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Definition

Given a series Zan =a +a,+a,+-, let s, denote its nth partial sum:
n=1

n
S,=>.8, =8 +8,++a,
i=1
If the sequence {s,} is convergentand lims, =s exists as a real number, then the series z a, iscalled

n—o0

convergent and we write
8 +a,+-+a,+-=5 Of Y a=s
n=1

The number s is called the sum of the series.
If the sequence {s,} is divergent, then the series is called divergent.

An important example of an infinite series is the geometric series
a+ar+ar’+--+ar"+..=>ar"™ a=0
=1

Each term is obtained from the preceding one by multiplying it by the common ratio r. (The series that arises
from Zeno’s paradox is the special case where a=1 and r=3.)

If r=1,then s, =a+a+a+---+a=na—too. Since lims, doesn’t exist, the geometric series diverges in this

n—oo

case.

If r=1, we have

s, =a+ar+ar’+---+ar"*

rs, =ar+ar’+ar’+---+ar"
Subtracting these equations (and solving for s, ), we get

n
s,—rs,=a—ar

5,(1-r)=a(i-r") 5, =20~
—r
5 = a@-r")
1-r

If -1<r <1, we know from (11.1.9) that r" —0 as n — o, SO
lims, = lim 242" _ jjm [ 322" ﬂim(i]—lim ar
n—>c0 noo 11—y n—>o 1-r noo\ 1—r n>ol 1—r

a a V(. a ([ a _a
:E‘[E)!'ﬂl(r )= (H)“”—l_r

Thus when |r| <1 the geometric series is convergent and its sum is 1i.
-r

If r<-1orr>1,thesequence {r"} is divergent by (11.1.9) and so, by Equation , lims, does not exist.
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The geometric series
>art=a+ar+ar’+--
=1
is convergent if |r| <1 and its sum is
.. a
dart=— |r|<1
n=1 1-r

If |r|>1, the geometric series is divergent.

=L
nz;‘x T 1-x

@ Theorem

If the series Zan is convergent, then lima, =0.

n—oo
n=1

Test for Divergence

If lima, does not exist or if lima, = 0, then the series Zan is divergent.

n—oo n—oo
n=1

Theorem

If > a, and ) b, are convergent series, then so are the series > ca, (where c is aconstant), > (a,+b,),

and Y (a,-b,),and

(i) D ca,=c> a,

i) Y(a,+b)=Ya +3b,
i)y S(a,-b)=Ya -,

On pages 3 and 4 are definitions and descriptions from Thomas’s Calculus textbook
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Definitions
Given a sequence of numbers {a_}, an expression of the form

a+a,+ta;+---+a, +--
is an infinite series. The number a, is the nth term of the series. The sequence {s,} defined by
S =8
S =
) =

S a +a,

n
Sy=a +a,+--+a, =) a
k=1

is the sequence of partial sums of the series, the number s being the nth partial sum. If the sequence of

partial sums converges to a limit L, we say that the series converges and that its sum is L. In this case, we
also write

a+a,++a, +=y.a =L
n=1

If the sequence of partial sums of the series does not converge, we say that the series diverges.

Geometric Series
Geometric series are series of the form

a+ar+ar2+-~-+ar”‘1+~~-:2ar”‘1.
n=1

In which a and r are fixed real numbers and a = 0. The series can also be written as Zar“ )
n=0

If |r| #1, we can determine the convergence or divergence of the Geometric series in the following way:

s, =a+ar+ar’+---+ar""
rs, =ar+ar’+ar’®+---+ar"
s,—rs,=a—ar"
s,-r)=a(-r")
all—r")
5, =——+
1-r

a ..
If || <1, then r" -0 as n— o, so S >, in this case.

On the other hand, if |r| >1, then |r"

— oo and the series diverge.
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. § a
If |r| <1, the geometric series a+ar +ar®+---+ar"™" +--- converges to 1—:

@ar”’lzi rl<1
nZI 1-r ||

If |r|>1, the series diverges.

Theorem 7

If Zan converges, then a, — 0.

