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Definition
Integrals with infinite limits of integration are improper Integrals of Type I.

1. If f(x) iscontinuous on [a,x), then
© . U
ja f(x)dx:Lljlirlja f (x) dx.

2. If f(x) iscontinuous on (—oo,b], then
b . b
| oof(x)dx:LILrpij f (x) dx.

3. If f(x) iscontinuous on (—w, ), then

Ijo f(x)dx = If f(x) dx+_|'w f(x) dx, where ¢ is any real number.

In each case, if the limit exists and is finite, we say that the improper integral converges and that the limit is the
value of the improper integral. If the limit fails to exist, the improper integral diverges.

Definition
Integrals of functions that become infinite at a point within the interval of integration are improper Integrals of
Type II.

1. If f(x) iscontinuous on (a,b] and discontinuous at a, then

J':f(x)dx:LIirqIff(x)dx.

2. If f(x) iscontinuous on [a,b) and discontinuous at b, then
[T f(xyax=lim [ * £ (x) dx.
a U—b*vJa

3. If f(x) isdiscontinuous at ¢, where a<c<b, and continuous on [a,c)U(c,b], then

jb f(x)dx = j i (x) dx+'[ ’ f(x) dx, where ¢ is any real number.

In each case, if the limit exists and is finite, we say that the improper integral converges and that the limit is the
value of the improper integral. If the limit fails to exist, the improper integral diverges.

Theorem 2
Let f and g be continuous on [a,o) with f(x)>g(x)>0 forall x>a. Then

1. If I: f (x) dx converges, then j:g(x) dx also converges.

2. If Iwg(x) dx diverges, then J'w f (x) dx also diverges.
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Theorem 2-a
Let f and g be continuous on (0,a] with f(x)>g(x)>0 forall 0<x<a. Then

1. If I:f(x) dx converges, then j oag(x) dx also converges.

2. If j:g(x) dx diverges, then joaf(x) dx also diverges.

Reference for Comparison Theorem:
» 1 iy convergentif p>1 J~1 1 dx = divergentif p>1
1 xP | divergentif p<1 ox”  |convergentif p<1

Theorem 3

If the positive functions f and g are continuous on [a,o0) with f(x)>g(x)>0, and if

imSmaler 90 ool <o
x>= larger x>« f(X)

then f: f(x)dx and j: g(x) dx either both converge or both diverge.

Theorem 3-a
If the positive functions f and g are continuous on (0,a] with f(x)>g(x)>0, and if

lim ST _ i S o<
x>0 larger x>0 f(x)

then | :f(x) dx and | :g(x) dx either both converge or both diverge.
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