MATH 20200 section 5.6 Inverse Trigonometric Functions (revised 02/12/2014) Page 1 of 8

Read the section for the restrictions applied to the trigonometric functions so they become 1-1land inverse
function exists.

The integration formulas are obtainable using section 6.2, so we don’t emphasize in this section.

Useful information from precalculus class:
c=+a’+b? sin49:E csch =2 C
c b b
a c
b=+c?—a® cosfd=— secd=—
c a
2 b a 0
a=+c"—-b° tan@d=— cotG:E
a
a
cos’@+sin?d=1 1+tan’@=sec’d cot?’H+1=csc’d
Given the restrictions of the trigonometric functions are met, then:
@=sin"k=arcsink < sind=k f=csctk=arccsck < cscOd=k
6 =cos'k =arccosk < cosd=k 6=sec’k=arcseck < secd=k
f=tan'k =arctank < tand=k f=cot*k=arccotk < cotd=k

For the derivative of the inverse trigonometric functions:

1) Convert into regular trigonometric form

2) Use the implicit differentiation

3) Convert back to original form (you need to draw the appropriate triangle to simplify your answer)

To illustrate this, the solution for the question 14 is shown first.

d 1
14)  Prove that — (sec™ X) = ———
dx XX -1
6 =sectx
U
secd =x X
secetaned—ezl x? —1?
dx
__ 1 0
dx sec@dtand
1 1
(xj VX2 =12
1 1
1

xv/x? -1
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Additional examples:

af 1
2) a) tan [\/§j

O =tan™ (ij 2

U

tan @ =

w
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S
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oy oy &dl—\

tan™* [

4) a) arctanl

&l

f=tan1 V2
U 1
tanfd =1

0=

arctanl=

Ay BN
'_\

10)  cos(2tan™ x)

cos(2tan™ x)
0

6 =tan"'x
U
tanezx:5
1

cos(2tan " x) = cos(26) = cos® 6 —sin® &

(=7
R 1° +x°
?P-x* 1-%°
Zix 14X

T
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b) sec™2
2
_ -1
0= SEC 2 \/§
sec0=2=— 0
== '
3
sect2=2
3

b) arccos (_—1)
2
0 =cos™ (Llj 2
2

! e
cosf =—
> 0
0= 2r -1
3
(—1 27
arccos| — |===
2 3
VIZ + X2
X
0
1
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12)

a) let A=sin™"x and B =cos™ x

A=sintx B =cos ™ x
U 1 U 1
sinA:x:§ X cosBzx:% 1? — x?
22 2 2
cos A= 11X A sinB = r-x B
17 —x? X

now

sin' x+cos™ x =
use each side as an angle and apply to sine function
A+B=

NIx NN

sin(A+ B) =sin (%} =1
We just have to show that sin(A+ B) =1, using the addition formula and the triangles above,

sin(A+ B) =sin Acos B +cos Asin B = (%)(l}r[\/lz —X’ ]{\/12 — X" J: X2+ -x*)=1

1 1 1

b) First, we must find the derivative of sin™ x
O =sin""x
U 1
sin@d = x X
cosed—ezl
dx 0
do 1 1 1
dx cos@ {,/12_)(2} 1-x2 1> - x?
1

Using implicit differentiation with respect to x,
sin™' x+cos™ x :%

d . d 4 d(nr
—(sin” X)+—(cos™ xX) =—| =
dx( )+dx( ) dx(ZJ

1
1-x?

