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Additional examples: 
 
Trigonometric Integration: 
 

4) 52
0

sin x dx
π

∫  

 

25 3 52
0

0

3 5 3 5

3 5 3 5

2 1sin cos cos cos
3 5

2 1 2 1cos cos cos cos(0) cos (0) cos (0)
2 3 2 5 2 3 5
2 1 2 1(0) (0) (0) (1) (1) (1)
3 5 3 5

2 1 1 1 81
3 5 3 5 15

x dx x x x C

C C

π
π

π π π

⎡ ⎤= − + − +⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎡ ⎤= − + − + − − + − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎣ ⎦⎣ ⎦
⎡ ⎤ ⎡ ⎤= − + − − − + −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

= − + = + =

∫

 

 

 

5 2 2 2 2

2 4

2 4

3 5

3 5

sin (sin ) (sin ) (1 cos ) (sin )

(1 2cos cos )(sin )

(1 2 )( 1 )

2 1
3 5

2 1cos cos cos
3 5

x dx x x dx x x dx

x x x dx

p p dx

p p p C

x x x C

= = −

= − +

= − + −

⎛ ⎞= − − + +⎜ ⎟
⎝ ⎠

= − + − +

∫ ∫ ∫
∫
∫   

cos
sin

1 sin

p x
dp x dx
dp x dx

=
= −

− =
 

 
 

6) 
2 2

0

1sin
3

d
π

θ θ⎛ ⎞
⎜ ⎟
⎝ ⎠∫  

 

2
2 2

0
0

1 1 3 2sin sin
3 2 4 3

1 3 2 1 3 2(2 ) sin (2 ) (0) sin (0)
2 4 3 2 4 3

3 4 3 3sin (0) (0) (0)
4 3 4 4

d C

C C

π
π

θ θ θ θ

π π

ππ π

⎡ ⎤⎛ ⎞ ⎛ ⎞= − +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤ ⎡⎛ ⎞ ⎛ ⎞= − + − − +⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣
⎡ ⎤⎛ ⎞ ⎡ ⎤= − − − = − =⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎣ ⎦⎣ ⎦

∫

π

⎤
⎥
⎦

 

 

 

2 1 1 1 1 2 1 3 2sin 1 cos 2 1 cos sin
3 2 3 2 3 2 2 3

1 3 2sin
2 4 3

d d d

C

θ θ θ θ θ θ θ θ

θ θ

⎛ ⎞ ⎛ ⎞ ⎛⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − = − = − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝
⎛ ⎞= − +⎜ ⎟
⎝ ⎠

∫ ∫ ∫ C⎞
⎟
⎠  
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12) 2cosx x dx∫  

 

2

2
2

1 1 1 1 1cos (1 cos(2 )) cos(2 ) cos(2 )
2 2 2 2 2

1 1 1 1 1 1sin(2 ) cos(2 ) sin(2 ) cos(2 )
2 2 4 8 4 4 8

x x dx x x dx x x x dx x dx x x dx

x x x x C x x x x

⎛ ⎞ ⎛ ⎞= + = + = +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎧ ⎫= + + + = + + +⎨ ⎬⎜ ⎟

⎩ ⎭⎝ ⎠

∫ ∫ ∫ ∫ ∫

C
 

 

 

1 1 1 1cos(2 ) sin(2 ) sin(2 )
2 2 2 2

1 1sin(2 ) sin(2 )
4 4
1 1 1sin(2 ) cos(2 )
4 4 2
1 1sin(2 ) cos(2 )
4 8

1
2

x x dx x x x dx

x x x dx

x x x C

x x x C

⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞= −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠

= −

−⎛ ⎞= − +⎜ ⎟
⎝ ⎠

= + +

∫ ∫

∫
  

1 1

1 1

1 cos(2 )
2
1 1 sin(2 )
2 2

u x dv x d

du dx v x

= =

= =

x
 

 
 
16) 2cos sin(2 )x x dx∫  

 

2 2

3

3

4
4

cos sin(2 ) cos (2sin cos )

2cos sin

2 ( 1 )

