
6.5 – Logarithmic Properties

Learning Objectives

1 Properties of logarithms.

2 Laws of logarithms

3 Expand logarithmic expressions.

4 Combine logarithmic expressions.

5 Use the change-of-base formula for logarithms.



1 – Properties of Logarithms

When we apply the Inverse Function Property to f (x) = bx and
f −1(x) = logb x , we get

logb(b
x) = x for (−∞,∞)

blogb x = x for (0,∞)

Properties of Logarithms

1 logb 1 = 0

2 logbb = 1

3 logb(b
x) = x

4 blogb x = x



Example 1 – Applying Properties of Logarithms



2 – Laws of Logarithms

Since logarithms are exponents, the Laws of Exponents give rise to
the Laws of Logarithms.



The Product Rule for Logarithms

The product rule for logarithms can be used to simplify a logarithm
of a product by rewriting it as a sum of individual logarithms.

logb(AB) = logb A+ logb B



Example 2 – Using the Product Rule for Logarithms

Expand log3(30x(3x + 4)).
Solution:



The Quotient Rule for Logarithms

The quotient rule for logarithms can be used to simplify a
logarithm or a quotient by rewriting it as the difference of
individual logarithms.

logb

(
A

B

)
= loga A− logb B



Example 3 – Using the Quotient Rule for Logarithms

Expand log2

(
15x(x − 1)

(3x + 4)(2− x)

)
.

Solution:



The Power Rule for Logarithms

The power rule for logarithms can be used to simplify the
logarithm of a power by rewriting it as the product of the exponent
times the logarithm of the base.

logb(A
C ) = C logb A



Example 4 – Expanding a Logarithm with Powers

Expand log2 x
5.

Solution:



3 – Expanding Logarithmic Expressions

The Laws of Logarithms allow us to write the logarithm of a
product or a quotient as the sum or difference of logarithms. This
process, called expanding a logarithmic expression, is illustrated in
the next example.



Example 5 – Expanding Logarithmic Expressions

Solution:



4 – Combining Logarithmic Expressions

The Laws of Logarithms also allow us to reverse the process of
expanding that was done in Example 5. That is, we can write sums
and differences of logarithms as a single logarithm. This process,
called combining logarithmic expressions, is illustrated in the next
example.



Example 6 – Combining Logarithmic Expressions

Solution:



5 – Using the Change-of-Base Formula for Logarithms

Most calculators can evaluate only common and natural logs. In
order to evaluate logarithms with a base other than 10 or e we use
the change-of-base formula to rewrite the logarithm as the
quotient of logarithms of any other base; when using a calculator,
we would change them to common or natural logs.



Change of Base Formula

The change-of-base formula can be used to evaluate a logarithm
with any base.

For any positive real numbers M,b, and n, where n ̸= 1 and b ̸= 1.

logb M =
lognM

logn b

The change-of-base formula can be used to rewrite a logarithm
with any base as the quotient of common or natural logs.



Example 7 – Changing Logarithmic Expressions to
Expressions Involving Only Natural Logs

Change log5 3 to a quotient of natural logarithms.
Solution:


