to show that 

A number divided by a fraction equals the product of the number and the reciprocal of the fraction. 

Invert and multiply: First proof. 

Method: solve an equation. 

Write
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  Multiply both sides by  p/q to get the equivalent statement.
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 Now multiply both sides by q/p to obtain
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 In other words, to divide a by a fraction, multiply a by the fraction’s reciprocal. 
The above demonstration may be too algebraic for some tastes. Here are two alternate arguments.

Invert and multiply: second proof
Method: Division undoes multiplication.

Since 
[image: image158.wmf]4

1

3

=

4

3

*

 multiplying by 3/4 can be accomplished in two steps, multiplying by 3 and then multiplying by 1/4. However, multiplying by 1/4 is the same as dividing by 4 and so

To multiply a number by 3/4, multiply it by 3, and then divide it by 4.

Division by 3/4 is an operation that undoes multiplication by 3/4. To undo the two step process Multiply by 3 and then divide by 4, work backwards as follows:

Multiply by 4 to undo dividing by 4

Divide by 3 to undo multiplying by 3.

Therefore division by 3/4 is the two step undoing process:

Multiply by 4 and then divide by 3. This is of course the same as multiplying by 4/3.

Invert and multiply: third proof. Method: Division by a fraction is a two step process. 
To split a length x stick into pieces 3/4 of an inch long, first cut it into pieces 3 inches long. By the definition of division, the number of pieces is x ÷ 3.  In the example below, the number of pieces is 5:

	
	
	
	
	


0                              3                                 6                                  9                                 12                          15  

Second, split each smaller piece into 4 pieces, each 3/4 inch long. 
A 3-inch long stick splits into exactly 4 such pieces since 4 * 3/4 = 3.
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


0                              3                                 6                                  9                                 12                          15  

Clearly the number of 3/4 inch sticks is the product of

x ÷ 3, the number of 3 inch sticks (in this case 5)  and

the number of 3/4 inch sticks in a 3 inch stick, which is 4.

Therefore,  
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 , which is  the number of 3/4 inch sticks  in a length x stick, is 
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  Again we see: to divide by 3/4, multiply by its reciprocal

Fraction Addition Procedure: 

· To add fractions with the same denominator, add the numerators and keep the common denominator.

· To add fractions with different denominators, rename the fractions so that they have the same denominator and then proceed as in the previous bullet.
The easiest way, but not always the most convenient, to rename fractions so that they have the same denominator is to multiply both numerator and denominator of each fraction by the denominator of the other.

Example: 
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However, this method can produce large numbers in a problem such as
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A better method is to notice that the denominator of the second fraction is twice the denominator of the first. Therefore, rename the first fraction only:  
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In general it’s desirable to rename both fractions with a common denominator that’s as small as possible. There are relatively simple methods for finding out what that least common denominator (LCD) should be. These methods will be postponed until Lesson xxx.

Fraction subtraction works exactly the same way as fraction addition. For example


[image: image165.wmf]100

1

=

200

5

  

-

  

6

=

200

5

200

6

=

200

5

2

100

2

3

=

200

5

100

3

    

*

*

   [How do you get the right subtraction sign on the next line?]

The opposite of a fraction (a negative fraction)  is written with a negative sign in front of the fraction line. 

That is:  -
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There are two other ways to write a negative fraction: 
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To understand why, wait for the discussion of multiplication and division of signed numbers in Lesson  xxx.

Multiplication and Division of Rational Numbers

In the above derivations, the numerators and denominators of the fractions were understood to be whole numbers. That assumption is unnecessary. Recall that a fraction written in vertical notation is the quotient of its numerator by its denominator. 

For example, the distributive law x * ( y + z ) = x * y + x *  z
 applies not only when x, y, z are whole numbers or their opposites, but also when they are fractions. The distributive law for fractions states: (Equation editor parens?)
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 To see why this general statement is true, change the left side to the right side step by step as follows.

[image: image169.wmf]d

*

f

c

*

e

b

*

f

a

*

e

d

*

b

*

f

c

*

b

*

e

d

*

b

*

f

d

*

a

*

e

d

*

b

*

f

c

*

b

*

e

d

*

a

*

e

d

*

b

*

f

)

c

*

b

d

*

a

(

*

e

d

*

b

c

*

b

d

*

a

*

f

e

d

c

b

a

*

f

e

+

=

+

=

+

=

+

=

+

=

+

   

[image: image170.wmf]d

c

*

f

e

b

a

*

f

e

+

=


 You should be able to fill in the reason for each step. Truth be told, the above demonstration is boring. It does illustrate an important principle: once you know the rules for manipulating expressions with whole numbers, it’s a fairly mechanical procedure to show that the same rules hold true for all rational numbers.  
Illustrating fraction arithmetic with stick models

Example 1: interpret the stick picture below as an addition or multiplication problem.

	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


0                                  1                           

Solution: The picture shows two shaded sticks glued together. Since the sticks have different lengths, the picture can be interpreted as an addition problem but not as a multiplication problem.

The unit, from 0 to 1, is split into 8 equal length boxes, and so the length between ticks on the ruler is 1/8. 

The shaded stick on the left is 9 boxes long, so its length is 9/8.

The shaded stick on the right is 6 boxes long, so its length is 6/8

Since the sticks are glued together, add their lengths to find that the length of the glued sticks is 9/8 + 6/8 = 15/8 (the fractions have the same denominator, so add the numerators and keep the common denominator).

A good way to check your answer is to add whole number labels, spaced 8 boxes apart:

	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


0                                  1                                    2                                   3

Since the glued stick reaches 7 boxes past 1, and each box has length 1/8, the length of the glued stick can be expressed as the mixed number  
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Check this result by converting 
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to a fraction
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Warning:  The following picture does NOT show that 9/8 + 6/8 = 15/8, because the shaded sticks are not glued together.

	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


0                                  1                                    2                                   3

Shaded sticks must be glued together to illustrate addition. However, you could interpret the picture as showing 3 sticks (one grey, one white, one black) glued together. Then the picture shows that 
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Example 2: interpret the stick picture below as an addition or multiplication problem.

	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


0                                  1                                   2                

Solution: The interval from 0 to 1 is split into 8 equal length boxes, and so the length of each box on the ruler is 1/8. 

The picture shows five shaded sticks glued together. Each stick is four boxes long. The total length of the shaded sticks is 20. Since gluing sticks corresponds to adding their lengths, the picture shows that 
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.Since repeated addition is multiplication, the picture also shows that  
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The statement 5 * 4/8 = 20/8 can also be written 5 * 1/2 = 5/2. However, this latter statement would best be illustrated by the picture

	
	
	
	
	
	

	
	
	
	
	
	
	


0                                  1                                   2

Example 3: interpret the stick picture below as a division or subtraction problem. Then work out the problem without using the picture. 

	
	
	
	
	
	

	
	
	
	
	
	
	


0                                  1                                   2

Solution: The shaded stick is split into 5 equal length shaded parts, each with length 1/2.  Splitting corresponds to dividing the total length using either of the following:

a) Total length ÷ length of each part = Number of parts and so
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Without the picture, write 
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b) Total length ÷ Number of equal parts = Length of each part and so
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 Without the picture:
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Exercises on fraction arithmetic
1. Find the following

a) 
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2. Simplify each of the following. Remember that a fraction written in vertical notation can always be interpreted as the quotient of the numerator by the denominator. To multiply or divide mixed numbers, convert them to improper fractions.  

a) 
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[image: image190.wmf]6

5

7

3

+

6

5

4

3

/

/

/

/

  

Express the answer to each of the following as a mixed number.

g) 
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3. Show that the fraction addition rule 
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 applies when you let a be 3/4,  

let b be 3/7, and c be 5/6

4. Show that the fraction addition rule in the previous problem works when you let a  be U/V, let b be X/Y, and let c be S/T, where the upper case letters stand for whole numbers.

That is, show 
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5. Show that multiplication rule   
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 and the division rule 
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 each work when you let a be F/G, let b be J/K,     let c be X/Y, and let d be S/T, where the upper case letters stand for whole numbers.

Lesson 19: Length and Area

One theme of this text is that the number line can be used to model a positive number as the length of a stick. This lesson explains how positive numbers can also be used to describe areas of flat things.  

When we measure a real stick, we measure only its length and ignore its thickness. In Lesson 3, we constructed a mathematical thing called “the number line” to serve as a tool for measuring stick lengths. Usually, we found the length of a stick by aligning its left end with 0 on the number line. 

However, the stick could actually be placed anywhere. For example, a stick that runs from 1 to 3 on the number line has length 2, calculated as the difference of 3, the number at the right end of the stick, minus 1, the number at the left end.
The parts of the number line that a stick can lie against are called intervals. Every interval consists of two endpoints and all points in between. If the two points are 3 and 7, for instance, the interval between them contains all of the following points and no others:3, 7, and every point that is both to the right of 3 and to the left of 7.

The symbolic notation for the interval just described is [3, 7].

Here’s a picture of part of the number line, showing both the interval [3,7]  ( the thick line from 3 to 7) and a length 4 stick lined up against that interval.
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Length is a numerical measurement of the size of an interval. 

Definition of congruent intervals: Two intervals modeled as sticks are congruent if the sticks can be aligned with each end point of one stick touching an endpoint of the other. 
Physical model of interval: A thin stick, or a straight piece of string.  

Informal definition of length: The length of an interval is the number of unit intervals needed to cover it, with the only overlap consisting of endpoints common to adjacent intervals.
	Everything you need to know to know about length

Every interval has a length, which is a positive number.

I:   The length of the unit interval is 1.

II:  The lengths of congruent intervals are equal.

III: Length addition principle: The length of an interval that is cut into pieces is the sum of the lengths of the pieces.



The length of an interval is usually an in-between number. Whole numbers are the lengths of intervals formed by placing unit intervals end to end. 

Having reviewed ideas about length, it’s time to move to a discussion of area.
The number line is one-dimensional. It is modeled as an infinite straight stick. All finite sticks placed against the number line are aligned in the same direction.
The Cartesian plane is two-dimensional and is modeled as an infinite flat piece of paper. The paper is called two-dimensional because two sticks, each perpendicular to the other, can be placed on the paper. 
In the same way that an interval is a part of the number line, and is modeled by a real-life stick, a region is a part of the Cartesian plane, and is modeled as a piece of paper of any shape. You can cut a piece of paper in the shape of a triangle, or a square, or a circle, and these shapes correspond to regions in the plane that are called by the same name.

We will not give a detailed description of the co-ordinate plane. Instead, the following table shows a list of corresponding terms.  
	1 dimension
	2 dimensions
	     Description

	
	
	

	number line
	co-ordinate plane
	Ideal mathematical object

	stick
	piece of paper
	Physical model

	interval
	region
	finite part of the mathematical object

	length
	area
	a positive number that describes the size of an interval or region.

	unit stick
	unit tile
	basic unit of size measurement


Area is a numerical measurement of the size of a region.

Physical model of region: A piece of paper obtained by starting with a large piece of paper and cutting out part of it by making straight or curved cuts with a scissors.

Definition of congruent regions:
Two regions modeled as pieces of paper are congruent if they have exactly the same shape. To decide if this is the case, color one region red on both sides and color the other blue on both sides. The regions are congruent if it is possible to glue one piece of paper to the other to produce a new piece of paper is that is entirely red on one side and entirely blue on the other.

Reference region:

A unit square is a square region whose side lengths are exactly one unit (of length) long. It is modeled as a unit tile obtained  by cutting out a square from a piece of paper. 
Informal definition of area: The area of a region is the number of unit squares needed to cover it with any overlap consisting only of points that lie on the edges of overlapping squares.
A careful definition of the Cartesian plane is a bit beyond the scope of this course, but the basic ideas are easy to understand.  Every point in that plane is located by a pair of numbers, called its x- and y-coordinates, in much the same way that a location in New York City can be specified as the intersection of 5th Avenue and 42nd Street. Furthermore, just as an interval on the number line is the part of the number line that lies between 2 points on the line, a region in the x,y-plane consists of all points that lie  between straight lines or curves that are drawn on that plane. 
	Everything you need to know about area
Every region has an area, which is a positive measuring number.