12 cos
4 2

x x dx x x x dx

x x dx

p dp

p C x

=

=

= −

⎛ ⎞ −
= − + = +⎜ ⎟

⎝ ⎠

∫ ∫
∫
∫

C

  
cos

sin
1 sin

p x
dp x dx
dp x dx

=
= −

− =
 

 
 
20) 2 4(tan tan )x x dx+∫  

 

2 4 2 2

2 2

2 2

2

3

3

(tan tan ) tan (1 tan )

tan sec

tan (sec )

( )

1
3
1 tan
3

x x dx x x dx

x x dx

x x dx

p dp

p C

x C

+ = +

=

=

=

= +

= +

∫ ∫
∫
∫
∫   2

tan
sec

p x
dp x dx

=

=
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22) 4 44
0

sec tan d
π

θ θ θ∫  

 

44 4 5 74
0

0

5 7 5 7

5 7

1 1sec tan tan tan
5 7

1 1 1 1tan tan tan (0) tan (0)
5 4 7 4 5 7
1 1 1 1 1 1 12(1) (1) (0) (0)
5 7 5 7 5 7 35

d C

C C

π
π

θ θ θ θ θ

π π

⎡ ⎤= + +⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎡ ⎤= + + − +⎜ ⎟ ⎜ ⎟⎢ ⎥ +⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎣ ⎦⎣ ⎦
⎡ ⎤ ⎡ ⎤= + − + = + =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

∫

 

 

 

4 4 2 4 2 2 4 2

4 6 2

4 6

5 7 5 7

sec tan sec tan (sec ) (1 tan ) tan (sec )

(tan tan )(sec )

( )(

dθ

)

1 1 1 1tan tan
5 7 5 7

d d

d

p p dp

p p C C

θ θ θ θ θ θ θ θ θ θ

θ θ θ θ

θ θ

= = +

= +

= +

= + + = + +

∫ ∫ ∫
∫
∫ 2

tan
sec

p
dp d

 
θ

θ θ

=

=
 

 
 

26) 44
0

tan t dt
π

∫  

 

44 34
0

0

3 3

3

1tan tan tan
3

1 1tan tan tan (0) tan(0) (0)
3 4 4 4 3
1 1 2 3 8(1) (1) (0) (0) (0)
3 4 3 4 3 12

t dt t t t C

C C

π
π

π π π

π π π

⎡ ⎤= − + +⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎡ ⎤= − + + − − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ +⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎣ ⎦⎣ ⎦
−⎡ ⎤ ⎡ ⎤= − + − − + = − =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

∫

 

 

 

2 2 2

3
2

3

tan (sec ) ( )
tan 1

3sec
1 tan
3

t t dt p dp
p t

p C
dp t dt

t C

=

=
= +

=

= +

∫ ∫
 

4 2 2

2 2

2 2 2

2 2 2

2 2 2

2 2 2

3

tan (tan )(tan )

(tan )(sec 1)

(sec tan tan )

tan (sec ) tan

tan (sec ) (sec 1)

tan (sec ) sec 1

1 tan tan
3

t dt t t dt

t t dt

t t t dt

t t dt t dt

t t dt t dt

t t dt t dt dt

t t t C

=

= −

= −

= −

= − −

= −

= − + +

∫ ∫
∫
∫
∫ ∫
∫ ∫

+∫ ∫ ∫
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30) 32

4

cot x dx
π

π∫  

 

23 22

4
4

2 2

2 2

1cot cot ln sin
2

1 1cot ln sin cot ln sin
2 2 2 2 4 4

1 1 1 1 1 1 1(0) ln (1) (1) ln ln ln1 ln 2 ln
2 2 2 2 22 2

x dx x x C

C C

π
π

π
π

π π π π

−⎡ ⎤= − +⎢ ⎥⎣ ⎦

⎡ ⎤ ⎡ ⎤− −⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − + − − +⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

⎡ ⎤− − ⎛ ⎞⎡ ⎤= − − − = + = + − = −⎢ ⎥ ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠⎣ ⎦

∫

1 2
2

 

 

 

