
4 Exponential and Logarithmic Functions

4.1 Exponential Functions

Example



After making a couple tables to graph the basic exponential functions f(x) = 2x and
g(x) = 1

3

x
, you’ll know all the basic exponential functions y = ax. You should remember

their shapes, their domains, ranges, the fact they all pass through (0, 1) and most importantly
that all basic exponential graphs y = ax have the x−axis, y = 0, as a horizontal asymptote.

After memorizing the basic exponential shapes, it is time to use the method of transfor-
mations to get more exponential graphs, like the examples above. When transforming an
exponential graph it is most important to determine where the horizontal asymptote is. All
exponential graphs have one horizontal asymptote. The exponential function f(x) = ex with
base e is most important. Using base e will make all the formulas in calculus easier. It is
best that you get comfortable using it now.

Exercises

1. Sketch the graph of f(x) = 2x−3. Label its horizontal asymptote on the graph.

2. Sketch the graph of f(x) = 2x − 3. Label its horizontal asymptote on the graph.

3. Sketch the graph of f(x) = 6− 3x. Label its horizontal asymptote on the graph.

4. Sketch the graph of f(x) = ex−3 + 4. Label its horizontal asymptote on the graph.

4.2 Exponential Functions

All exercises here are similar to the exercises in the previous section.

Exercises

1. Sketch the graph of f(x) = ex + 3. Label its horizontal asymptote on the graph.

2. Sketch the graph of f(x) = e−x − 1. Label its horizontal asymptote on the graph as a
dashed line.

3. Sketch the graph of f(x) = 10 − ex. Label its horizontal asymptote on the graph as a
daashed line.

4.3 Logarithmic Functions

You should learn to convert a log equation into an exponential equation just as you learned to
convert a division problem into a multiplication problem. Some logs simplify like log2 16 = 4.
Most don’t like log2 15. However that’s a good thing. log2 15 is a perfectly good number that
we can use to describe the world. Most logs that you’ll see in this course will simplify since
we want to test your ability to convert to expoenential form and then solve. It is easiest to
solve exponential equations when you use a single base.
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Example 1

You should also learn to graph y = loga(x) and then transform it. When graphing a log
graph, it is most important to find its vertical asymptote of the form x = a. All log graphs
have one vertical asymptote.

Example 2

Exercises

1. Evaluate log4 64.

2. Evaluate log9
1
3
.

3. Evaluate log 1
1000

.

4. Evaluate log16 1.
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5. Evaluate log16
√
2.

6. Sketch the graph of f(x) = log2(x − 4). Label its vertical asymptote on the graph as a
dashed line.

7. Sketch the graph of f(x) = 1 − lnx. Label its vertical asymptote on the graph as a
dashed line.

4.4 Laws of Logs

You should memorize the laws of logs and learn to use them as you used the laws of exponents
in Chapter 1. The laws of logs are derived from the laws of exponents.

Example 1
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Exercises

1. Evaluate log 4 + log 25.

2. Evaluate log2 160− log2 5.

3. Evaluate log3
√
27.

4. Evaluate log3 100− log3 18− log3 50.

5. Evaluate log2 8
33.

4.5 Exponential and Log Equations

Now that you’ve learned exponentials and logs, you can use them to solve equations—just
as you’ve used multiplication and division to solve equations. Exponentiation both sides of
an equation undoes logs whereas logging both sides of an equations undoes exponentiation—
just as dividing both sides of an equation by 3 undoes multiplying by 3. Its that simple,
almost. There are some domain issues but its better to ignore them at first. The hard part is
that you have to mix these two new techniques (1) exponentiating both sides of an equation
and (2) logging both sides of an equation in with all the other techniques you’ve learned
to solve equations since middle school. You must do everything in the right order, i.e. you
must follow order of operations. After you solve the equation you should check your solution
by plugging it back into the original equation. This will test if you’ve made any domain
mistakes. You’ll know your solution is invalid if, when checking, you end up with something
like log2(−13). Then you have a domain problem and your solution is a false solution that
should be disgarded.
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Example 1

Example 2
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Exercises

1. Solve 4 + e5x = 8.

2. Solve 50
1+e−x = 4.

3. Solve 4(1 + 105x) = 9.

4. Solve log(3x+ 5) = 2.

5. Solve 2 log x = log 2 + log(3x− 4).

6. Solve log5(x+ 1)− log5(x− 1) = 2.

4.6 Modeling with Exponential Functions

Use the following exponential model for all problems in this section.