I:    The area of the unit square is 1.

II:  The areas of congruent regions are equal.

III: Area addition principle (AAP): The area of a region that is cut into pieces is the sum of the areas of the pieces.



The easiest area to calculate is that of a rectangle. The simplest example of a rectangle is an ordinary piece of paper. 

The sides of a rectangle come in pairs. In the following picture, the top and bottom (horizontal) sides have equal length, and the left and right (vertical) sides have equal length. It’s customary to designate the horizontal sides as bases and the vertical sides as heights: 

	h                              base                                 h

e                                                                      e

i                                                                       i

g                                                                      g

h                                                                      h

t                              base                                  t


We will follow the common practice of substituting the words “base” and “height” for the more precise phrases “length of the base” and “length of the height.” When you are talking about a real-life rectangle, it is common to use the terminology “length” and “width.”  In either case, the choice is arbitrary. You could just as well refer to the horizontal side of the above rectangle its height and the vertical side as its base. Similarly, the length of a real-life rectangle does not have to be longer than its width.

Area of a rectangle: If the lengths of the sides of a rectangle are whole numbers, than the rectangle’s area is the product of the lengths of its base and height.  

The above statement will be condensed to the familiar form: Rectangle Area = base * height and will often be restated as: the area formula for a rectangle is A = b*h.
The 6 by 3 rectangle below illustrates why the rectangle area formula holds when the side lengths are whole numbers: the number of unit squares in the picture is obtained by multiplying the number of unit squares along the base by the number along the height.

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	


  Area of rectangle: 6 * 3 = 18 square units.
The rectangle is perhaps the simplest region that you know about. Others are triangles, circles, and so forth. Actually, the circle is special sort of region because its edge doesn’t consist of straight line segments. Regions all of whose sides are straight are called polygons. 
Example: The shaded region below, including its boundary, is a polygon with 5 sides.   The inside is shaded and the boundary, or edge, consists of five line segments.


[image: image198]
A polygon is a region modeled as follows. Use a ruler to draw straight line segments, the sides of the polygon, on a piece of paper without lifting your pencil from the paper. Segments you draw are not permitted to cross previously drawn segments, although each new segment of course begins at the last point of the previous one. The endpoints of the sides are called  vertices (singular: vertex) of the polygon The last vertex you draw should be the same as the first. The polygon consists of the line segments you drew (which together form the edge, or boundary, of the polygon)  together with the points inside.
In the definitions that follow, it is assumed that the reader can recognize when lines are parallel or perpendicular. The basic example is a rectangle, whose opposite sides are parallel and whose adjacent sides are perpendicular.
Geometry Definitions
The perimeter of a polygon is the total length of the polygon’s boundary, i.e. the sum of the lengths of its sides. Some writers also refer to the boundary itself as the perimeter.

A triangle is a 3-sided polygon.

An isosceles triangle is a triangle with two sides of equal length. The point at which they meet is called the principal vertex of the triangle. 

A quadrilateral is a 4-sided polygon.

A rectangle is a quadrilateral with every pair of intersecting edges is perpendicular.

A parallelogram is a quadrilateral with both pairs of opposite sides parallel.

A square is a rectangle with equal length sides. 

A trapezoid is a quadrilateral with exactly one pair of opposite sides parallel.

According to the above definitions, every parallelogram and every trapezoid is a quadrilateral, every rectangle is a parallelogram, no trapezoid is a parallelogram, and every square is a rectangle.  

A regular polygon is a polygon with a special point called a center point, which is not allowed to be a vertex, subject to the following condition .If you cut along the straight line segments joining the center point to all the vertices, the polygon separates into congruent isosceles triangles. Examples are equilateral triangles, squares, and standard (bathroom-tile)  hexagons, as shown below

[image: image199]
All the above definitions share a common ambiguity, illustrated by the two drawings 
[image: image200]
The problem: sometimes you want to refer to the shaded region; at other times, to the edge of the region. You could be precise and say that the left drawing shows a triangle and the right drawing a triangular region. Most of the time, however, this distinction is ignored because it is clear which is meant. 
There is, however, an important exception. Whereas common usage is to call both shapes below a circle, we will consistently make the distinction between the disc at the right, a region, and its edge, the curve at the left.   

[image: image201]
We’ve spoken of the length of a (straight) piece of string or stick. However, if a region has a curved edge, you can try to surround the region by bending a straight string and getting it to lie along the edge of a region. Therefore, regions such as a disc can have a measurable perimeter. We’ll figure out the perimeter of a disc in the next lesson.
Saving ink: omitting the times sign

Symbolic expressions used so far in this text were combinations of:

digits 0, 1,2,3,4,5,6,7,8,9;
letters such as x, y, z;  
decimal point: .
slash: /
operation signs: + - * ÷ ;

opposite (negative) sign -

parentheses: (  and  )  

The following abbreviation convention helps to shorten mathematical expressions:

The multiplication sign  *  may be omitted whenever it is written directly between 

· a letter and a digit;

· a letter and a parenthesis;

· a digit and a parenthesis;

· two letters; or

· two parentheses.

Of course, the * sign cannot if it appears between two digits, for we need to distinguish the product 3*4 and the two-digit expression 34, which is the base-10 number  3*10 + 4 

In all other cases:   a*b,  2*x, x*2,  3*(x + y)*a,   a*(2 + 3)*(x + y)
the multiply sign may be omitted:

Most books retain a multiplication sign that follows a right parenthesis or a letter, e.g. as in the expressions x*3 or (x + y)*3, but in fact the meaning of these expressions is perfectly clear when the sign is omitted.

Rectangle area calculations are models for the distributive law 
Following the above guidelines, the distributive law can now be restated.  
Distributive law: Suppose x, y, and z are numbers. Then  

x(y + z) = xy + xz
For example, replacing x, y, and z by 3, 4, and 5 yields the easily checked statement:

3 (4 + 5) = 3*4 + 3*5,

However, many people feel uncomfortable when called upon to restate the distributive law using letters such as a,b, and c to replace x, y, and z:
a(b + c) = ab + ac
The following picture is useful for this purpose.  Letters that lie near a line segment are names for its length. The area of a rectangle is written in boldface near its center.
                   b                                   c
	 a                 ab
	        ac            


The base of the combined rectangle has length a + b and so its area is the product

 (a + b)c.   

By AAP (the area addition principle), the area of the big rectangle can be expressed in two ways: as  a(b +c )  and as  ab + ac. In this expression, each rectangle’s area has been expressed as height times base.
There is a minor difficulty with the above geometric argument. In the distributive law, the letters x, y, and z represent arbitrary numbers. However, in the rectangle pictures, all letters represented lengths, which are positive numbers. That’s really a non-issue: the rectangle picture is not being presented as a proof of the distributive law but rather as a visual aid to facilitate its correct use.  
Actually, the rectangle picture works efficiently with harder algebraic simplifications. Start with a vertically stretched version of the above picture:

	a        ba = ab
	                         cb = bc


Total area:

a(b + c) 
                                                               b                                                 c
As before, AAP says that 
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. Now draw a horizontal line that splits the height into line segments with lengths u and v:

                                                              b                                                      c

	                      bu

u                                          
	                        cu

u                                            

	v                  bv                                   
	v                        cv                      


Total area:

(b  +  c)(u + v)
                                                                    b                                                  c

Once more, AAP says that the area of the large rectangle is the sum of the area of the four small ones into which it has been cut. The resulting formula for a product of sums is sometimes taught using the FOIL method in algebra. 

( a + b)(u + v) = au + av + bu + bv
Exercises

Find each of the following products. Every answer should be simplified completely.

a) (a + b)(c + q)
b) (3 + b)(c+q)
c) (3 + b)*(3 + q)
d) (a + b + c)*(s + t)
Lesson 20: Areas of Special Shapes

Area formulas will be developed according to the following outline. 

	


1. The area of a unit square is 1.

2. The area of a rectangle whose side lengths are whole numbers is the product of those lengths, i.e. rectangle area = base * height.

3. The area of a rectangle with rational side lengths is base*height: A = bh 

4. The area of a rectangle with arbitrary side lengths is base* height: A = bh 

5. The area of any right triangle   is 1/2 base * height: A = 1/2 bh
6. The area of any parallelogram is base * height. A = bh 

7. The area of any triangle is 1/2  base * height: A = 1/2 bh 

8. The area of a regular polygon is 1/2 radius * perimeter. In this statement, the radius of the polygon is the radius of the largest circle that fits inside the polygon. That radius can be identified precisely as the length of the line segment drawn from the center perpendicular to any side. The area formula is  A = 1/2 rP
9. The area of a disc is 1/2 radius * circumference: A = 1/2 rC 

10. The area of a disc is π*radius*radius: A = 
[image: image203.wmf]2
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 where π = 3.14159265898...

Statements 1 and 2 have already been discussed; statements 3 and 4 will be postponed to the following lesson. Thus we assume the area formula for a rectangle and proceed to explain statements 5 through 10. 

#5. To find the area of a right triangle, paste the triangle to a copy of itself. 
[image: image204]
The triangle and its copy are congruent and so have the same area. Let x be that area. Use AAP to obtain the area of the rectangle as the sum of the areas of the two triangles. Thus

 x + x = base*height. Since x + x = 2*x, it follows that
2x  = base * height. Multiply both sides by 1/2 to obtain

x = 1/2 base * height.

The area of a right triangle is 1/2 the product of its base and height.
#6. A parallelogram is the region enclosed by two intersecting pairs of parallel lines. 
[image: image205]
Choose one edge as the parallelogram’s base. It is customary, but not necessary, to draw the parallelogram with its base a horizontal line at the bottom of the diagram. The height of the parallelogram is any line that is perpendicular to the base and extends from the base to the parallel opposite line. In the left picture, the height falls inside the parallelogram, but in the right hand picture, the base must be extended left before the height is drawn. 

Most books calculate the area of the parallelogram at the left by first cutting along the dotted line, then moving the triangle to the right to form a rectangle with the same base and height as the parallelogram. That method works for the left parallelogram, but not fore the right one, since the height of that parallelogram falls outside its base. 

To find the area of any parallelogram, enclose it in a rectangle as shown above and copied below. The vertical dotted lines are heights and the horizontal dotted lines extend the top and bottom sides of the parallelogram. The length of each vertical dotted line is h, the height of the parallelogram. Furthermore, it’s clear that the horizontal dotted lines have the same length: call it x. 

                                         b                         x


[image: image206]        
                                           x                          b  
Cut the rectangle into two triangles and a parallelogram. 

Let A be the area of the parallelogram. Then

 A = h( b + x), since b + x is the length of the base. On the other hand, each triangle has base x and height h and therefore area 
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By AAP, the sum of the three pieces’ areas is the area of the large dotted rectangle and so

A + 
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 =  (b + x) * h   Rewrite both sides: 

A + x*h = b*h + x*h                         Subtract x*h from both sides to obtain

A = b*h                                             Therefore

The area of a parallelogram is the product of its base and height.
The algebra wasn’t really necessary. To avoid it, use the following immediate consequence of the area addition principle. 

Area subtraction principle (ASP):  When regions with equal areas are removed from regions with equal areas, the areas of the remaining regions are equal.

To apply this principle, remove the unshaded region(s) from each large dotted rectangle: 
[image: image209]
The large dotted rectangles have the same area, namely h*(x+b)
Remove both triangles, with total area h*x, from the left picture.

Remove the rectangle with base x, height h, from the second picture.

In each picture, the area of the removed region(s) is h*x.
By the area subtraction principle, the remaining shaded regions have the same area. Since the shaded rectangle’s area is b*h, ASP shows that the parallelogram area is also b*h. 

#7. Just as any right triangle and a copy of itself glue together to form a rectangle, any triangle whatsoever with base b and height h glues together with a copy of itself to form a parallelogram with base b and height h.


[image: image210]
                                       b                                                               b
If each triangle area is x, AAP shows that x + x = b*h. It follows as before that

The area of any triangle is 1/2 the product of its base and height. 