2

2 2

2

2

cot (csc ) ( 1 )
cot

1csc
2

1 csc 1cot
2

x x dx p dp
p x

dp x dx p C
dp x dx

x C

= −
=

−
= − = +

− = −
= +

∫ ∫
 

3 2

2

2

2

2

cot (cot )(cot )

(csc 1)(cot )

(csc cot cot )

cot (csc ) cot

1cot ln sin
2

x dx x x dx

x x dx

x x x dx

x x dx x dx

x x C

=

= −

= −

= −

−
= − +

∫ ∫
∫
∫
∫ ∫

 

 
 
32) 4 6csc cotx x dx∫  

 

4 6 2 6 2 2 6 2

8 6 2

8 6

9 7 9 7

csc cot csc cot (csc ) (cot 1)cot (csc )

(cot cot )(csc )

( )( 1 )

1 1 1 1cot cot
9 7 9 7

x x dx x x x dx x x x dx

x x x dx

p p dp

p p C x x C

= = +

= +

= + −

−⎛ ⎞= − + + = − +⎜ ⎟
⎝ ⎠

∫ ∫ ∫
∫
∫   2

2

cot
csc

1 csc

p x
dp x dx
dp x dx

=

= −

− =

 

 
 

36) 
cos 1

dx
x −∫  

 

2 2 2

2
2 2 2

1 cos 1 cos 1 cos 1 cos 1
cos 1 cos 1 cos 1 cos 1 (1 cos ) sin

cos 1 1 1(cos ) csc ( cot )
sin sin sin sin

csc cot

dx x x x xdx dx dx dx
x x x x x x

x dx dx x dx x dx x C
x x x x

x x C

+ + + +⎛ ⎞⎛ ⎞= = = =⎜ ⎟⎜ ⎟− − + − − − −⎝ ⎠⎝ ⎠
−⎛ ⎞= − − = − − = − − − +⎜ ⎟

⎝ ⎠
= + +

∫ ∫ ∫ ∫ ∫

∫ ∫ ∫ ∫  

 

 2 2

sin 1 1 1(cos ) ( )
cos sin sin

p x 1x dx dp C C
dp x dx x p p

= − −
x

= = + = +
= ∫ ∫  
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Trigonometric Substitution (triangulation): 
 

44) 
2 3 2

0
4x x d+∫ x  

 

( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

25 32 3 2 2 2

0
0

5 3 5 3
2 2 2 2

5 3 3 2
5 3 3 2

1 44 4 4
5 3

1 4 1 4(2) 4 (2) 4 (0) 4 (0) 4
5 3 5 3
1 4 1 4 1 4 12 2 2 2 (2) (2) 2 2 2 2 (2) (2)
5 3 5 3 5 3 5

8 4 4 416 2 8 16
5 3 5 3

x x dx x x C

C C

⎡ ⎤+ = + − + +⎢ ⎥⎣ ⎦

⎡ ⎤ ⎡= + − + + − + − + +⎢ ⎥ ⎢⎣ ⎦ ⎣
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡= − − − = + −⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣

⎡ ⎤ ⎡ ⎤= − − − =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

∫

4
3

⎤
⎥⎦

⎤+ ⎥⎦
24 20 12 202 8

15 15

4 4 64 2 6416 2 8
15 15 15

− −⎡ ⎤ ⎡ ⎤−⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

− −⎡ ⎤ ⎡ ⎤= − =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 

 method 1: 

 

( ) ( )

( ) ( )

3 2 2 2

3
2

5 3
2 2

5 3
2 22 2

5 3
2 2

14 4( ) ( 4)
2

1 2
2

1 2 22
2 5 3

1 44 4
5 3
1 44 4
5 3

x x dx x x x dx p p dp

p p dp

p p C

x x C

x x C

⎛ ⎞+ = + = − ⎜ ⎟
⎝ ⎠

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
⎛ ⎞ ⎛ ⎞

= − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= + − + +

= + − + +

∫ ∫ ∫

∫

 

2

2

4
2

1
2

( 4

p x
dp x dx

dp x dx

x p )

= +
=

=

= −

 

 method 2: 

 