The nth-Term Test for Divergence

Zan diverges if lima, fails to exist or is different from zero.

n=1

nN—oo

Theorem 8
If > a,=A:and D b =B are convergent series, then

1. Sum Rule: D (a,+b)=>a,+> b =A+B

2. Difference Rule: D (a,-b)=>a,-> b =A-B

3. Constant Multiple Rule: D ka, =k> a, =kA (any number k)

1. Every nonzero constant multiple of a divergent series diverges.

2. If > a, convergesand » b, diverges, then > (a, +b,) and ) (a,—b,) both diverge.




JZ (&#’F)

e EACr
(m W)wg)r) T Ve )T o

/
= r (7 r) ( )* Jv(? w/>
:7;%’“’%:{“ [WW]

2 1 / . _ér (_,L,,_./__—)ﬂ_i-, :L
Z(t/:—(/:;):é;’é’”—nanﬁF Jrri) T VF 0 Z
a:(p "

Lomverpe



|
0 zz,vw,/ 1.2/

o E L) (1) -44i)
: (8 V=L (0)31))+ (20 ()1 (B L) - £l @)3)) 5 -
4 (4 ln)= 4 (G0 +0) +(h (7)= o () 1))
(Gl = 42) + (B2-4.3) 4 (fo3-L) +
b (Geloet)= Ll ) + (L) - (2 7))
] - f(n5)) =~ 1) fodt 0] [Wm]

Zh(E)e i n = B (b)) =eo doverges

e —————
RS-

[ ———————— e

OZ'O /
2 2) =2 %3’%

e
L= Zz ES, WWW
B C
} ! * ¢ /’} . f
m iG) a)(m) - u> e (i)

[ = /?(jf/)(xl/) +5(¢')//'/) + C (/’)(j*”)
1= A1) +Bli3-0) +C (i%+s)

M@/m Vi% Py

|= -4 0= ~-B+C O=H2»B+C
A=~ B=( O=(~/) +8+(B)
T |=28

= - =k

s mem———



e (e e
((;)_/ (z) (+! (3-) Ca (5>+/ -1 ") e

e/ 2z ] )4( |z, ,

()= (s) " (s @)= (6) " (4)+1 te

2 J /2 _’/___*)ﬁb_,_f____’z-_*/)
! é"'z)'l (n-'Z)‘f (z—l)*/) ’ (Cn—l)'( (»-1) * (a1)+/ (») -/ (n)  (%)4(
pul A ) Z / e __’_’_‘ (”‘—’——Z—"-}—
2{(7*7“*)*(1 ' ) s 5)

5 .;
@
+ ——{—v.é—-l-._(.—)_!_ —L-—,é—-;—._—’—-)—f//l
(b o @5 <S@ @5 7 ® e @@
4_(’_/_____- 2 __f__)_F(__,l_,,_}«—_;‘,//)_}(J——--_Z;_ —;—,_—/—)E
n-3 n-2 n-l n-2 n-| n n- | e nt(
@j g/ 4 o
M:/@, RWW%AW %34/%9/
Ut s 22 T g niddle &//#ﬁm/%mfw”
N S A
{"'/— " _;’:___7%4,”” -2 /L-';‘L—-,_na'lg
= - (S, __‘.{,', spb=L
Ezna.—n,:‘%&dn’ oo (2'{2' - +”+/§)/Z - 7 0} s



o 2332 i b ) ot s glorithic atrit 23

xR e
Z an"" s atant+ants

n=l

¢ 7[,%/25“'()*—,‘ ,

san'ran' rants.

—_—

¢ + 4 ‘/L("-,)-I_ le ¢

— S —

‘25& ?%5+,__ 27
) $L7L/of+

[E—
—_—

——— -—
—_—

a

=4 +¢( )(SJJ/‘[LF (%) ?(%)( 20 2
YD) @ (B = 2 @)
%demw% 05 ¥ and n=F

JW//L/:7§<// V%WW@/— _L;

&) /¢

- —

24 2 + 0.5 + 0126 +0.D3/125 + ..

=2 +2(7',) s) r2(z )( 0.125) +Z(—2L/)(p'03/2§”)+/,,
) (3) 2 (G)(5) ¢ m;w

=2 +2| ,Lz(/é).;zc ) y »
’2(9&} "Z(v) ’L?—(g +L(¢) oo :g 2(3’;
Ui s 0 geomiliic serito will a2 and 2%

diclal 51, i comge B3 L

("\«



\fll,z/ﬂ]
. ?fh 57 27,z

-,.—+~—- ) 5(_” +,__( —Z(L)(vr)