Exponential Model

Exercises

1. A culture of bacteria contains 1500 bacterial and doubles every 30 min. After how many
minutes will the culture contain 4000 bacteria. You may leave e or ln in your answer.

2. If 250 mg of a radioactive element decays to 200 mg in 48 hours, find the half-life of the
element. You may leave e or ln in your answer.

3. The population of California was 10, 586, 233 in 1950 and 23, 668, 562 in 1980. Predict
the population of California in 2023 assuming its population grows exponentially.
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6 Trig Functions: Right Triangle Approach

6.1 Angle Measure

Definition of Radian Measure
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Radian Measure vs. Degree Measure
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Angles in Standard Position

Arc Length Formula
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Sector Area Formula

Exercises

1. Find the radian measure of the angle 72◦.

2. Find the degree measure of the angle with radian measure 11π
3
.

3. Find the angle between 0◦ and 360◦ coterminal with 733◦.

4. Find an angle between 0 and 2π that is coterminal with −7π
3
.

5. A central angle θ in a circle of radius 5 m is subtended by an arc or length 6 m. Find
the measure of θ in degrees.

6. A sector of a circle has central angle 60◦. Find the area of the sector if the radius of the
circle is 3 mi.
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6.2 Right Triangle Trig

Example 1

Page 12



Angle Elevation vs. Angle Depression

Exercises

1. Find x

2. From the top of a 220 ft lighthouse the angle of depression to the ocean is 23◦. How far
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is the ship from the base of the lighthouse?

3. A 600 ft guy wire is attached to the top of a communications tower. If the wire makes
and angle of 65◦ with the ground, how tall is the communications tower?

5 Trig Functions: Unit Circle Approach

5.1 The Unit Circle

Terminal Points

Reference Angles
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Reference Table of Special Terminal Points to Memorize

Exercises

1. Find the point P (x, y) on the unit circle knowing y = −1
3
and P is in Quadrant III.

2. Find the reference angle of t = 5π
6
.

3. Find the terminal point P (x, y) determined by t = −3π
4
.

4. Find the terminal point P (x, y) determined by t = 5π
3
.

5. Find the terminal point P (x, y) determined by t = 31π
6
.

6. Find the terminal point P (x, y) determined by t = −7π
6
.

Page 15



5.2 and 6.3 Evaluating Trig Functions

Definition of Trig Functions in terms of Terminal Points

Page 16



Memorize the Special Trig Angles

Memorization Trick to Learn + or -
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Unit Circle Trig and Right Triangle Trig Pictured Together

Steps to Evaluate Trig Function

Exercises

1. Find sin 225◦

2. Find cos 135◦

3. Find tan(−60◦)

4. Find cos 660◦

5. Find sin 5π
3

6. Find cos(−7π
3
)

7. Find tan 5π
6

8. Find the values of all six trig functions of θ when sin θ = 3
5
and θ in quadrant II.

9. Find the values of all six trig functions of θ when tan θ = − 7
12

and cos θ > 0.
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5.3 Trig Graphs (Sin and Cos Only)

Sine Graph

Cosine Graph

Exercises

1. Sketch the graph f(t) = −4 cos 2t.

2. Sketch the graph f(t) = 1
2
sin 1

2
t.

3. Sketch the graph y = 2 sin(x− π
3
).

4. Sketch the graph y = − cos(x+ π
2
).

5. Sketch the graph y = −4 sin(2x+ π).
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5.4 Inverse Trig (Sin, Cos, and Tan Only)

Definition Sine Inverse or Arcsin

Graph of Sine Inverse

Definition Cosine Inverse or Arccosine
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Graph of Cosine Inverse

Definition Tangent Inverse or Arctan

Exercises

1. Find cos−1(1
2
).

2. Find sin−1(−
√
2
2
).

3. Find tan−1(−
√
3).

4. Find tan
(
cos−1(−

√
2

2
)
)
.