3 2 3 2

5 3 3

5 2 2

5 2 2

5 4 2

5 5 3

5
2 2 2 2

5

4 (2 tan ) (2sec )(2sec )

2 sec tan

2 sec tan (sec tan )

2 sec (sec 1)(sec tan )

2 (sec sec )(sec tan )

1 12 sec sec
5 3

1 2 1 22
5 2 3 2

x x dx d

d

d

d

d

C

x x

θ θ θ θ

θ θ θ

θ θ θ θ θ

θ θ θ θ θ

θ θ θ θ θ

θ θ

+ =

=

=

= −

= −

⎛ ⎞= − +⎜ ⎟
⎝ ⎠

⎛ ⎞ ⎛ ⎞+ +
= −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

∫ ∫
∫
∫
∫
∫

( ) ( )

3

5 3
2 2 2 21 42 2

5 3

C

x x C

⎛ ⎞
⎜ ⎟ +
⎜ ⎟
⎝ ⎠

= + − + +

 
2

2 2

2 2

tan
2

2 tan
2sec

2 sec
2

2 2sec

x

x
dx d

x

x

θ

θ

θ θ

θ

θ

=

=

=

+
=

+ =

 

x
2 22x +

θ

2
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48) 
5

2 2
t dt

t +
∫  

 method 1: 

 

( ) ( ) ( )

( ) ( )

5 2 2 2 2

2 2

3 1 1
2 2 2

5 3 1
2 2 2

5 3 1
2 2 22 2 2

5 3
2 2 2

( ) ( 2) 1 ( 4 4)( )
2 22 2

1 2 2
2

1 2 2 22 2
2 5 3 1

1 42 2 4 2
5 3
1 42 2 4 2
5 3

t t p p pdt t dt dp dp
p pt t

p p p dp

p p p C

t t t C

t t t C

−

− −⎛ ⎞= = =⎜ ⎟
⎝ ⎠+ +

⎛ ⎞
= − +⎜ ⎟

⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞

= − +

+

⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

= + − + + + +

= + − + + + +

∫ ∫ ∫ ∫

∫

 

2

2

2
2

1
2

2

p t
dp t dt

dp t dt

t p

= +
=

=

= −

 +

 method 2: 

      

2 2

2 2 2

tan
2 ( 2)

sec
2 tan 2
2 sec ( 2) 2 sec

t

t
t

dt d t

θ

θ
θ

θ θ θ

=
+

=
=

= + =

 

 

5 5

2 2 2

5

5 5

5 2 2

5 2 2

5 4 2

5 5 3

2 2
5

2 ( 2)

( 2 tan ) ( 2 sec )
( 2 sec )

( 2) sec tan

( 2) (tan ) (sec tan )

( 2) (sec 1) (sec tan )

( 2) (sec 2sec 1)(sec tan )

1 2( 2) sec sec sec
5 3

( 2)1( 2)
5

t tdt dt
t t

d

d

d

d

d

C

t

θ θ θ
θ

θ θ θ

θ θ θ θ

θ θ θ θ

θ θ θ θ θ

θ θ θ

=
+ +

=

=

=

= −

= − +

⎛ ⎞= − + +⎜ ⎟
⎝ ⎠

+
=

∫ ∫

∫

∫
∫
∫
∫

( ) ( )

5 3
2 2 2 2

5 3
2 2 2

( 2) ( 2)2
32 2 2

1 42 2 4 2
5 3

t t
C

t t t C

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ +⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟− + +⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

= + − + + + +
 

t

2 2( 2)t +

θ

2
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52) 
21

x dx
x+

∫  

 method 1: 

 

2 2

2

1 1( )
21 1

1 2
2 1

1

x dx x dx dp
px x

1

x C

⎛ ⎞= = ⎜ ⎟
⎝ ⎠+ +

⎛ ⎞= +⎜ ⎟
⎝ ⎠

= + +

∫ ∫ ∫

  

21
2

1
2

p x
dp x dx

dp x dx

= +
=

=

 p C

 method 2: 

    

