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2  Definition 

Given a series 1 2 3
1

n
n

a a a a
∞

=

= + + +∑  , let ns  denote its nth partial sum: 
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If the sequence { }ns  is convergent and lim nn
s s

→∞
=  exists as a real number, then the series na∑  is called 

convergent and we write 
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a a a s a s
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The number s  is called the sum of the series. 
If the sequence { }ns  is divergent, then the series is called divergent. 
 
An important example of an infinite series is the geometric series 
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Each term is obtained from the preceding one by multiplying it by the common ratio r .  (The series that arises 
from Zeno’s paradox is the special case where 1

2a =  and 1
2r = .) 

 
If 1r = , then ns a a a a na= + + + + = → ±∞ .  Since lim nn

s
→∞

 doesn’t exist, the geometric series diverges in this 

case. 
 
If 1r ≠ , we have 
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Subtracting these equations (and solving for ns ), we get 
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If 1 1r− < < , we know from (11.1.9) that 0nr →  as n →∞ , so 
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   − −  = = = −    − − − −    
   = − = − =   − − − − −   

 

Thus when 1r <  the geometric series is convergent and its sum is 
1

a
r−

. 

 
If 1r ≤ −  or 1r > , the sequence { }nr  is divergent by (11.1.9) and so, by Equation 3 , lim nn

s
→∞

 does not exist. 
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4  The geometric series 
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is convergent if 1r <  and its sum is  
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If 1r ≥ , the geometric series is divergent. 
 

5  
0

1
1

n

n
x

x

∞

=

=
−∑  

 
6  Theorem 

If the series 
1

n
n

a
∞

=
∑  is convergent, then lim 0nn

a
→∞

= . 

 
7  Test for Divergence 

If lim nn
a

→∞
 does not exist or if lim 0nn

a
→∞

≠ , then the series 
1

n
n

a
∞

=
∑  is divergent. 

 
8  Theorem 

If na∑  and nb∑  are convergent series, then so are the series nca∑  (where c  is a constant), ( )n na b+∑ , 

and ( )n na b−∑ , and 

 (i) 
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On pages 3 and 4 are definitions and descriptions from Thomas’s Calculus textbook 
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Definitions 
Given a sequence of numbers { }na , an expression of the form  
  1 2 3 na a a a+ + + + +   
is an infinite series.  The number na  is the nth term of the series.  The sequence { }ns  defined by 
  1 1s a=  
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is the sequence of partial sums of the series, the number ns  being the nth partial sum.  If the sequence of 
partial sums converges to a limit L , we say that the series converges and that its sum is L .  In this case, we 
also write 

  1 2
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n n
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a a a a L
∞
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+ + + + = =∑   

If the sequence of partial sums of the series does not converge, we say that the series diverges. 
 
Geometric Series 
Geometric series are series of the form 

  2 1 1

1
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=
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In which a  and r  are fixed real numbers and 0a ≠ .  The series can also be written as 
0

n

n
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=
∑ . 

 
If 1r ≠ , we can determine the convergence or divergence of the Geometric series in the following way: 
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If 1r < , then 0nr →  as n →∞ , so 
1n

as
r

→
−

 in this case. 

 
On the other hand, if 1r > , then nr →∞  and the series diverge. 
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If 1r < , the geometric series 2 1na ar ar ar −+ + + + +   converges to 
1

a
r−

: 
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−∑  

If 1r ≥ , the series diverges. 
 
Theorem 7 

If 
1

n
n

a
∞

=
∑  converges, then 0na → . 

 
The nth-Term Test for Divergence 

1
n

n
a

∞

=
∑  diverges if lim nn

a
→∞

 fails to exist or is different from zero. 

 
Theorem 8 
If na A=∑ : and nb B=∑  are convergent series, then  
 
1. Sum Rule:   ( )n n n na b a b A B+ = + = +∑ ∑ ∑  

2. Difference Rule:  ( )n n n na b a b A B− = − = −∑ ∑ ∑  

3. Constant Multiple Rule: n nka k a kA= =∑ ∑   (any number k ) 
 
1. Every nonzero constant multiple of a divergent series diverges. 
 
2. If na∑  converges and nb∑  diverges, then ( )n na b+∑  and ( )n na b−∑  both diverge. 
 
 
