#8. Next we derive a neat formula for the area of a regular polygon. The example below has 8 sides and was constructed by gluing together 8 congruent isosceles triangles. Let R be the height of each triangle and S the base of each triangle. 


[image: image211]
The area formula will involve the perimeter of the polygon, which will be abbreviated by P. In this example P = 8S, since there are 8 sides, each of length S.

Each triangle’s area is 1/2 base*height = 1/2 SR. 
By AAP, the total area of the polygon is equal to the sum of 8 triangle areas. Specifically,
since multiplication is repeated addition, the total area is 8 * 1/2 SR. 
Instead of multiplying 8 by 1/2, switch the order of multiplication to 1/2 * 8SR. 
Note that 8S is the perimeter P of the polygon.

Replace 8S by P in the expression 1/2 * 8S*R
Thus the area can be expressed as  1/2 P*R, half the product of its perimeter and radius. 

The same argument would have worked for a regular polygon with any number of sides.
The area of any regular polygon is 1/2 the product of its perimeter and radius.
#9. Finally, we use the regular polygon area formula to guess the formula for the area of a disc. Indeed, suppose we had drawn a 1000-sided polygon. It isn’t possible at this scale to distinguish a regular 1000-sided polygon from a radius R disc:



The shading in the disc picture is produced by the 1000 radius lines drawn from the polygon’s center to its edges. Recall that

The circumference of a disk is its perimeter.  

The above diagram shows a 1000-sided polygon that looks very much like a disc. 
What appears to be the circumference of the disc is 1000-gons’s perimeter, consisting of 1000 small edges of the isosceles triangles that were glued together to construct the disc. What appears to be the disc’s radius is the very slightly smaller radius of the polygon. 
Therefore the radius and circumference of the disc are extremely well approximated respectively by the radius and perimeter of the polygon. Since the polygon area formula is A = 1/2 PR, it would seem that, and it is in fact the case, that

The area of a disc is 1/2 the product of its radius and its circumference.

You may know that the usual area formula for a disc (i.e. a circle) does not involve its circumference. If so, you probably also know that the circumference of a circle is the product of its radius and 2 π, where  the Greek letter π  is a positive number whose decimal name begins with 3.1415926535898. This relation between perimeter and circumference will be discussed in Lesson xxx. For now, accepting that the circumference of a circle with radius R is given by C = 2 π R, replace C by 2 π R in the previous area formula as follows:
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Conclusion: The area of a disc with radius R is A =
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Bees and hexagons; humans and circles
The following selection is taken from the writings of Pappus, an ancient Greek mathematician. It deals with the isoperimetric problem:
You are given a length of fencing and want to use it to enclose a field with the greatest possible area. What should the shape of the field be?

Though God has given to men the best a most perfect understanding of wisdom and mathematics, He has allotted a partial share to some of the unreasoning creatures as well. To men, as being endowed with reason, He granted that they should do everything in the light of reason and demonstration, but to the other unreasoning creatures He gave only this gift, that each of them should, in accordance with a certain natural forethought, obtain so much as is needful for supporting life. 
This instinct may be observed to exist in many other species of creatures, but it is specially marked among bees. Their good order and their obedience to the queens who rule in their commonwealths are truly admirable, but much more admirable still is their emulation, their cleanliness in the gathering of honey, and the forethought and domestic care they give to its protection. 

Believing themselves, no doubt, to be entrusted with the task of bringing from the gods to the more cultured part of mankind a share of ambrosia in this form, they do not think it proper to pour it carelessly into earth or wood or any other unseemly and irregular material, but, collecting the fairest parts of the sweetest flowers growing on the earth, from them they prepare for the reception of the honey the vessels called honeycombs [with cells] all equal, similar and adjacent, and hexagonal in form.

That they have contrived this in accordance with a certain geometrical forethought we may thus infer. They would necessarily think that the figures must all be adjacent one to another and have their sides common, in order that nothing else might fall in the interstices and so defile their condition.. I mean regular figures which are equilateral and equiangular, inasmuch as irregular figures would be displeasing to the bees. 
Indeed, equilateral triangles and squares and hexagons can lie adjacent to one another and have their sides in common without regular interstices. For the space about the same point can be filled by six equilateral triangles and six angles, of which each is two-thirds of a right angle, or by four squares and four right angles, or by three hexagons and three angles of a hexagon, of which each is one and one third right angles. But three pentagons would not suffice to fill the space about the same point, and four would be more than sufficient; for three angles of the pentagon are less than four right angles (inasmuch each angle is one and one-fifth right angles. And the same argument can be applied even more to polygons with a greater number of angles. 
There being, then, three figures capable by themselves of filling up the space around the same point, the triangle, the square, and the hexagon, the bees in their wisdom chose for their work that which has the most angles, perceiving that it would hold more honey that either of the two others.
Bees, then, know just this fact, which is useful to them, that the hexagon is greater [in area] than the square and the triangle and will hold more honey for the same expenditure of material in constructing [the perimeter of ] each. But we, claiming a greater share in wisdom than the bees, will investigate a somewhat wider problem, namely that, of all equilateral and equiangular plane figures having an equal perimeter, that which has the greater number of angles is always greater [in area] and the greatest of them all is the circle having its perimeter equal [in length] to them.
Areas of Irregular Polygons

The area addition principle and its corollary, the area subtraction principle, can be used to find the area of irregular polygons such as:
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                   \----------------------------16--------------------------------------------/

To begin, find the length of the segment marked x in the above diagram. The horizontal line containing the segment of length x has length 16, as indicated by the dimension at the body of the diagram, and consists of three segments of length 5, x, and 7. Therefore 

5 + x + 7 = 16. Subtract 12 from both sides to conclude that x = 4. 
There are two ways to find the area: by adding and by subtracting.

Subtracting:  The shaded area is obtained from a rectangle with base 16 and height 10 by cutting away a rectangle with base 4, height 3, and area 12, and another rectangle with base 7, height 4, and area 28. The regions cut away have total area 12 + 28 = 40, and so the area subtraction principle says that the shaded area is the original area minus the removed area, namely 16*10 –  40 = 120.

Adding:  Write the area of each small rectangle inside it and sum those areas to obtain the shaded area as 15 + 21 + 15 + 12 + 21 + 20 + 16   = 120
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                      \----------------------------16------------------------------------------/

Exercise: Redo the preceding problem by using fewer rectangles.

Lesson 21: The Pythagorean Theorem 

Many cities are laid out with streets and avenues in a rectangular grid. In New York, you get from the Empire State Building to Madison Square Garden by walking approximately 400 yards west and then 300 yards north, for a total distance of 700 yards. This is the shortest practical route because pedestrians are confined to walking along streets and avenues. If this were not the case, however, it would be possible to walk along a straight line. What’s the straight line walking distance in this or similar cases?  
Recall that a right triangle has two perpendicular sides called legs; the third side is the hypotenuse. The straight line walking distance is clearly the hypotenuse of a right triangle whose legs measure 300 yards and 400 yards, as below. 

[image: image214]
More than two thousand years ago, the students of a Greek mathematician named Pythagoras discovered a method for figuring out the desired length. The following discussion is perhaps the simplest way to understand their method.

The diagram below consists of four right triangles with sides a, b, and c. The grey square is often described as lying on the hypotenuse of each triangle. 
                                    

                                       b

Clearly the white triangles are congruent right triangles with legs a and b. The remaining grey region is a square with side lengths c, the length of each triangle’s hypotenuse. By AAP, the large square’s area is the sum of the areas of the 4 triangles and the square: 
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On the other hand, the square and the shaded polygons together form a square with side length a + b and area (a + b)(a + b).  According to this lesson’s earlier discussion of the distributive law, that expression can be computed from the picture shown below by rewriting (a + b)(a + b) as 
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[image: image217]
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The area of the large square has been shown to be both 
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Since A is expressed in two different ways, it follows that
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  Subtract 2ab from both sides to obtain the elegant equation:
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                      We have shown:

Pythagorean Theorem: algebraic formulation: If a right triangle has hypotenuse length c and leg lengths a and b, then 
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Exercise: The previous proof of the Pythagorean Theorem used the area addition principle and required some algebra. Give a simpler proof by applying the area subtraction principle.

The Pythagorean Theorem was first formulated using geometric language. To understand that version, arrange the three shaded squares on the sides of the triangle as on the following page to obtain the

Pythagorean Theorem: geometric formulation:  In any right triangle, the (area of) the square on the hypotenuse is equal to the sum of (the areas of) the squares on the other two sides.
The parenthesized phrases are not indicated in the Greek formulation. In those days, it was common to use the name of a region to signify its area. That usage survives in English, as evidenced by such everyday terms as “play area” and “restricted area,” in which the word “area” is used not to denote the measurement of a region but rather as a name for the region.


[image: image223]
Astonishing news: Not all lengths are rational numbers

This lesson concludes with another theorem of the school of Pythagoras, a result that astounded the ancient world, or at least impressed all of the math types. Before proceeding, recall that numbers 2,4,6,8, , ,  with 2 as a factor are called even, whereas all other numbers 1,3,5,9, , , are called odd. Therefore 

· Every even number can be written in the form 2*m , where m is a whole number. 

· Every odd number can be written in the form 2*m+1, where m is a whole number. 
· Every fraction can be renamed so that its numerator and denominator are not both even. 

The first statement is the definition of even number. The second follows from the obvious fact that every odd number is 1 more than the even number that precedes it. The third is true because a fraction with even numerator and denominator can be reduced by canceling the common factor 2. This process can be repeated until either the numerator or denominator is odd.

The proofs of the following statements about whole numbers are left as exercises:  

· The product of any number and an even number is even.

· The product of odd numbers is odd

· If the square of a number is even, the number is even.  

The following picture shows a unit square and a diagonal. 


[image: image224]
Let D be the length of the diagonal, which splits the square into two right triangles. The sides of each triangle are 1, 1, and D and so the Pythagorean Theorem says that  
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. The number D is called the square root of 2 because you can begin with D and square it to get to 2. The symbol for the square root of 2 is
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.
Now for the amazing fact: The square root of 2 is not a rational number. In other words: The square root of 2 can not be written as a fraction. Recalling our description of rational numbers as the lengths of sticks we see:

The diagonal of the unit square cannot be constructed by gluing unit sticks together and then splitting the glued stick into equal parts. 

The proof will involve an argument by contradiction, one that may be unfamiliar.  Here is a simple example. Suppose you want to prove that the equation x + 123 –  100 =  x + 24  has no solutions.  There is no way to test all possible values of x to see whether it has a solution. Instead, assume that the equation does have at least one solution for x.
Thus  

x + 123 – 100 = x + 24                 is the statement we are assuming. Simplify it to

x + 23             = x + 24                 Now subtract x from both sides

23                   = 24                       Huh? 

Each step in the argument is correct. The result of applying correct logic to the starting assumption yielded a false statement. The only possible explanation is that the starting assumption was false, and so this argument proves, albeit indirectly, that the equation has no solution. This sort of argument is needed to prove the following result.
Theorem: The length of the diagonal of a unit square is not a rational number.

Proof:  To show that D cannot be expressed as a fraction,   assume the contrary and find a contradiction. 
Suppose that D is a rational number, named as a fraction. Rename that fraction as a/b with a and b not both even.   

Thus 
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 Multiply both sides of the equation by b to obtain  

 D*b = a,       which we rewrite as

 a = D*b       Omit the multiplication signs to calculate 
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   since the order of multiplication doesn’t matter.
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The last line says that 
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 is an even number. Therefore a must be an even number and so it can be written as 
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 Divide both sides by 2:.
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Somewhat oddly, (actually, evenly) a and b have exchanged places and we now see that b is an even number!

Here is the summary of the discussion so far. 

· We assumed at the outset that D could be expressed as a fraction. 

· It followed that  
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 where the whole numbers a and b are not both even. 

· However, we just showed that both a and b are even! How odd (actually, how uneven)!

What’s going on? Although each and every step in the argument is completely correct, the argument began with the assumption that D can be expressed as a quotient of whole numbers. Since the logic of the argument is correct, that assumption must have been false Conclusion: D is not a rational number!   

