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Partial Derivatives of a Function of Two Variables

Definition

The partial derivative of f(x,y) with respect to x at the point (X,,Y,) is

M Dy =lim et Vo) = 10, ¥o)
OX dx h—0 h

(%0:Yo) X=X

provided the limit exists.

Definition

The partial derivative of f(x,y) with respectto y at the point (x,,Y,) is

ﬂ :if(XO,y) :Lingf(X07yo+h)_f(Xovy0),
ay (%,Yo) d Y=Yo - h
provided the limit exists.
Second-Order Partial Derivatives
o* f . . . .
o f o Differentiate with respect to x twice
o’ f . . . :
— =1, Differentiate with respect to y twice
oy
o° f . . : . .
Y = f,  Differentiate first with respect to y , then with respect to x
o° f . . : . :
oyox = f,  Differentiate first with respect to x, then with respect to y

The Mixed Derivative Theorem

Theorem 2 - The Mixed Derivative Theorem

2 2
If f(x,y) and its partial derivatives ﬂ: f., q= f, of = f,,and of
OX oy 7 oyox OXoy

open interval region containing a point (a,b) and are all continuous at (a,b), then

= f,, are defined throughout an

a 2
oxoy

82
0yoX

(f(ab))=——(f(ab)) or f (ab)="f,(ab)
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Partial Derivatives of Still Higher Order

o°f . e . . :
Y = f,, Differentiate first with respect to y twice, then with respect to X

X

o' f . — . . : .
8x2—8yzz LW Differentiate first with respect to y twice, then with respect to x twice

Differentiability

Definition
A function f(x,y) is differentiable at (x,,y,) if ai( f (X, Yo)) = f, (%, ¥,) and %(f(xo, ¥o)) =, (% ¥o)
X
existand Az = f (X, +AX, Yy, +Ay)— f(X,,Y,) satisfies an equation of the form
AZ = T (X, Yo )AX+ T (X, Yo)AY + £ AX + &,Ay

in which each of ¢,,¢, > 0 as both Ax,Ay - 0. We call f differentiable if it is differentiable at every point
in its domain, and say that its graph is a smooth surface.

Theorem 3 — The Increment Theorem for Functions of Two Variables

Suppose that the first partial derivatives of f(x,y) are defined throughout an open region R containing the
point (X,,Y,) and that Z—f= f, and %: f, are continuous at (X,, Y,). Then the change
X
Az = f(xo +AX, Y, +Ay) - f(XO’ yo)

in the value of f that results from moving from (x,,y,) to another point (x, +AX, Y, +Ay) in R satisfies an
equation of the form

AZ = T (X, Yo )AX+ T (X, Yo)AY + £AX+ &,Ay

in which each of ¢,,¢, —» 0 as both Ax,Ay - 0.

Corollary of Theorem 3

and a = f, of a function f(x,y) are continuous throughout an open region
oy

X

If the partial derivatives Z—f = f
X

R, then f is differentiable at every point of R.

Theorem 4 — Differentiability Implies Continuity
If a function f(x,y) is differentiable at (x,,Y,), then f is continuous at (Xx,,Y,) -
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