5. Find cos
(
sin−1(

√
3
2
)
)
.

7 Analytic Trig

7.1 Trig Identities

There is not one way to verify a trig identity. There are many. This freedom irritates
many students. Many students prefer to have sequential rules to follow when solving a math
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problem. Since there are no set rules to follow when verifying trig identities, you’ll have to
practice a lot of verifications until you get the hang of it. There is one fundamental identiy
one should memorize sin2 t + cos2 t = 1. After that it is a matter of taste how many of
the ”fundamental” trig identities you decide to memorize. There are no set rules to trig
verifications but there are some guildlines.

Trig Identity Verification Guildlines
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Example 1

Example 2
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Exercises

1. Verify tan θ
sec θ

= sin θ.

2. Verify cos θ
sec θ sin θ

= csc θ − sin θ.

3. Verify (sin t+ cos t)2 = 1 + 2 sin t cos t.

4. Verify 1
1−sin2 x

= 1 + tan2 x.

5. Verify 1−sin t
1+sin t

= (sec t− tan t)2.

7.2 Addition and Subtraction Formulas

In addition to the truly fundamental trig identity sin2 t + cos2 t = 1, you should memorize
the following addition formulas:

1. sin(s+ t) = sin s cos t+ sin t cos s

2. cos(s+ t) = cos s cos t− sin s sin t.

as well as the even or odd identities that easily seen from the graphs of sin and cos

1. sin(−s) = − sin s

2. cos(−s) = cos s.

If you also know tan t = sin t
cos t

, that is all you need. All the remaining trig identities reduce to
these, including the double and half angles formulas in the next sections. A book like ours
encourages students to memorize a bunch of unnecessary trig identities, ones that are easily
derived from the basic ones above. If you have a weak memory like I do, it is better to just
memorize a few identities and start doing many examples.
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Example 1
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Example 2

Exercises

1. Evaluate sin 75◦.

2. Evaluate cos 195◦.
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3. Evaluate sin 17π
12

.

4. Evaluate cos −5π
12

.

5. Evaluate tan −π
12
.

6. Verify sin(x− π
2
) = − cosx.

7. Verify sin(x− π) = − sinx.

7.3 Double Angle and 1/2 Angle Formulas

You only need to memorize the double and 1
2
angle formulas for sin and cos. However, as

was said in the previous section, these formulas can be easily derived from the angle addition
formulas, which really should be memorized. You can decide for yourself whether you should
memorize or derive the double and 1

2
angle formulas for sin and cos. You will never be tested

on the tan double and 1
2
angle formula.

Example 1

Exercises

1. Use sinx = 5
13

to find sin 2x, cos 2x, if you also know x is in quadrant I.

2. Use sinx = −4
5

to find sin x
2
, cos x

2
, if you also know x is in quadrant II.

3. Find sin 15◦

4. Find cos 112.5◦
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5. Evaluate cos π
8
.

7.3 Double Angle and 1/2 Angle Formulas

You only need to memorize the double and 1
2
angle formulas for sin and cos. However, as

was said in the previous section, these formulas can be easily derived from the angle addition
formulas, which really should be memorized. You can decide for yourself whether you should
memorize or derive the double and 1

2
angle formulas for sin and cos. You will never be tested

on the tan double and 1
2
angle formula.

Example 1

Exercises

1. Use sinx = 5
13

to find sin 2x, cos 2x, if you also know x is in quadrant I.

2. Use sinx = −4
5

to find sin x
2
, cos x

2
, if you also know x is in quadrant II.

3. Find sin 15◦

4. Find cos 112.5◦

5. Evaluate cos π
8
.
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7.4 Basic Trig Equations

Trig Identities vs. Trig Equations
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Example 1

Exercises

1. Find all solutions x of
√
2 cosx− 1 = 0 for 0◦ ≤ x ≤ 360◦.

2. Find all solutions x of sin x+ 1 = 0 for 0 ≤ x ≤ 2π.

3. Find all solutions t of
√
3 tan t+ 1 = 0 for 0◦ ≤ t ≤ 360◦.
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4. Find all solutions θ of 2 cos2 θ − 1 = 0 for 0 ≤ θ ≤ 2π.
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