We have reached a deeper understanding of the number line. It consists of familiar numbers that are rational and other numbers that are not. The numbers in the second group  include the square root of 2 and are  called irrational. This word means “not expressible as a ratio” and is only vaguely unconnected with odd (strange) behavior. The number line therefore consists of two kinds of numbers:

· rational numbers, and only rational numbers, can be constructed as the lengths of sticks obtained by gluing together unit sticks and splitting the glued stick into congruent pieces.   
· irrational numbers are the lengths of all sticks that cannot be constructed in this way. In particular, we have shown that the length of the diagonal of a unit square is irrational.
It’s not hard to show that the square root of a number is irrational unless that square root is a whole number. Therefore the square roots of 2, 3, 5, 6, 7, 8, 10, 11, , , are all irrational numbers. Only the squares of whole numbers are omitted from the list. However, there are many, many other irrational numbers as well, including the number π that arose earlier as the ratio of any circle’s circumference to its diameter

It turns out that most positive numbers are irrational, in the following sense. If you close your eyes and pick at random a point on the number line, there is essentially no chance that you will have picked a rational number! However, if you open your eyes and look at the irrational number you picked, you will be able to find rational numbers that are as near to it as you wish. 

Exercises 

Find the area of each of the shaded figures on the following page.
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Lesson 22: More about signed numbers and the rules of arithmetic

Recall that the opposite of a number x is called opp(x), and that x + opp(x) = 0.

The basic fact about multiplying signed numbers is the following 

Let x be any number. Then opp(x) = -1*x

We’ll show later why this statement is true. First, examine a few examples.
Example 1 : Let x be 1. The statement opp(1) = -1*1 tells us how to multiply -1 by 1, since we know that opp(1) = -1. Therefore -1 * 1 = -1.

Example 2: Let x be -1. The statement opp(-1) = -1*-11 tells us how to multiply -1 by -1, since we know that opp(-1) = 1. Therefore -1 * -1 = 1.
The following statements are true for all numbers, rational and irrational. They should be memorized and applied automatically when necessary. Always keep in mind that they are a direct consequence of the fact that opp(x) = -1*x.
	The product of a negative number and a positive number is negative.

The product of two negative numbers is positive.




Example 3: Find the product -5 * 6.

First, let x be 5. Since opp(5) = -1*5 it follows that -5 = -1*5. Therefore

   -5*6

= -1*5*6

= -1*30

= opp (30) , since  -1*x = opp(x) 
= -30.

Example 4: Find the product -5*-6.

From the previous example,  -5 = -1*5. Similarly -6 = -1*6. Therefore

   -5*-6

= -1 * 5 * -1 * 6 

= -1 * -1 * 5 * 6 (since the order of operations doesn’t matter)
=  1 * 30 (remember -1 * -1 = 1)
= 30.
We still need to explain why opp(x) = -1*x. 
Now for the promised explanation:

	opp(x) = -1 *x because of the distributive law!


To see why,  apply the distributive law to x*(-1 + 1) as follows.   
x*(-1 + 1 ) = x* -1 + x * 1. Therefore
x* 0 = -1*x + x. Since the product of 0 and a number is 0,  
0 = -1*x + x.

Since two numbers that add to 0 must be opposites of each other, it follows that -1*x is the opposite of x.  
Dividing Signed Numbers
	The quotient of a negative number by a positive number is negative.

The quotient of a positive number by a negative number is negative.

The quotient of two negative numbers is positive. 



These statements are a direct consequence of the fact that every division problem can be rewritten as a multiplication problem, for we have seen that  
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. The result follows from the fact that y and 1/y have the same sign, for their product is 1, which cannot be expressed as the product of two numbers with different signs. 
Warning: The number 0 does not have a reciprocal, for the product of 0 and its reciprocal would have to be 1. This is impossible, since the product of 0 and any number is also 0.  This seemingly obvious statement requires a proof, which is given later in this lesson.
Arithmetic properties of numbers: summary

In the following important summary of the rules of arithmetic, x, y, and z are arbitrary numbers. We have shown why the rules in the table are true for rational numbers, but their proof for arbitrary numbers must wait until Chapter xxx.

The two columns in the table below make parallel assertions about addition/subtraction and multiplication/division. The statements in the right column were obtained from the statements in the left column by changing
· 1 to 0;                        

· *  to +   and    “multiplication” to “addition;” 

· ÷  to –   and    “division” to “subtraction;” 
· “reciprocal” to “opposite.”

The parallel between addition/subtraction and multiplication/division admits but a single important exception.

· Every number has an opposite. 
· Every number other than 0 has a reciprocal.  
Rules for Arithmetic
In the table below, x, y, and z are any numbers.

	Multiplication/Division
	 Addition/Subtraction

	1 is an identity for multiplication

x* 1 = x                                  
	0 is an identity for addition
x + 0 = x

	Commutative law:  x*y = y*x
	 Commutative law:  x+ y = y + x

	Associative law: x*(y + z) = (x*y)*z.
	Associative law: x +(y + z)=(x + y) + z.

	Every rational number other than 0 has a reciprocal, called recip(x), with the following properties:

The product of x and recip(x) is 1.
If the product of two numbers is 1, then each is the reciprocal of the other.

 
	Every rational number has an  opposite, called opp(x), with the following properties:

The sum of x and opp(x) is 1.
If the sum of two numbers is 0, then each is the opposite of the other.

 

	Definition of division
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Special example using x = 1:

 1÷y = recip(y)

	Definition of subtraction 
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Special example using x = 0:

 0 – y = opp(y)

	Division is anti-commutative

x÷y = recip ( y÷x)

	Subtraction is anti-commutative

  x-y = opp( y-x)


	The Distributive Law connects addition and multiplication
x*(y+z) = x*y + x*z



The chart below explains why the product of any number and zero is zero. The step by step proof is based on the properties of addition and multiplication listed in the right column of the table above. 
                    Statement                                                          Reason 
	Let x be any number.

0 = 0 + 0 

0*x = (0 + 0) * x  

0*x = 0*x + 0*x 

0*x + opp(0*x) = (0*x + 0*x)+ opp(0*x)

0 = 0*x + (0*x + opp(0*x) )

0 = 0*x + 0 
0=0*x 
	We want to show 0*x = 0.
0 is an identity for addition

Multiply both sides by x.

Distributive Law

Added opp (0*x) to both sides 

Associative law

A number and its opposite add to 0

0 is an identity for addition.


Exercise: Do each of the following problems. Pick 5 of them and give two different explanations, one geometric and one algebraic, for what you are doing.

	88 – -44 =
	998 – -44 =
	88 – -44 =
	-30 * -10=

	-66 – 77=
	-696 – 797=
	-66 – 77=
	-30 * 12 =

	44 – -88=
	494 – -988=
	44 – -88=
	30 * -12 =

	88 – -44=
	898 – -944=
	88 – -44=
	12 * 12 =

	52 – 75=
	529 – 75=
	52 – 75=
	-3.5 * 4 =

	-53 + -77=
	-53 + -779=
	-53 + -77=
	-1.5 * -1.5 =

	-53 – -77=
	-593 – -77=
	-53 – -77=
	40 * -5 =

	-4 – 5 =
	-499 – 5 =
	-4 – 5 =
	40 * -5.5 =

	-53 + 34 =
	-953 + 34 =
	-53 + 34 =
	-12 * -12 =

	-222 + 444=
	-222 + 44=
	-222 + 444=
	-100* -1000 =


Lesson 23: Percents: another way to name decimal numbers
The word percent is simply a word name for the number whose fraction name is 1/100 and whose decimal name is 0.01
The expression 5 percent should more properly be read “5 percents ” and equals
5*percent = 5/100 = 0.05. This example shows:

To change a percent to a number, divide the percent by 100. 
In the same way, the expression 100 percent is the number 100/100 = 1 and

200 percent means 200/100 = 2

In everyday use, the word percent is followed by the word “of,” meaning “times.” 
1 percent of 50 is 1/100 * 50, which is 1/2 or 0.5.  

5 percent of 50 is 5/100 * 50, which is 5/2 or 2.5. 

100 percent of 50 is 100/100 * 50, which is 50.

250 percent of 50 is 250/100 * 50 , which is 5/2 * 50 = 125.

Example 1: Find 23 percent of 70

Solution:  
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Answer 1: 23 percent of 70 is 16.1
Example 2: Fill in the blank:  50 is 75 percent of _____________.

Solution:  Let x be the number that will fill in the blank Then

50 is 75 percent of x and so


[image: image243.wmf]x

*

100

75

=

50

 . This multiplication statement equivalent to the division statement
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Alternatively, multiply both sides of the equation 
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 by 
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 to obtain the same result.

Answer 2:  50 is 75 percent of 200/3.

Note that the answer 200/3 is left as an improper fraction. You don’t need to convert the answer to a mixed number unless you are specifically asked to do so.

Converting between numbers and percents

A percent expression is simply a number followed by the sign %.
· To express a percent expression as a number, divide the number by 100. To do so, move the decimal point in the percent expression left two places and erase the % sign. Example: 37.5% expressed as a number is 0.375
· To express a number as a percent expression, multiply the number by 100. To do so, rewrite the number with the decimal point moved right two places and follow the number by a % sign.  Example: 1.197 expressed as a percent expression is 119.7%.
Study these examples carefully:
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80% of 40 = 0.80*40 = 3.20

0.25% = 0.25 * 0.01 = 0.0025 or

0.25% = 
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0.25% of 50 = 0.25*0.01* 50 = 0.25 * 0.50 = 0.125 or, using fractions

0.25% of 50 = 
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. To convert 1/8 to a percent, multiply by 100 to get 100/8 % = 12.5 %

1/2 % of 50 = 
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 Alternatively:  1% of 50 = 50/100 = 1/2 and so 
                                                                             1/2 % of 50 = 1/2* 1/2 = 1/4

80% of 90% = 0.80 * 0.90 = .7200 = 72%

20% of 50% of 100 = 
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Simple calculations with hundredths and percents
1 meter equals 100 centimeters.

1 centimeter is 1/100 of a meter. Therefore

1 centimeter is 1 percent of a meter.

12 percent of a meter is 12 centimeters.

One dollar = 100 cents

One cent is 1/100 of a dollar

One cent is 1 percent of a dollar.
12 percent of a dollar is 12 cents

 5 is what percent of 12: express 5/12 as a percent.
Exercises 
1. Convert each of the following decimal numbers to a mixed number in which the fraction part is reduced to lowest terms.

a) 3.45    b) 3.450   c) 3.44   d) 3.444   e) 3.75   f) 3.875   g) 0.02   h) 0.0345

Answers 
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2.  What is a) 6 % of 3? b) 3% of 6  c) 0.02% of 6?   d) 2345% of 6?

e) 3 % of what is 80? (restated:     3% of ___?___ is 80?

f) Express 0.03 as a percent

g) Express 123.45 % as a number.

Answers:  .18,  .18, .0012,  140.7 ,  2666 2/3 , 3%, 1.2345

3. Write out the decimal number 23.4567 as a sum built out of the building blocks 10, 1, 1/10, 1/100, and so on. Then add up the sum to show that 
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4. Find the following products. Write each answer both as a decimal fraction ( mixed decimal fraction)  and an ordinary fraction (or mixed number).

a)  0.001 * 0.01    b)0.01 *  1/1000    c) 0.001*  1/1000 d) 3.45 * 1/1000  e) 3.45 * 1/10

Answers:

a) 
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e) 
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5. Find the following quotients. Write each answer as a decimal fraction or mixed number.

a) 345÷100    b) 345 ÷ 10000  c) 3.45 ÷ 100  d) 3.45 ÷ 1000 e) 3.45 ÷ 10000

f) 0.0345÷100  g) 0.0345÷100000

Answers:  3.45,  0.0345,  0.345,  0.0345,  0.000345
6. Find the following quotients. Write each answer both as a decimal fraction ( mixed decimal fraction)  and as an ordinary fraction (or mixed number).

a)  0.001 ÷ 0.01    b) 0.01 ÷ 1/1000    c) 0.001÷  1/1000 d) 3.45 ÷ 1/1000  e) 3.45 ÷ 1/10

Answers:

a) Method 1: =  
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    Method 2: =  
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b)      
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c) =  
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  since anything divided by itself = 1
d)    =  3.45*1000 = 3450

e)  = 3.45 * 10 = 34.5

7. Find the following products. 

a) 345*100    b) 345 * 10000 c) 3.45 * 100  d) 3.45 * 1000 e) 3.45 * 10000

f) 0.0345*100 g) 0.0345*100000

Answers:

34500, 3450000,  345,  3450,  34500,  3.45,  3450

Lesson 24: Proportional relations
We stated earlier the importance of viewing addition, multiplication, division, and subtraction as operators that transform a starting number into another number. Each such operation can be described by a table. Here are some examples, with a consistent choice of starting numbers.