(”QWW&W%d, o and

e //L/—/</ 2 Wwﬁ

a_ . ( (= 7) . S
)- 2 -(3) |-z
77 (

28 Z S' ’37+__§,+£_3_+//

T 6o na 3/0)+/ 3 (1)+/ . (2)+( (3)+/( 3 ntl
S —_— Y te t
go) R e A RS et ey
2 3 ¢ n o+l
55"’__——43 + s ’-————3 3+1¢/+ o+ (1
(-2) -9% (-2 )"
PN (»~1)
‘34’3(’)'};/)'}3(’“ 41¢+3£———>+,,923 )
%md * Lt MZZ Qa3 /7 —{

g)sgzzw/ W%W%Www
S0, £ ) OF | F (L8 25(1)

n

M%AMQWWMQ S and/ s

oo 275> o nerits W



[L.2/r
9¢) S+ 2,2, 4,5 , 4 /io

i e § D .
L 3 ¢ g Ve - +
| 2 3 2 o0
< ¥ ﬁ——»-l—,_s;— 4 ey =2 a,

megé lAZ/m’”‘é.Z/m | £p

n>co nDo0 ¥l n>co

dies be a, #0 ,{%%M/Ava/m% YW e

o+ = +
<7 g 29¢3 7214
[ / )
= 5 Feom /" €~ iy -+ té e
(3 27 243 7 ) ( Y3 S’{ 727

(oAl i) ) (3 i) )
(3@ T ) - (G4

(3) ) ) T
(&)« (5 - (3600w
:i_}_}_:_’_g_:

g ¥ g



oo (‘él. oo
38) = Z Q
.L; j2—244f§ L= 4

L
/. a4, - L _ L _ %
LDoo H T ADes pv 2445 fses /e’:,;»é s
/
- — = /#0
)-0+0

%) Z[Zm) : /M)“] E(N) ;(014)

(n+()

(n-1)

_ Z (vo,z)[*ﬂ,z) & Z [ (0.6)

(1)

Wﬂarﬂz 2=-07 W”’%“ / A= ¢

/al=0. {C/

[n/= 02</

/[(0—2)) ((r()w)),{ 01)*(0.

442) > % a,

7= e n=/
o o < B [ *9/) _
>0 @ n->00 n>zea - ‘90o

W
-2
z — 4 —
& 12

e (91

e (W1, 9)



ééﬁl) %0 L gan 1{.7,/&

3 =

ﬁw,/% ——=/#0

no0o oo ’) nwo (’_ | +7~0

%)Z(W) ’g(r)*‘ ol m’ “@*

(@) EE @)
oo 4 Q/WW W%@ | god AT
M//L/ —,</”%6WW/Z§

SGENAN
/- (% !*

——

{Ly)h:z( ?f—;—f-———): ,(?:’ +?T:3n§ “S'(TvL?_nf-é—

2 | s 1.2
n;:%ﬂmm WW/M y)
JM %%:Z:i: Y



o2 n

50) > e g, .2/
"l n

/- /x (6” N/ ek) L - u)

n2e2 “r n>e0 n? T onves Uz — A %‘“ - +¢0§£&

PO

it gt g

——— e, e a——

£0) % (x+2) % (z02)(s2)
b5 @ geomelice wnits iZl @ (v02) 2nd 2= (2]

/ﬂ//C/ a (x—f&) :D(%Z _xt2
- - — (5¢ ]=¢-2 -2~/
[(er2)/ </ ' /= 67)
T/ <xt2e/
-3 < (—/

e 2eries MW/J/% —3< e <
Ond T e o Et2

—2x-(




52> g (#)n(xvs)h - %0 ('(/[[x-S))h: f (—g/x,g))(h'd M
me%a ) s 2= F(xS)
[ /<] . ()
[~#(z-5)/< | e 1= ()
[*t/x-5/ </ ! |

| + %(x-5) - [+ Y- 20

/ _ /

.y
— o T & —
Foc-(9

)9 f
L= ol —
< 9[

tod o S Lo Gl

- i (v»/)
WE-Z1 (3
MaWWZM%Q:/%//L:%—

[ 2]/ 2 héﬂ/( L){ff):_@_

[ Z /<) [wn  1-(% I-Z/)\— /) 2-x
\_/<_)2£;</ %WMW/”2<Z¢Z



//&/C/ a__ (U

( . s’
[44%) < S
) [N
- },/}_@s_é-
- ’ /
[0 =/

T _ 3
[/ <3 ki

Z@Z&W%{ %z,@[//] /A(m;c/cj M

i sivs 0wl M vl
(”“)MMZ%M/&: /