2 2

2 2 2

tan
11 sec

tan 1
sec 1 se

x
x

x
dx d x

θ

c

θ
θ

θ θ θ

=
+

=
=

= + =

 

 
2

2 2 2

2 2 2

(tan ) (sec )
(sec )1 1

sec tan sec 1 1

x xdx dx d
x x

d C x C x C

θ θ θ
θ

θ θ θ θ

= =
+ +

= = + = + + = + +

∫ ∫ ∫

∫

2 21 x+
x

θ

1 

 
 

58) 
1

2 20 ( 1)
dx

x +∫  

 

1
1 1

2 2 20
0

1 1
2 2

1 tan
( 1) 2 2( 1)

1 (1) 1 (0) 1tan (1) tan (0)
2 2((1) 1) 2 2((0) 1) 8 4 8

dx xx C
x x

C C π π

−

− −

⎡ ⎤
= + +⎢ ⎥+ +⎣ ⎦

⎡ ⎤ ⎡ ⎤ +
= + + − + + = + =⎢ ⎥ ⎢ ⎥+ +⎣ ⎦ ⎣ ⎦

∫

2
 

 

 

( )

( )

2
42 2 4

2

2
2

1

2 2 2 2

1
2

2 2

1
2

1 1 (sec )
( 1) (sec )1

1 1cos (1 cos(2 ))
sec 2

1 1 1sin(2 ) ( sin cos )
2 2 2

1 1(tan )
2 1 1
1 tan
2 2 1

1 tan
2 2( 1)

dx dx d
x x

d d d

C C

xx C
x x
xx C

x

xx C
x

θ θ
θ

θ θ θ θ θ
θ

θ θ θ θ θ

−

−

−

= =
+ +

= = = +

⎛ ⎞= + + = + +⎜ ⎟
⎝ ⎠
⎛ ⎞⎛ ⎞⎛ ⎞

= + +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟+ +⎝ ⎠⎝ ⎠⎝ ⎠

= + +
+

= + +
+

∫ ∫ ∫

∫ ∫ ∫

2 2

2

2 2

1

2 21x +
x

θ

tanθ
1

tan 1 secsec 1
1 sec

tan

x

x x
dx d

x
x

θ
θθ θ

θ −

=

= +
==

+ =
=

1
 

θ
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60) 2
20

cos
1 sin

t dt
t

π

+
∫  

 

2
2

2 20
0

2 2
2

cos 1 sinln
1 sin 1 sin

1 sin
1 sin(0) 1 (1) 1 (0)2ln ln ln ln
1 sin (0) 1 (1) 1 (0)1 sin

2

2 1ln ln 1 ln 2 ln 2
22

t tdt C
t t

C C

π
π

π

π

⎡ ⎤+
= +⎢ ⎥

+ +⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞⎢ ⎥+ ⎜ ⎟

2

⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ +⎝ ⎠⎢ ⎥ +⎢ ⎥ ⎢ ⎥ ⎢ ⎥= + − + = −⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥+ +⎛ ⎞ +⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎢ ⎥+ ⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

⎡ ⎤ ⎡ ⎤= − ⎡ ⎤ = = =⎢ ⎥ ⎣ ⎦ ⎣ ⎦⎣ ⎦

∫

ln 2

 

 

 

2 2

2 2

2

2 2

22 2 2 2

2 2

2 2

2

cos 1 (cos )
1 sin 1 sin

1 ( ) sin1
cos1 (sec )

sec
sec

tanln sec tan
1

1tan1 secln 1sec1 1
1 se

1ln
1

1 sinln
1 sin

t dt t dt
t t

dp p tp
dp t dt

d

d
p

C

ppp C
dp dp p

p
p C
p

t C
t

θ θ
θ
θ θ

θθ θ

θ

c

θ
θ θ

θ

=
+ +

=
=+
=

=

=

== + +

+= == + +
=+ +

+ =
+

= = +
+

+
= = +

+

∫ ∫

∫

∫
∫

 

p
2 21 p+

θ

1

 
 

62) 
( )

2

3
2 23 4 4

x dx
x x+ −

∫  

 
First we must fix the trinomial in the denominator such that it becomes either sum or difference of 
squares. 