	Start
	x
	-3
	-2
	-1
	0
	1
	2
	3
	4

	Add 2
	x+2
	-1
	0
	1
	2
	3 
	4
	5 
	6


	Start
	x
	-3
	-2
	-1
	0
	1
	2
	3
	4

	Subtract 2
	x -2
	-5
	-4
	-3
	-2
	-1
	0
	1
	2


	Start
	x
	-3
	-2
	-1
	0
	1
	2
	3
	4

	Multiply by 2
	x*2
	-6
	-4
	-2
	0
	2 
	4
	6 
	8


	Start
	x
	-3
	-2
	-1
	0
	1
	2
	3
	4

	Divide by 2
	x÷2
	-3/2
	-1
	-1/2
	0
	1/2
	1
	3/2
	2


Each of the above 4 tables describes a familiar operator. Here is a new one: multiply the starting number by itself, an operator referred to as squaring because the answer turns out to be the area of the square whose side length is the starting number.
	Start
	x
	-3
	-2
	-1
	0
	1
	2
	3
	4

	Raise to the power 2
	
[image: image264.wmf]x

*

x

x

=

2

 
	9
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The last table is the simplest example of an exponentiation operator,  which raises a starting number to a specific power.  Another example:
	Start
	x
	-3
	-2
	-1
	0
	1
	2
	3
	4

	Raise to the power 4
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Of the five operators listed above, the multiplication operator has the most extensive applications in elementary mathematics. They multiply the starting number by a fixed number, the constant of proportionality) are of fundamental importance for understanding:
· why the area of a rectangle is base times height;

· why trigonometric functions such as cosine, sine, and tangent make sense;

· What it means for prices to be raised by a certain percent; and

· how to define the product of numbers that are not rational. 
In real life, we often deal with related quantities. Here the word “quantity”  is used to mean sizes or measurements such as:

· the number of eggs used to bake a cake;

· the weight of a bag of apples;

· the price of a dress.

Let’s begin with an everyday calculation. Suppose CD’s cost 15 dollars each, and you want to buy a set of CD’s.  As we saw in Lesson… it’s easy to state how much a set of CD’s will cost: Multiply the number of CD’s by the price of each CD to get the total cost. A sales clerk could make a table as follows 

	# of CD’s in the CD set
	x
	1
	2
	3
	4
	5
	6

	Price of the set in dollars
	15*x
	15
	30
	45
	60
	75
	90


The clerk can look up on the table the price of a set that contains up to six CD’s. The price of larger sets is expressed in the second column as 15 times the number of CD’s in a set. The quantities in the two rows, namely
· # of CD’s in the set and

· price of the set (in dollars)

are related by the simple formula in the last line of the table. That relationship could be expressed in words as 
Price = 15 * # of CD’s

a statement that shows how the price (expressed in dollars) can be computed if you know the # of CD’s: just multiply by 15.

It’s often useful to use letters for both the starting and resulting quantities in a table that is based on a real life problem. It’s customary to summarize the above table by the information in the first two columns as follows.

Let N be the number of CDs in a set.

Let P be the price in dollars of that set.

Then P = 15*N

Using these letters, which are really just abbreviations, the table becomes

	  # of CD’s in the CD set
	N
	1
	2
	3
	4
	5
	6

	  Price of the set in dollars
	P =15*N
	15
	30
	45
	60
	75
	90


The statement P = 15*N is not an equation. Rather, N can take any (whole number) value you wish, and therefore P depends on the choice of N. 
We will follow the practice of most math books by using the word “relation” rather than “relationship” to refer to the way quantities depend on each other.

The type of relation described in this example occurs quite frequently. It is called a proportional relation. 

Two quantities are proportionally related if one quantity is obtained as the product of the other quantity and a fixed number.

The fixed number is called the constant of proportionality.  In the CD example, the constant of proportionality is 15.   

In the following examples, the symbol “#” is an abbreviation for “the number of.”

Note how the word  “each” is a clue to the constant of proportionality.

· The length of a stick in inches is 12 times its length in feet. The reason, of course, is that each foot equals 12 inches. Therefore

# inches = 12 * # feet

· A pizza recipe calls for 2.5 ounces of cheese for each slice. Therefore           

        # Ounces of cheese  = 2.5 * # of slices  . 

· Each centimeter on a map represents a real-life distance of 200 miles.
# miles = 200* # centimeters.

To understand these statements and how they can be used to solve problems, cut them down to their bare minimum. Let’s focus on the first statement

# inches = 12*# feet.
Abbreviate this further by using I (for # inches) and F (for # feet).

The essence of the relation between inches and feet is 

I = 12*F

a statement that gives a formula, or recipe, for figuring out how many inches are in a given number of feet. Some examples could be summarized in a table:

	F
	  1
	2
	5
	10
	100
	200
	300
	400
	500

	I =12*F
	12
	24
	60
	120
	1200
	2400
	3600
	4800
	6000


This table can be used in two ways.

If you know a measurement in feet, look for that measurement in the top row and then the number below it gives the measurement in inches, as summarized by I = 12*F 

If you divide both sides of the relation I = 12*F by 12, you obtain the reverse relation   
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The double statements I = 12* F and 
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 show that proportional relations come in pairs. When I is written in terms of F, as in I = 12*F, the constant of proportionality is 12. In the reverse relation,
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, the constant of proportionality is 
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 . This example suggests the following: 

The constants of proportionality in reverse relations are reciprocals of each other.
A poem of proportional relations
As I was going to St. Ives,

I met a man with 7 wives,

Every wife had 7 sacks,

Every sack had 7 cats,

Every cat had 7 kits

Kits, cats, sacks, and wives,

How many were going to St. Ives?
To answer the question, it is necessary to assume that the man and his entourage were also going to St. Ives.
Let W be the # of wives, S the # of sacks, C the # of cats, and K the # of kits.

Every wife had 7 sacks:  S = 7*W

Every sack had 7 cats,    C = 7*S

Every cat had 7 kits        K = 7*C

(If there were several men in the story, we could also write W = 7*M)

One way to answer the question is to reason as follows. We are purposely omitting the fact that we know that there are 7 wives.

S = 7*W

C = 7*S. Combine this statement and the one above to obtain
C = 7*7*W or 
C = 49*W The number of kits is given by 
K = 7*C. Combine this statement and the one above:
K=7*7*7*W or K = 243*W
The relations 

S = 7*W

C = 49*W

K =243*W

all express a number (of sacks, cats, or kits) in terms of the number of wives in the problem. The numbers 7, 49, and 243 are the constants of proportionality. In each problem, you can divide by that constant to determine the number of wives if you know the number of sacks, cats, or kits:
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Proportional relations arise not only between populations that are counted, as in the poem above, but between measured quantities.

You are baking pies using a recipe that calls for 12 ounces of flour and 9 ounces of sugar for each pie. Let

F = # ounces of flour

S = # ounces of sugar

P = # of pies

Each pie requires 12 ounces of flour, and so F = 12P

Each pie requires 9 ounces of sugar, and so S = 9P

Here is a table that shows some examples: Fill in the empty boxes

	P
	1
	2
	3
	5
	10
	20
	50
	100
	200
	500
	1000

	F=12P
	12
	24
	36
	60
	120
	240
	
	
	
	
	

	S=9P
	9
	18
	
	
	
	
	
	900
	
	
	


The table was constructed using the fact that

The # of ounces of flour is proportional to the # of pies, since F = 12P

The # of ounces of sugar is proportional to the # of pies, since S = 9P.

These relations can be used to relate F and S:

Divide F = 12P by 12 to get  
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However, F = 9P and so the last equation can be rewritten
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This equation tells how many pies can be made from F ounces of flour.

However, S = 9*P and so
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This relation gives a new sort of table, which tells how much sugar should be used together with a given amount of flour:
	F
	  1
	2
	5
	10
	100
	200
	300
	400
	500
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	3/4
	3/2
	15/4
	15/2
	75
	150
	225
	300
	375


The above discussion provides a slow method for solving the following problem
Example: A recipe for pies requires 9 ounces of sugar and 12 ounces of flour for each pie. If a bakery uses 50 ounces of flour, how much sugar should it use? Notice that the table does not contain a column with 50 ounces of flour.

Solution: You are given S = 9*P and F = 12*P. Since P = F/12, S = 9*P becomes S = 3/4 *F When 50 ounces of flour are used, S = 3/4*50 and so S = 37.5 

Answer: 37.5 ounces of sugar must be used with 50 ounces of flour.

The fast method requires a bit more work on solving equations and will be presented in the next lesson.
Lesson 25: Equations with fractions: Ratios and Proportions
Suppose you want to figure out whether two fractions are names for the same number. For example is 34/51 = 38/57. This may not be obvious by inspection. A simpler example: you know that 
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 because both reduce to 2/3. One way to see that more easily is to get rid of the fractions in the equation. If you multiply both sides of the equation
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 by the product 6*3 of the denominators, then both denominators will cancel, as follows:
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This sequence of steps could be reversed: Start with

3*4 = 2*6 and divide by 6*3 to get back to the fraction equality
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Notice that the products 3*4 and 2*6 are each the product of the numerator of one fraction and the denominator of the other. There are two such products, of course.

They are sometimes called the cross-products of the fractional equation. The word cross-multiply means: calculate the cross-products.

Two fractions are equal if and only if their cross-products are equal. That is, if a, b, c, and d are whole numbers, then
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To test whether the fractions 34/51 and 38/57 are equal is to check whether the cross-products 34*57 and 51*38 are equal. Since both of these products in fact equal 1938, the fractions must be equal. Of course, if you notice that 

17 is a factor of both the first numerator and denominator

19 is a factor of both the second numerator and denominator, you see that both fractions immediately reduce to 2/3.

The cross-product principle makes it easy to solve equations such as
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 . Cross-multiply to get

7*x = 27 and divide by 7:

x = 27/7.

Remember that the cross product equality 7*x = 3*9 is the result of multiplying both sides of the fraction equation by 9*x.

A quotient of two number is sometimes called a ratio. For example 2/3, which is the quotient  
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 , is called the ratio of 2 to 3.
A proportion is a statement that two ratios are equal. Therefore every fraction equality is a proportion. To see why the word proportion is used, let’s return to the earlier discussion of baking pies.

Example: The ratio of sugar to flour in a cake recipe is 3:4. No other ingredients are used (ecch!).  How much of each is needed to bake a 100 pound cake?

Slow method:

Let S be the weight of sugar and F the weight of flour. Since these are the only two ingredients, S + F = 100. On the other hand the ratio statement asserts that
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 Since each of the numbers S and F is the total 100 minus the other number, it follows that S = 100 – F and so the above proportion becomes
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 .                  Cross multiply to obtain
3F = 4(100 – F)                   Apply the distributive law:

3F = 400 – 4F                      Add 4F to both sides

7F = 400                              Divide both sides by 7 to obtain

F = 400/7.

Now calculate S = 100 – F = 700/7 – 400/7 = 300/7

Answer: The cake contains 400/7 ounces of flour and 300/7 ounces of sugar.