+ d (cos™x)=0
dx

d
—(cos*x) =
dX( ) 1-x2
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20) y:tan’l(x—m)

tany = x—v1+x 2
ar:jy X :X \/12+(x—\/1+x2)
seczy—yzl—
dx V1+x?
dy {1_ X } 1
1+ x? | sec’y ¢

1 1

" Jl—x}( (X_M)ZT

1+ x° 1

N \/1+x }1+(x 2 2xV1+ X2 + (L+x%))

1+ x? =X 1
V1+x? 2+ 2x% = 2x/1+ X2

.
i
{
{
5

J1+x }2(1+x) 2x\/1+ X2

1+ %% —X
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(J1+ X2 )2 (J1+ < —x)

B 1
2(1+x%)
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24)  y=cos(sin"'t)

We need to split this into 2 parts and use the chain rule technique.
p=sint
U 1
sinp=t t
dp
coS pE:1 5
dp 1 1 1
dt cosp J2_2) -t VI —t2
o
y=cos'p
U 1
cosy=p 1? - p?
—sin yﬂzl
dy -1 -1 -1
d_p_siny_ 12 p? B 1-p? P
.
Therefore,

?j_{ - [%}(%ﬂ N [\/1__%](2_?) } (\/1— (s_iillt)z ](\/1:2 ] ) J1-t2 \/1_—1(sin1 t)°

26) f (x) = xIn(arctan x)
6 =tan™ x
y B
tan @ = x X
sec? Hd—€=1
dx )
do 1 1 1
dx sec’d e 2124 %2 1
1
df 1 1
— =[1](In(tan* x)) + (x
dx Li(In( ) ()[tanlx(12+x2ﬂ
=In(tan™ x) +

(1+x*)tan™* x
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28) y =arctan 1=x
1+Xx

tany =

tan®y =——

2tan ysec® y

2tan ysec® y

1-x
y =arctan,|——
1+x

y=tan™ 1=x
1+ X

1-x
X

[EEN
+

[EEN
>

1+X

dy _ [F1d+x) - A-x)[1] T3V
12-{ ;XJ

dx (1+ x)?
dy -2

dx  (1+Xx)?

dy —2

dx  2tan ysec? y(L1+ x)?

@_ - y

dx  tanysec? y(1+ x)>
ﬂ 3 -1
dx 2

( /HJ 12+[ /HJ (1+ x)?
1+ X 1+X
dy -1

dx _ _
1=x (1+1 Xj(1+ X)*
1+X 1+Xx

dy -1

dx _ _
[1-x (1+x+1 Xj(1+x)2
1+ x J\1+x 1+Xx

dy -1

ax ((Ix) 2 2
(\/MJ@X)“”)

dy -1 -1

2(1+ x)[\/ﬁj Z(M)Z(\/\/i:ﬂ

ﬂ: -1 _ -1 _ -1
dX  2W1+X)W1-x) 2J1+X)A1-X) 2J1-%?
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tan ' (xy) =1+ x?y

@=tan'p

tand=1p

seczed—ezl
dp

do 1

dp sec’d

o__ 1

dp _( /12+p2)2

do 1

dp @+ p?)

let p=xy

Yy _,

JIZ + p?

tan " (xy) =1+ x%y

1 dy || 2y 1 dY
W{[l](y)+(x)[1&}}—O+{[2X](y)+(x )[1dx}

y dy 2 dy

+ —=2Xy+ X" —

(L+x°y?)  (1+x°y?) dx d dx
%ﬂ—xzﬂzzx -
1+ x°y“) dx dx @+ x°y%)

dy
dx

|

X
(1+ x?

y
— X |=2xy——
) j Y dy)

2 @y
dx X 2
(L+x7y?%)
dy 2xy(L+x°y*)-y
dx x— X0+ x°y?)

y
dy _
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36)

This is a related rates problem from Calculus 1.
Diagram of the problem is given to the right.

49 _ 4 rev/min = (4 rev/min)(2x rad/rev)

=87 rad/min = (87 rad/min)(60 min/hr)
=480 rad/hr

When y=1km, ﬂ:?
dt

lighthouse

tanezl
3

sec? 46 _1ldy

dt  3dt

y_ 3sec? Gd—e

dt dt

2

dy_o[¥3+yt ] do
dt 3 dt
Since the rate of angle changing is constant, we get

2
2 2
W 3(—\'3;(1)J (4807) = %(4807[) — 16007 km/hr

dt

y=1
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