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1  Intuitive Definition of a Limit of a Sequence 
A sequence { }na  has the limit L  and we write 
  lim nn

a L
→∞

=  or asna L n→ →∞  

if we can make the terms na  as close to L  as we line by taking n  sufficiently large.  If lim nn
a

→∞
 exists, we say the 

sequence converges (or is convergent).  Otherwise, we say the sequence diverges (or is divergent). 
 
2  Precise Definition of a Limit of a Sequence 

A sequence { }na has the limit L  and we write 
  lim nn

a L
→∞

=  or asna L n→ →∞  

if for every 0ε >  there is a corresponding integer N  such that 
  if n N>   then na L ε− <  
 
3  Precise Definition of an Infinite Limit 

The notation lim nn
a

→∞
= ∞  means that for every positive number M  there is an integer N  such that  

  if n N>   then na M>  
 
4  Theorem 

If lim ( )
n

f x L
→∞

=  and ( ) nf n a=  when n  is an integer, then lim nn
a L

→∞
= . 

 
Limit Laws of Sequences 
Suppose that { }na  and { }nb  are convergent sequences and c  is a constant.  Then 
 
1. Sum Law:   lim( ) lim limn n n nn n n

a b a b
→∞ →∞ →∞

+ = +  

2. Difference Law:  lim( ) lim limn n n nn n n
a b a b

→∞ →∞ →∞
− = −  

3. Constant Multiple Law: lim( ) limn nn n
c a c a

→∞ →∞
⋅ =  

4. Product Law:   lim( ) lim limn n n nn n n
a b a b

→∞ →∞ →∞
⋅ = ⋅  

5. Quotient Law:   
lim

lim
lim

nn n

n
n nn

aa
b b

→∞

→∞
→∞

 
= 

 
  if lim 0nn

b
→∞

≠  

 
Power Laws 

  lim lim
p

p
n nn n

a a
→∞ →∞

 =     if 0 and 0np a> >  

 
Squeeze Theorem for Sequences 
If n n na b c≤ ≤  for 0n n≥  and lim limn nn n

a c L
→∞ →∞

= =  then lim nn
b L

→∞
= . 
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6  Theorem 
If lim 0nn

a
→∞

= , then lim 0nn
a

→∞
= . 

 
7  Theorem 

If lim nn
a L

→∞
=  and the function f  is continuous at L , then  

  lim ( )nn
a f L

→∞
= . 

 
9  The sequence { }nr  is convergent if 1 1r− < ≤  and divergent for all other values of r . 

  
0 if 1 1

lim
1 if 1

n

n

r
r

r→∞

− < <
=  =

. 

 
10  Definition 

A sequence { }na  is called increasing if 1n na a +<  for all 1n ≥ , that is, 1 2 3a a a< < < .  It is called decreasing 
if 1n na a +>  for all 1n ≥ .  A sequence is called monotonic if it is either increasing or decreasing. 
 
11  Definition 

A sequence { }na  is bounded above if there is a number M  such that  
  na M<   for all 1n ≥  
A sequence { }na  is bounded below if there is a number m  such that  
  nm a<   for all 1n ≥  
If a sequence is bounded above and below, then it is called a bounded sequence. 
 
12  Monotonic Sequence Theorem 

Every bounded, monotonic sequence is convergent. 
 
In particular, a sequence that is increasing and bounded above converges, and a sequence that is decreasing and 
bounded below converges. 
 
 
Definitions, theorems and notes on page 3 and 4 are from Thomas’s Calculus textbook. 
 
Useful list that our text did not have are Theorem 5 on page 4. 
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Definitions 
The sequence { }na  converges to the number L  if for every positive number ε  there corresponds an integer N  
such that  
  na L ε− <  whenever n N> . 
If no such number L  exists, we say that { }na  diverges. 
 
If { }na  converges to L , we write lim nx

a L
→∞

= , or simply na L→ , and call L  the limit of the sequence. 

 
Definition 
The sequence { }na  diverges to infinity if for every number M  there is an integer N  such that for all n  larger 
than N , na M> .  If this condition holds we write 
  lim orn nn

a a
→∞

= ∞ →∞ . 

Similarly, if for every number m  there is an integer N  such that for all n N> we have na m< , then we say 
{ }na  diverges to negative infinity and write 
  lim orn nn

a a
→∞

= −∞ → −∞ . 

 
Theorem 1 
Let { }na  and { }na  be sequences of real numbers, and let A  and B  be real numbers.  The following rules hold if 
lim nn

a A
→∞

=  and lim nn
b B

→∞
= . 

 
1. Sum Rule:   lim( )n nn

a b A B
→∞

+ = +  

2. Difference Rule:  lim( )n nn
a b A B

→∞
− = −  

3. Constant Multiple Rule: lim( )nn
k b k B

→∞
⋅ = ⋅  (any number k ) 

4. Product Rule:   lim( )n nn
a b A B

→∞
⋅ = ⋅  

5. Quotient Rule:   lim n

n
n

a A
b B→∞

 
= 

 
  if 0B ≠  

 
Theorem 2 - The Sandwich Theorem for Sequences 
Let { }na , { }nb , and { }nc  be sequences of real numbers.  If n n na b c≤ ≤  holds for all n  beyond some index N , 
and if lim limn nn n

a c L
→∞ →∞

= = , then lim nn
b L

→∞
=  also. 

 
Theorem 3 - The Continuous Function Theorem for Sequences 
Let { }na  be a sequence of real numbers.  If na L→  and if f  is a function that is continuous at L  and defined 
at all na , then ( ) ( )nf a f L→ . 
 



MATH 21200 {15} section 11.1 Sequences Page 4 

Theorem 4 
Suppose that ( )f x  is a function defined for all 0x n≥  and that { }na  is a sequence of real numbers such that 

( )na f n=  for 0x n≥ .  Then 
  lim whenever lim ( )nn x

a L f x L
→∞ →∞

= = . 

 
Theorem 5 
The following six sequences converge to the limits listed below: 
 

1. lnlim 0
n

n
n→∞

=  

2. lim 1n

n
n

→∞
=  

3. 
1

lim 1 ( 0)n
n

x x
→∞

= >  

4. lim 0 ( 1)n

n
x x

→∞
= <  

5. lim 1 (any )
n

x

n

x e x
n→∞

 + = 
 

 

6. lim 0 (any )
!

n

n

x x
n→∞

=  

In Formulas (3) through (6), x  remains fixed as n →∞ . 
 
Definition 
A sequence { }na  is bounded from above if there exists a number M  such that na M≤  for all n .  The number 
M  is an upper bound for { }na .  If M  is an upper bound for { }na  but no number less than M  is an upper 
bound for { }na , then M  is the least upper bound for { }na . 
 
A sequence { }na  is bounded from below if there exists a number m  such that na m≥  for all n .  The number 
m  is a lower bound for { }na .  If m  is a lower bound for { }na  but no number greater than m  is a lower bound 
for { }na , then m  is the greatest lower bound for { }na . 
 
If { }na  is bounded from above and below, then { }na  is bounded.  If { }na  is not bounded, then we say that { }na  
is an unbounded sequence. 
 
Definitions 
A sequence { }na  is nondecreasing if 1n na a +≤  for all n .  That is, 1 2 3a a a≤ ≤ ≤ .  The sequence is 
nonincreasing if 1n na a +≥  for all n .  The sequence { }na  is monotonic if it is either nondecreasing or 
nonincreasing. 
 
Theorem 6 - The Monotonic Sequence Theorem 
If a sequence { }na  is both bounded and monotonic, then the sequence converges. 
 


