Fast method (somewhat artificial). The fact that the ratio of sugar to flour is 3:4 can be viewed as saying that the cake consists of 3 parts sugar and 4 parts flour, where the size of the part is unknown. Let x be the weight of that part. Then S = 3x and F = 4x . Then

S + F = 100 and so

3x + 4x = 100 and so

7x = 100 and so x = 100/7. Then 

S = 3x = 300/7 and F = 4x = 400/7. 
Exercises:
Solve each of the following equations for x:

a) 
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Lesson 26: Solving Problems with Proportions

A recipe calls for 9 ounces of sugar and 12 ounces of flour to bake one pie. If you use 100 ounce of flour, how many ounces of sugar are required?

 The slow method involves letting P, S, and F stand respectively for the number of pies, ounces of sugar, and ounces of flour.

The recipe information states that S = 9*P and F= 12*P . If you solve each equation for P (the number of pies) you get P = S/9 and P = F/12. Therefore we find that
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 This equation doesn’t mention that each of these fractions is equal to the number of pies. That’s an interesting fact, albeit one not requested by the problem. Solving the problem is easy. You are given that F = 100 (ounces of Flour) and so
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and so 75 ounces of sugar are required.

The equation 
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 is called a proportion because multiplying both sides by 9 transforms the equation to a proportional relation between S and F.
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We didn’t reduce 9/12 to 3/4 because the numbers 9 and 12 are important. Indeed,

the constant of proportionality 9/12 is the ratio of sugar to flour in the case specified by the problem. This is a significant remark. Go back to the cross-multiply step:

12*S= 9*F and divide both sides by F*12. You will obtain a new proportion:
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 Remember that S and F can stand for the numbers of ounces of flour and sugar used when you are baking pies according to this recipe. Indeed, if you prefer to solve the problem (in which F is specified as 100) using this new proportion, you will get the same result as before. 
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Summary: A recipe for one pie calls for 9 ounces of sugar and 12 ounces of flour. Let S and F represent the weight of the ingredients used when you are using this recipe to cook a batch of pies. Then
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   and both of these fractions equal the number of pies that will result. Furthermore
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 is the ratio of sugar to flour in any batch of pies.

Finally 
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 is a proportional relation between S and F, and the constant of proportionality is the ratio of sugar to flour in the problem.

Consider the following variant.
Suppose a recipe requires 12 ounces of flour and 9 ounces of sugar. How many ounces of sugar are required if you use 12 ounces of flour?  

All of the above discussion remains correct, with the exception of the remark that each of the fractions 
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  is the number of pies that can be baked using this recipe. After all, it’s possible that the recipe in the reworded problem would yield 3 pies, for example.

Proportional relations surround us. They arise in every situation where quantity A and quantity B are related in the following way:

Each unit of B requires a specific number of units of A. Here are some examples:

· Most maps are drawn with a uniform scale: each inch on the map represents a specific-real life distance.

· Some medicine doses are proportional to the patient’s body weight.

· Any two ingredients in a pie recipe are proportional to each other and to the number of pies that will result.

· When prices are marked up or down by a specific percentage, the new price and the original price are proportional. Similarly, most salespersons are paid a commission that is specified as a percentage of the value of their sales, and so their commission is proportion to their sales.

· If a car is moving at constant speed, the distance moved between any two locations is proportional to the time taken to go from one to the other.

·  The cost of items purchased is proportional to the number of items purchased. 
· The circumference of a circle is proportional to its diameter, because each unit of length in the diameter contributes π units of length to the circumference. This statement is not obvious and will be explained in Lesson xxx.

[[[[[Throw in stuff on additive -> linear]]]]]

Lesson 27: Price change problems

Suppose a store decides to run a sale on all of its suits. Two possible pricing strategies are the following 
Sale 1: One day sale:  ten dollars off every suit! 
Sale 2: Today only: ten percent off every suit!  
These two kinds of sales are completely unrelated. 

For Sale 1, theprice of every suit has been lowered the same amount, in this case by ten dollars. However, such a sale is unusual.

The description of Sale 2 is a mathematically clumsy statement. Indeed, a careful explanation of the come-on “ten percent off every suit” is rather more detailed:
Sale 2: Every suit price will be reduced by an amount equal to 10 percent of  the original price. 
In other words, in a 10 percent off sale, the sale price will be the original price minus 10 percent of the original price.
Example 1: 
If the original price of 120 dollars goes down 10 percent, what’s the new price?

Solution (Method 1): The statement means that

Price change = 10% of original price. Therefore

Price change = 10/100 * 120 = 12 dollars.

New price = Original price -  price change and so

New price = 120 –12= 108 dollars.  

The following alternate solution is certainly less transparent.However, it contains the underlying idea of all price change problems.

Method 2:
The original price is 100 % of 120 dollars (same s 120 dollars, of course)

The price reduction is 10% of  120 dollars.

The new price is        90% of 120 dollars, since 100% –10 % = 90%

which is                     0.90   * 120 dollars, or 108 dollars. 
Answer 1: The new price is 108 dollars.

Of course, there is no requirement to express a price change as a percent.

Example 2:  Suits are on sale for 1/3 off the usual price. What’s the sale price of a suit that originally sold for 100 dollars?

Method 1: 1/3 off means that the price goes down by 1/3 of the original price. Therefore

price change (down) = 1/3 of the original price

price change = 1/3 *  original price. For the suit in question

price change = 1/3* 100 = 100/3

Therefore the sale price is 100/3 dollars less than the original price of 100 dollars, and so the sale price is 

100 – 100/3 

= 300/3 – 100/3

= 200/3 dollars.
Fast method: 
The original price is      3/3 of the usual price  

The price decrease is    1/3 of the usual price is      

The new price is            2/3 of the usual price since 3/3 – 1/3 = 2/3 

which is this case is       2/3 * 100 = 200/3 dollars  

Answer 2: The sale price is 200/3 = 66 2/3 dollars.

It’s important to understand that the slow method for the above problems involved a two step  process:

a) Find the price change as a proportion of the original price, a multiplication problem.

b) Then find the new price either as


the sum of the new price and the price change if the price goes up, or as


the difference of the new price and the price change if the price goes down.

The fast method relied on the idea that when prices are marked up or down by a certain percent of the original price, then the new price is proportional to the original price. Therefore, instead of finding the new price by the above two-step process, the new price is the product of the original price and the constant of proportionality. 

Quick way to calculate a constant of proportionality in price change problems

· If the price change is expressed as a percent of the original price, start with 100%, then add the markup % or subtract the markdown % and convert the percent to a number to find the constant of proportionality.
· If the price change is expressed as a number times the original price, start with 1, then add or subtract that number, to obtain the constant of proportionality.
Example 3: Prices are reduced 15 percent in a July 4th sale.

a)  Find the proportional relation between the sale price and the original price.

Solution: Proportional price change = 100%  – 15% = 85% = 0.85 

Answer 3a: sale price = 0.85 * original price.

b) What’s the sale price of a $40 item?

In this case it’s convenient to express 85% as 85/100 = 19/20

Solution: Sale price = 19/20 * original price

Answer 3b: Sale price = 19/20 * 40 = 38 dollars.

c) If the sale price is $70, what was the original price?

Solution: Sale price = 19/20 * original price so

70 = 19/20 * original price, which is the same as

Original price =  
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Answer 3c: Original price was 1400/19 dollars. 
Example 4: The price of an overcoat is marked down 7% to $90. What was the original price?

Solution: Proportional Price change = 100% – 7% = 93% = 0.93 and so the equation

New price = 0.93* old price relates the new and old prices.

Now let x be the original (old) price you are looking for.

 “Plug in” the fact that the new price is 90 dollars into the relation
New price = 0.93 * old price and so
90 = 0.93 * x      Divide both sides by 0.93 to get

x = 90 ÷ 0.93

This could be worked out as
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dollars.  If you want to express the answer as a mixed number, do long division to get

          96
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         72   and so 

Answer 4 The original price was 96  72/93 dollars.
In practice, the price must be calculated in dollars and cents, either by dividing 72 by 93 or by continuing the above long division:

          96.77
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         65 1
           6 90 

           6 51
             39    and so the price is $96.77 rounded to the nearest penny.
Example 5: Suppose there has been a price increase for which

New price = 1.114 * old price. What was the percentage price increase?

Solution:  Change 1.114 to a percent, so 

New price = 111.4% of the old price. Therefore 

Percentage Price increase = 111.14% – 100% = 11.4%
Answer 5: The percentage price increase was 11.4%
Successive price changes

Example 6:  Suppose Sunday’s prices went up by 4% on Monday, and then by another 5% on Tuesday.  Express the combined price increase as a percentage increase.

Solution. Working as above,

Monday price = 1.04 * Original price

Tuesday price = 1.05 * Monday price and so

Tuesday price = 1.05*1.04 * Monday price. Multiply to get

Tuesday price = 1.092 * Original price = 109.2% of original price

Therefore the combined percentage price increase was 109.2% – 100% = 9.2%

Answer 6: The price increase is 9.2% of the original price. 
Why is it that a 4% price increase and a  5% price increase don’t combine to a  9% price increase? Suppose the price started out as $100.00 Then 4% of $100.00 is $4.00 and so the Monday price, after the increase, is $104.00. However,  the 5% price increase on Tuesday is computed not as 5% of the original price, but as 5% of the raised price $104.00.  Now  5% of $104.00 is $5.20, not $5.00 as you might have expected!  The extra 20 cents appears by calculating 5% of the first increase of $4.00. 

Therefore the Tuesday price is 

Monday price + 5% of Monday price

= $104.00 + $5.00 + $0.20 

= $109.20 and the  total price increase is $9.20, which is 9.2% of the original price.  

Example 7: A grocer finds out Monday night that he’s losing money. On Tuesday, he raises all prices 10 percent. Tuesday night, he realizes that he is still losing money and so on Wednesday he raises the Tuesday prices 5 percent.

a) Express the combined price change as a proportional relation between the Wednesday price and the original Monday price.

Solution: 
The Tuesday price is       110% of the Monday price = 1.10* Monday price

The Wednesday price is 105% of the Tuesday price 

= 1.05 * Tuesday price

= 1.05*1.10* Monday price 

Answer 7a: Wednesday price = 1.155 * Monday price  

b) What was the Monday price of an item that sold for 100 dollars on Wednesday? Don’t simplify your answer.
Solution: From part a),

Wednesday price = 1.155 * Monday price and so

100 = 1.155 * Monday price. This multiplication can be restated as a division problem

Monday price = 100 ÷ 1.155:

Answer 7b: On Monday, the item sold for 100÷1.155 dollars.
c) Express the price increase from Monday to Wednesday as a single percentage increase.

Refer to Example 13 to remind yourself why you don’t expect the result of a 10 % increase and a 5% increase combine to be a 15% increase.

Solution: From part a)  

Wednesday price = 1.155 * Monday price.= 115.5% of Monday price

Therefore the percentage price increase is 115.5 % – 100% = 15.5% 

Answer 7c: The price increase is 15.5 percent.  
Example 8 : Find the combined percentage price change if the Monday price goes up 10 percent on Tuesday and goes back down 5 percent on Wednesday.

Solution: 
Tuesday price = (100% + 10%), or 110% of Monday price. Then

Wednesday price = (100% – 5%) of Tuesday price

= 95% of Tuesday price

= .95 * Tuesday price

= .95*1.10*Monday price

= 1.045 * Monday price

= 104.5% of Monday price 

Answer 8: The combined price change is a price increase of 4.5 %
Example 9: Macy’s and Ohrbach’s start off with the same prices.

Macy’s and Ohrbach’s change their prices every month.

Macy’s raises prices 4% in January, lowers the January prices 3 % in February, then raises the February prices 2% in March.

Ohrbach’s uses the same price changes in a different order: 

It lowers prices 3% in January, then raises the January prices 2 % in February, then raises the February prices 4% in March. 

Question: Which store’s prices are higher in March after these 3 price changes have taken place. Explain your reasoning.

Solution: 
In Macy’s

Jan price = 1.04*original price

Feb price = 0.97* Jan price = = 0.97*1.04*original price

March price = 1.02*Feb price = 1.02*0.97*1.04* original price.

In Ohrbach’s

Jan price = 0.97*original price

Feb price = 1.02*  Jan price =   1.02*0.97*original price

March price = 1.04*Feb price = 1.04*1.02*0.97* original price.