  
2 2 2 2

2 2 2

3 4 4 3 (1 1) 4 4 3 1 1 4 4 3 1 (1 4 4 ) 4 (4 4
4 (2 1) 2 (2 1)

x x x x x x x x x x
x x

+ − = + − + − = + − + − = + − − + = − − +

= − − = − −

2 1)
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2 2

1

2 2

(2 1) sin
2

2 1 2sin 2 (2 1)
cos 2 12 2sin 1 sin2

2
1 2 (2 1) 2cossin
2

cos

x

x x
xx

xx

dx d

θ

θ
θ

θ θ

θθ

θ θ

−

−
=

− = − −
= −⎛ ⎞= + = ⎜ ⎟

⎝ ⎠
− − == +

=

 
(2 1)x −

2

θ

2 22 (2 1)x− −

 

 

( ) ( ) ( )

2

2 2 2

3 3 3 32 2 22 2

2
2

2 2

2

2 2 2

2

1sin
2 (cos )

(2cos )3 4 4 2 (2 1)3 4 4

1 1sin sin sin
12 4

8cos 8 cos
1 sin sin 1 1
8 cos cos 4 cos

1 ( sin )tan
8 c

x x xdx dx dx d
x x xx x

d d

d d d

d

θ
θ θ

θ

θ θ θ
θ θ

θ θ
θ θθ θ θ
θ θ θ

θθ θ

⎛ ⎞+⎜ ⎟
⎝ ⎠= = =

+ − − −+ −

⎛ ⎞ ⎛ ⎞+ + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠= =

⎧ ⎫
= + +⎨ ⎬

⎩ ⎭
−

= −

∫ ∫ ∫ ∫

∫ ∫

∫ ∫ ∫

∫ 2
2

2 2
2

2
2

2 2 2

1 sec
os 4

1 ( sin ) 1(sec 1) sec
8 cos 4
1 5 1sec ( sin ) 1
8 4 cos
1 5 1 1 5tan tan sec
8 4 cos 8 4

1 5 2 1 2
8 4 2 (2 1) 2 (2 1)

d d

d d d

d d d

C C

x
x x

θ θ θ
θ

θθ θ θ θ θ
θ

θ θ θ θ θ
θ

θ θ θ θ θ
θ

⎧ ⎫+⎨ ⎬
⎩ ⎭

−⎧ ⎫= − − +⎨ ⎬
⎩ ⎭
⎧ ⎫= − − −⎨ ⎬
⎩ ⎭
⎧ ⎫ ⎧ ⎫= − − + = − − +⎨ ⎬ ⎨ ⎬
⎩ ⎭ ⎩ ⎭

⎛ ⎞−⎜ ⎟= −
⎜ ⎟− − − −⎝ ⎠

∫ ∫

∫ ∫ ∫

∫ ∫ ∫

1

2

1

2 2

1

2 2

1

2

2 1sin
2

1 5 2 1 2 2 1sin
8 4 23 4 4 3 4 4

1 10 5 8 2 1sin
8 24 3 4 4 4 3 4 4

1 10 13 2 1sin
8 24 3 4 4

x C

x x C
x x x x

x x C
x x x x

x x
x x

−

−

−

−

⎧ ⎫⎛ ⎞ ⎛ − ⎞⎪ ⎪⎛ ⎞⎜ ⎟ − +⎨ ⎬⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎪ ⎪⎝ ⎠⎩ ⎭
⎧ ⎫⎛ ⎞ ⎛ ⎞− −⎪ ⎪⎛ ⎞= − − +⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠+ − + −⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭
⎧ ⎫− −⎛ ⎞= − − +⎨ ⎬⎜ ⎟

⎝ ⎠+ − + −⎩ ⎭

− −⎛ ⎞= − ⎜ ⎟
⎝ ⎠+ −

1

2

10 13 1 2 1sin
8 232 3 4 4

C

x x C
x x

−

⎧ ⎫
+⎨ ⎬

⎩ ⎭
− −⎛ ⎞= − +⎜ ⎟

⎝ ⎠+ −

 

 
 