Summary: 

Macy’s       March price  =  1.02*0.97*1.04* original price.

Ohrbach’s  March price   = 1.02*1.04*0.97* original price.

The numbers

1.02*0.97*1.04 (for Macy’s) and 

1.04*1.02*0.97 (for Ohrbach’s) are equal because numbers can be multiplied in any order. Since the original prices are the same, the final price changes are the same!

Answer: The final prices are the same. 
Reason: The order of percentage price changes doesn’t matter because the order of multiplication doesn’t matter.

Answer 9: The prices are the same.

An application of this kind of reasoning is the following. Sales tax is 8%. Suppose the register clerk is finding out the price of an item that has been marked down ten percent. Then the clerk can either 

· Mark  down the ticket price by 10%, then add 8% to the marked down price or 
· Add  the 8% tax to the ticket price, then mark down the result by 10%.
The results are the same because numbers can be multiplied in any order, 

 not because numbers can be added in any order!
Exercises  

1. What is the final percentage price change produced by marking down prices 10 percent on Monday, then marking them up 10% on Tuesday? Check your answer by using an original price of 500 dollars.

2. Find the combined percentage price change produced by first raising the price 10 percent, then lowering it 8%. Check your work using an original price of $100.00

3. Use the answer to problem 2 for the following. Use a calculator for part b) only.

a) If the original price of an item was $400.00, what was its final price?

b) If the final price was $400.00, what was the original price?  

4.  What’s the combined percentage price change if a 1/4 off sale is followed by an additional 1/5 sale?

5.  7 inches on a map represents a real-life distance of 100 miles.

a) What real-life distance is represented by 5 inches?

b) What distance on the map represents a real life distance of 1000 miles?

6. 3 pounds of flour are required by a recipe for 100 cookies.

a) How many cookies would you make if you used 8 pounds of flour?

b) How much flour is needed to bake 140 cookies?

7. A train travels at a fixed (never-changing) speed on a long trip
  If the train goes 170 miles in 3 hours, 

a) How far does it go in 5 hours?
b) How long does it take to go 220 miles?

8. I made a large batch of cookies, all having the same weight. 

Suppose 7 cookies weigh 10 ounces.

a) How much does each cookie weigh?

b) How many cookies together weight 40 ounces?

9. Suit prices are marked down ten percent

a) If the sale price is 120 dollars, what was the original price?

b) If the original price is 90 dollars, what is the sale price?

10. Suit prices are marked down ten percent. However, you need to pay sales tax that is 8 percent of whatever price you pay. You buy a suit for 200 dollars.

a)  What’s the final price if the sales clerk first reduces $200 by ten percent, and then adds 8 percent to the result?

b) What’s the final price if the sales clerk first figures out the price including 8 percent sales tax and then reduces that price by ten percent?

c) Your answers to a) and b) should be the same. Explain why that happens. 

11.  a) In the following examples of price increases totaling 10%, what pair of increases  produces the smallest total increase? The largest?

a) 0 % and 10% 

b) 1 % and 9%

c) 2% and 8%

d)3% and 7%

e) 4% and 6%

f) 5% and 5%

 b) Answer part a) assuming that the pairs of percentages are price decreases (markdowns).  
12.   Explain why both parts of problem 11    can be rephrased as follows: Find two numbers a and b such that

       a + b = 0.10 and the product of a and b is as large (or as small) as possible.

Lesson 28: Converting between units of measurement

Units of measurement include:

Time measurements: years, days, hours, minutes, seconds;

Distance measurements: inches, feet, yards, miles, millimeters, centimeters, meters;

Weight measurements: ounces, pounds, grams, kilograms

(Technically, grams and kilograms measure mass, but it’s common to use these units to indicate the weight of an thing when it is located at the Earth’s surface).

Furthermore, two measurements can be combined into a compound measurement. The most common compound measurement is  speed, which is distance moved in a unit of time  Twenty-four different units of speed can be derived from the distance and time units listed above. Those units range all the way from millimeters per year to miles per second. In the following examples, the word “per” means “each.”
The speed of light is about 186,000 miles per second.
The moon is receding from the earth at an average speed of 3.8 centimeters per year.
Everyday examples require conversion of units.  

Example 1: There are 3 feet in a yard. How many feet in 7 yards?

Solution: Each yard contains 3 feet, and so 7 yards contain 7*3 feet.

This answer should be automatic. To prepare for more difficult problems, you could give the following (really unnecessary) details: Start with the equation

1 yard = 3 feet. Multiply by 7 to get

7 yards = 21 feet.

Answer 1:  There are 21 feet in 7 yards.  

Example 2: There are 15 feet in 5 yards. How many feet in 7 yards?

Although this is a proportion problem, many people would proceed as follows.

Solution:
a) 15 feet in 5 yards ---> 15/5 feet in 1 yard.

In this case, if you can’t do this problem easily in your head, you are starting with the equation

15 feet = 5 yards and dividing by 5 to get

15/5 feet = 1 yard. 

Resist the usually correct urge to change the number. 15/5 to 3. 

b) As in Example 1 , Multiply the last equation by 7 to get

15/5 * 7 feet = 7 yards.

Answer 2: There are 21 feet in 7 yards. 

Here’s an example with a measurement you may not be familiar with.

Example 3 There are 3 feet in 2 cubits. How many feet in 7 cubits?

Solution:

a) 3 feet in 2 cubits --> 3/2 feet in one cubit.

b) 3/2 feet in one cubit --> 3/2 * 7 feet in 7 cubits.

 Answer 3:  There are  21/2 feet in 7 cubits.

When patterns arise in solutions to a related sequence of problems, it’s important to extract that pattern. Example 3 clarifies what was earlier apparent in Example 2, although only if you don’t cancel right away: one way to solve proportion problems is first to find out the constant of proportionality. 

Another way is to multiply the original measurement by a conversion factor.

Definition: A conversion factor expresses the number 1 as a fraction by using different units in the numerator and denominator.

In example 3, the only information available was 3 feet = 2 cubits. Therefore 
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are both 1, and so both fractions are conversion factors. 

Multiplying any number by 1 doesn’t change it.  

That’s why conversion factors are useful: they can be used to change the unit of measurement while keeping the measurement the same.
Strategy for using conversion factors 

Multiply the original measurement by one or more conversion factors until you obtain a measurement with the desired units.  
Example 3 again: There are 3 feet in 2 cubits. How many feet in 7 cubits?

Solution: To get rid of the original units (cubits) multiply by a conversion factor that contains cubits in the denominator. In this case, you obtain the answer immediately.

7 cubits = 7cubits * 1 =   7 cubits *
[image: image303.wmf]feet

cubits

feet

2

21

=

2

3

   

Answer 3: there are 21/2 (or 10.5, or 10 1/2) feet in 7 cubits. 

A better way to write the conversion factor
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[image: image305.wmf]cubit

feet

2

3

 , read 
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  feet per cubit.  In other words, each cubit corresponds to 3/2 feet.

Example 4: There are 3 feet in 2 cubits. How many cubits are in7 feet?

Solution: You are starting with 7 feet. You want to multiply by a fraction with feet in the denominator. Therefore multiply the original measurement by the conversion factor
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This method works for any proportion problem. Let’s revisit a recipe problem.

Example 5: A recipe calls for 11 pounds of sugar and 7 pounds of flour. How much sugar is needed if you use 10 pounds of flour?

You may prefer the following conversion factor method to the cross-multiplication procedure used in Lesson xxx.

Solution: Start with 11 pounds of sugar, which you want to convert to pounds of flour.

To cancel the unit “pounds of sugar,” look for that unit in the denominator of a conversion factor, which is in this case
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. Multiply the original measurement by the conversion factor:
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Answer 5: You need 70/11 pounds of flour.
You may prefer to use the cross-multiply method for this particular type of problem. That’s fine. However, the conversion factor method is a virtual necessity in multi-step proportion problems like the following.

Example 6: Each day, a baker writes down the list of ingredients he used to make his specialty apple pie. The ingredients are flour, shortening, sugar, and apples. Unfortunately, his record book has been damaged and retains only the following information:

	        Pounds of:
	 Apples
	Flour
	Sugar
	Shortening

	Monday
	5
	7
	?
	?

	Tuesday
	?
	3
	7
	?

	Wednesday
	9
	?
	?
	2


How many pounds of flour should he use with 11 pounds of shortening?

Solution:  
In the following, every ingredient name should be preceded by the phrase “pounds of.” It is being omitted merely to save space.

The available conversion factors (fractions equal to 1) are:

For Monday:  
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For Tuesday: 
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For Wednesday: 
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First cancel the original unit:  (pounds) of shortening: multiply by any conversion factor with that unit in the denominator. In this problem, there is no choice but to use the Wednesday conversion factor: 
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This is indeed the weight of apples required when the baker uses 11 pounds of shortening. However, that wasn’t the question. You haven’t done anything wrong, but you need to keep going.  

You now have apples as units and still want to convert to units of flour. 

To cancel the apples, look for a conversion factor with apples in the denominator.

 There are two such: 
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from the Monday data and 
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Since you want units of flour in your answer, choose the conversion factor with flour in the numerator, namely 
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Rewrite and continue the previous work: Multiply 99/2 apples from the last step by that conversion factor to get:
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Answer 6:  69.3 pounds of flour is needed for 11 pounds of shortening.

Example 7 The Yellowstone geyser erupts 11 times every 90 minutes. How many times does it erupt in 3 weeks?

 Solution:
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It’s actually quite ease to condense the work to one line as follows.

Cancel as you proceed from left to right.
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Answer 7: The geyser erupts 336 times in 3 weeks.

Example 7 is a bit easier than Recipe Example 6 because it’s clear that you need to convert days to hours to minutes to solve the problem. However, problems won’t always involve familiar systems of units. 
Strategy for composite unit conversions

Converting from old units to new ones may require intermediate steps. You will perform the conversion in one step if you can find, and multiply the original measurement by, 

 a conversion factor of the form 
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If, however, such a unit is not listed in the problem you will need to perform one or more intermediate steps in which you multiply the original unit by an intermediate unit using a conversion factor of the form
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 Your goal is to finally multiply by a conversion factor of the form  
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to complete the conversion to the new unit.

The scheme can be pictured s follows: IM1 stands for intermediate unit #1, and so on.

***************************************************
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Converting composite units of measurement

The speed of a moving thing is called a composite measurement, because it involves two basic measuring units. When you say that a car is moving at constant speed 60 miles per hour, you are saying that the car moves 60 miles in every hour. The speed is expressed as 
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. Note that the compound measurement resembles a conversion factor.

Example 8 Use the facts that that are 5280 feet in a mile, 3 feet in a yard  to convert 60 miles/hour to units of yards/second.

Solution: Both time and distance units must be converted. The goal is to switch the units from miles to yards and from hours to seconds. Perform the conversions in either order. For example, first convert miles to yards. 
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Continue by converting hours to seconds
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The solution shown postpones the fraction renaming to the end of the problem. Sometimes, but not always, it’s better to do that work as you go along. In any case:
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Answer 8: 60 miles per hour = 88/3yards per second = 29 2/3 yards per second.

Appendix I:  Commuting operators

As emphasized earlier, there are two ways to view each of addition, subtraction, multiplication, division, and exponentiation: 

· as a way to combine two numbers, e.g. 2 * 5 = 10 or 2 + 5 = 7

· as an operation on a starting number: multiply by 5, add 5, etc.

The distinction is sufficiently important to warrant a slight change of language. Each of the five listed processes will be referred to as an operation in the first case and as an operator in the second.  That is: addition is an operation that combines 2 and 5 to give the sum 7, whereas adding 2 to a starting number is an addition operator. 

Two or more operators can be applied in sequence to a starting number. For example, we have seen that addition and subtraction undo each other. In other words, if you start with a number, then add 2, then subtract 2, you return to your starting number.  Starting with a number, then adding 2, then subtracting 2, gets you back to your starting number.  

The distinction between operation and operator is made in advanced math books, using slightly different terminology. Addition as a way of combining two numbers is called a binary operation. Addition as an operation on a starting number is referred to either as an operator (our choice of terminology) or as a unary operation.

One important reason for being concerned with the distinction between operator and operation is the following.

Addition and multiplication are commutative operations: 3 + 2 = 2 + 3 and 3*2 = 2*3

Subtraction and division are not commutative operations. In fact, 

Subtraction and division are anti-commutative operations in the following sense.

3 – 2 is the opposite of 2 – 3 and 3

3÷2 is the opposite of 2÷3.  

Two or more operators can be composed, in the following sense.

Start with a number x

Add 2 to get x + 2

Add 3 to get x + 2 + 3, which is x + 5

Clearly the operators add 2 and add 3 cold have been applied in the reverse order to get the same result

Start with a number x

Add 3 to get x + 3

Add 2 to get x + 3 + 2, which is x + 5.

Therefore the composite operators

add 2, then add 3    and

add 3, then add 2

produce the same result for all starting numbers. In such a case, the operators are said to be commute. 

More generally, two or more operators commute if the result of applying the operators in sequence to arbitrary starting numbers doesn’t depend on the order in which the operators were applied.    

The critical statements of commuting operators are:

Any combination of addition and subtraction operators commute. Similarly

Any combination of multiplication and division operators commute. However

An addition operator and a multiply operate commute when, and only when, the addition operator is  Add 0, which of course is a pretty useless operator.

Appendix II: Solutions to selected problems
Lesson 9 Exercises : Question 4
a) 1 7/8 or 15/8

b) 1 1/4 or 5/4    (neither 1 3/12 nor 15/12 is reduced)

c) 3

d)15/16

e) 3 3/4 or 15/4

f) 2 1/2 or 5/2

g) 2 3/7 or 17/7

h) 3

i) 3

j) 1 6/11 or 17/11

k) 3 2/5 or 17/5

Lesson 10 Exercises

1. The bar shown represents 14/6
a) 42/18         b) 70/30                  c) 140/60

2. 

	
	
	
	
	
	
	
	
	
	
	
	
	


      0                      1                      2

10/6 can be renamed as 5/3 or as 20/12

3. a)    5/2      b)   8/3     c)     20/13      d) 4/3     e) 3    f) 5/8

4. a) 6/8   b) 7/4 = 14/8    c) 20/8     d) 8/8      e) 24/8

5. a) 32/9   b) 252/19    c) 14/9   d) 2007/100

Lesson 16
a) -3   b) -73   c) 3   d) 73    e) -81   

e) 1     f) 40     g) -40    h) -200    [Note that there was a typo: e) is repeated]

  Picture of a)          4 + -7   Here the -7 is on top, 4 is on the bottom

	
	
	
	
	
	
	

	
	
	
	


0                1                   2                   3                   4                   5                    6                7

Again, -4  and 4 add to 0. In this version the shaded stick (4) and the first 4 units of the unshaded shaded stick annihilate each other to leave the following unshaded stick, whose length is also -7 + 4 = 3. 

	 
	
	
	
	
	
	


0                1                   2                   3                   4                   5                    6                7

Since unshaded sticks represent negative numbers, 4 + -7 = -3. 

picture c) of -4 + 7   with 7 on top

	
	
	
	
	
	
	

	
	
	
	


0                1                   2                   3                   4                   5                    6                7

To interpret this picture, recall that  -4  and 4 add to 0. In the above diagram the unshaded stick (-4) and the first 4 units of the shaded stick “annihilate” each other to leave the following shaded stick, whose length is 7 – 4 = 3. Therefore 7 + -4 = 3.

	 
	
	
	
	
	
	


0                1                   2                   3                   4                   5                    6                7

Lesson 17 Exercises

1) 

	
	
	
	
	
	
	
	
	
	


     0                                                       1                                                     2

Adding numbers is represented by gluing sticks.

4/5 length stick + 3/5 length stick = 7/5 length stick.

Therefore 4/5 + 3/5 = 7/5.
2) 
[image: image330.wmf]c

b

a

c

b

c

a

+

=

+

   For example, 47/5 + 33/5 = 80/5 = 16.

3) 

a)  1/5 = 2/10 = 3/15 = 4/20 = 5/25

b) 1/4 = 2/8 = 3/12 = 4/16 = 5/20

c) 1/4 + 1/5 = 4/20 + 5/20 = 9/20
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


     0                    4/5                       9/5                                                                     1

4) 

	7/8   
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	    7÷8
	     7  * 1/8
	1/8 + 1/8 +1/8 +1/8 +1/8 +1/8 +1/8 
	       1/8 * 7


5)

	7/6   
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	7÷6
	7  * 1/6
	1/6 + 1/6 + 1/6 + 1/6 + 1/6 + 1/6 + 1/6 
	1/6 * 7
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6. 

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


    0                                          1                                           2                                            3

4* 5/8 is represented by four 5/8 length sticks glued together. Total length: 20/8 = 2 1/2

7.

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


   0                                1                                2                                3                               4

4 – 5/8 is a 4 unit stick with 5/8 unit removed from the end, leaving 3  3/8
8.  Start with a length 6 stick. 
	
	
	
	
	
	


   0                     1                     2                    3                     4                    5                    6

To separate the stick into pieces 3/4 inch long, first separate it into pieces 3 inches long.

	
	


   0                                                                  3                                                                 6

The number of pieces is clearly  
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Now separate each of the above 3 inch long pieces into 4 pieces, each 3/4 inch long.

	
	
	
	
	
	
	
	


    0             3/4            6/4            9/4           12/4         15/4           18/4         21/4       24/4

The above tick labels are left unreduced to show clearly that each piece is 3/4 inch long.

You can count pieces to conclude that 
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More important, you see that the result was attained as follows.

Start with 6.

Divide by 3 (the numerator of 3/4)

Multiply by 4 (the denominator of 3/4).

However, dividing by 3, then multiplying by 4 is the same as multiplying by 4/3 and so  

To divide 6 be 3/4, multiply 6 by 4/3.

Lesson 18 Exercises

1. a) 31/20   b) -1/20    c) 3/5    d) 15/16

2. a) 
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b) 
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c) 
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d) 
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 Here we used the answer from part c)
e) 
[image: image340.wmf]5

24

=

5

6

4

=

6

5

4

*

/

  Again use the result of part c) to conclude
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f) 
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g)  You could convert each mixed number to a fraction but the following method is better:
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h) You can’t use the method in g) when you multiply or divide! The following shows the result of diagonal cancellation; unfortunately, there’s no way to show the cancellation marks themselves. When you cancel, your work should be much shorter.

[image: image345.wmf]4

1

8

=

4

33

=

4

3

1

11

=

4

3

1

22

=

4

15

5

22

=

4

3

3

5

2

4

*

*

*

*


i)  Make sure you don’t try to cross-cancel when you divide:
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3. Using the indicated substitution
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To find 
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 first find the numerator: 
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  The answers check!

5.  
Multiplication rule: show 
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                        :       
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On the other hand:
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The results are the same because the order of multiplication doesn’t matter.

Price change problems:
Solution 4
The constant of proportionality for the 1/4 off sale is 1 – 1/4 = 3/4

The constant of proportionality for the 1/5 off sale is 1 – 1/5 = 4/5

When the sales follow each other, 

Final price = 3/4 * 4/5 of the original price

= 3/5 of the original price. Multiply by 100 to find that the

Final price  = 60% of the original price, 

which is         40% off the original price, since 100% - 60% = 40%. 

Answer: The combined change is 40 % off the original price.
Solution 5:  a) Let R = real distance in miles represented by 5 inches
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Answer 5a): 500/7 miles. 

b) Let M  = # of map inches to represent 1000 real miles.
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Answer 5b): 70 map inches.

Solution 6:

a) Let C = # of cookies
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Answer 6a)  800/3 cookies.
b) Let F = # pounds of flour
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Answer 6b): 4.2 pounds of flour 

Solution 7: 
The following solution shows that you don’t need to cross-multiply if you put the unknown in the numerator of a proportion
a) Let M = # of miles it goes in 5 hours. 
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Note: here we multiplied both sides of the above equation by 5.

Answer 7a) : 850/3 miles

b) Let H = # of hours
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Answer 7b) 66/17 hours

Solution 9: Sale (price) =  (100% - 10%) or 90% of original (price)

Sale = 0.90 * original 

a) 120 = 0.90 * original so original = 120/0.90 

Answer 9a) The original price was $133.33

b) If original = 20, then sale = 0.90 * 90 = 81  

Answer 9b) The sale price is $81.00

Answer 10a) Proportional price change for a 10 percent discount is 90%  = 0.90

and for an 8 percent markup is 1 + 0.08 = 1.08

Thus reduction from $200 --> discounted price is 0.90 * 200

Final price with tax included is then 1.08*0.90*200 dollars.

Answer 10b)Tax first: taxed price is 1.08 * 200 dollars

Apply discount: price becomes 0.90 * 1.08 * 200 dollars.

Answer 10c) The answers  1.08*0.90*200 = $194.40 and   0.90 * 1.08* 200 = $194.40 are the same because you can multiply 0.90 and 1.08 in either order.

Solution 11a)
a) 1.0 * 1.10 = 1.10, a proportional increase of 0.10 or 10 %

b) 1.01 * 1.09 = 1.1009, a proportional increase of 0.1009 or 10.09 %

c) 1.02 * 1.08 = 1.1016 , a proportional increase of 0.1016 or 10,16 %

d) 1.03 * 1.07 = 1.1021, a proportional increase of 0.1021 or 10.21 %

e) 1.04 * 1.06 = 1.1024, a proportional increase of 0.1024 or 10.24 %

f) 1.05 * 1.05  = 1.1025, a proportional increase of 0.1025 or 10.25  %

Answer 11a: The smallest price increase is a), the largest is f)

a) 1.00 * 0.90 =  .90 = 90% and so markdown is 100%-90% = 10 %  

b) 0.99 * 0.91 =  0.9009 = 90.09% and so 

                                                               the markdown  is 100%-90.09% = 9.91%  

c) 0.98 * 0.92  =  0.9016 = 90.16% and so the markdown  is 9.84 %,  

d) 0.97 * 0.93 =  0.9021 = 90.21% and so the markdown  is 9.81 %,  

e) 0.96 * 0.94 =  0.9024 = 90.24% and so the markdown  is 0.76 %,  

f) 0.95 * 0.95 =  0.9025 = 90.25% and so the markdown  is 9.75 %.
Answer 11b: The largest price decrease is  a), the smallest price decrease is f)

Answer, for 11a),  .

Let a and b be the proportional price increases that add to 10%, which is 0.1
In other words if the price increases are 3% and 7 %, then a = 0.03 and b = 0.07

After the first increase,

Intermediate price = (1+a)*original price.

After the second increase

Final price = (1+b)*intermediate price and so

Final price = (1+b)*(1+a) * original price.

However (1 + b) * (1 + a) = 1 + a + b + a*b. Since a + b = 0.1,

this expression simplifies to 1 + 0.1 + a* b and so

Final price = (1.1 + a*b) * original price.

Therefore the problem boils down to find the smallest and largest possible values of a*b when  a and b are positive (price increases, remember) and a + b = 0.10

The largest value of a*b is 0.05*0.05 and so two 5 percent increases produce the largest total percentage increase, namely 10.25%. This is the worst outcome for the customer.

The smallest value of a*b is 0, and so a 0 percent increase and a 10 percent increase produce the smallest total percentage increase, namely 10%. This is best outcome for the customer.

Answer for 11b) is similar, except 

Intermediate price = (1 – a)* original price

Final price = (1-b)*(1-a)*original price

Final price = (1 – a – b + a*b*original price)

But 1 – a – b = 1 – (a + b) = 1-0.10 = 0.90 and so

Final price = (0.90 +a*b)*original price.

The combined markdown is greatest when a*b is as small as possible, and so one increase should be 0% and the other should be 10% to get a combined markdown of 10%, the best outcome for the customer.

The combined markdown is smallest when a*b is largest, i.e. when a and b are both 5% markdowns, for then the combined markdown is only 9.75%, the worst outcome for the customer.
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