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Limits for Functions of Two Variables

Definitions

We say that a function f(x,y) approaches the limit L as (X, y) approaches (X,,Y,), and write

lim f(x,y)=L

(%,¥)>(%0:Yo)

if, for every number & > 0, there exists a corresponding number 6 >0 such that for all (x,y) in the domain of
f,

|f(x,y)—L|<e whenever O<\/(x—x0)2+(y—yo)2<5.

Theorem 1 — Properties of Limits of Functions of Two Variables
The following rules hold if L,M , and k are real numbers and

lim )f(x,y):L and lim )g(x,y):M.

()%, Yo (x¥)> (%, Yo

1. Sum Rule: lim  (f(x,y)+9(x,y))=L+M
(X.¥)=>(%:Yo)

2. Difference Rule: ( )Iir(n )( f(x,y)-g(x,y))=L-M
X,¥)> (X Yo

3. Constant Multiple Rule: ( )Iir(n )kf (x,y) =kL (any number k)
X,¥)=>(% Yo

4: Product Rule: ( )Iir(n )( f(x,¥))(9(x,y))=(L)(M)
X,¥)=> (X Yo

5. Quotient Rule: lim f(xy) :L M =0
=% g(X,y) M

6. Power Rule: ( )Iir(n )[ fx,y)] =L" n a positive integer
X,¥)>(%, Yo

7. Root Rule: ( )Iir(n )\n/ f(x,y) = YL = L% n a positive integer,
X,¥)=>(X: Yo

and if n even, we assume that L >0
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Continuity

Definition

A function f(x,y) is continuous at the point (X, Y,) if

1. f is defined at (X,,Y,),

2. lim f(x,y) exists,
(xY)>(%.%)

3. lim  F(xy)=f(%,Y).

(%,¥)>(%0:Yo)

A function is continuous if it is continuous at every point of its domain.

Two-Path Test for Nonexistence of a Limit

If a function f(x,y) has different limits along two different paths in the domain of f as (x,y) approaches

(%, Y,),then  lim  f(x,y) does not exist.
(x,¥)=>(%,Yo)

Having the same limit along all straight lines approaching (x,, y,) does not imply that a limit exists at (X,, Y,) -

Continuity of Compositions

If f iscontinuous at (x,,Y,) and g is a single-variable function continuous at f(x,,Y,), then the composition
h=go f defined by h(x,y)—g(f(x,y)) is continuous at (X,,Y,) -




MATM 21200 M—» /%, 2
‘2 4 _____2’. = H(U,’ = _E?—- oy
(x,,,,)am) Jy ﬁ%’ 2

) ’«+yf m((a}*fa}) sin) |

= 92 (o u} ?‘3* gt (o) e (4]

—

K)ﬂm /}J-z#/ j;,/f,nm (;)/ ﬁ,/hu/ ﬂ/z/ a2

(x,3)7 (1,1)

e ——

e —— —_—
e

f) ,);(w ,.)mf’” 2\ (& )r?) = @Y X m-—?—j:{‘

—_—

'2') T m}*! = M— :_fj_i?: ::—i—: -
CA>(30) e (0)-22(F) o-()

i

}q)vé"*"" h'y - pél« _Cx’l})(z'f_).: .&u (x4}) z L) =2

(%,3)> (), /) x } '{x}’)-?{-;‘fj ;x:-} (=, 32 (41)

xFy ¢ 3&9?
/é) i, .y . Lo sk {ﬁ}-_( 2;*“;
g (2 4 * -t
b (2,4) 2oy -xy +¥attx (;i)i(;xt 2 () + (=S il #44) (-)
Wp-¥ x#Fxt *V,
1\ _ﬁ:__ ' | i ! -_:__J___ . _{_
e b Jost )2V x(x-1) T (@A) 2l 2

xFzt



#

IB) /. MigwP - f@)*f&) A (55 s -2)
{i,})%(i",zj W'E fxfj’j?{%” 'ff:; Z fx;-}-—i{il} m;_g

xiy F¢ aty# ¢ x?#i‘
e G o2 T 42 2T 2 = 22 - ¢
x+ YBF
)(X%P?Fﬁi)f gt .&h—v Jx - )' i L" [ - Jur
e sbragll SF N 5. v o f”"”’*")(rnf;w{f‘ 7
o L *’ O DI SRR LY )
TEPEY) VXl T Tm W el 20t ¥
:r.?i;str{

—_—
—_—

21) by | -co2(x4) _ I |-comme L 4, Liw 4 _ i (o)
A

(2,3)>(c0) x Y 7Y M0 B i
St Y u

;c) Lo 22 _ b 23 L xp
C2(22) 2427 e palze) (FIEFY) T oy () (eep)m2)

e ) i I AR I

LN}

GpPRY) (x4yt) (xry) (EZ}HEJ‘)EHMEJ) (#+¢)( st) (©) 32

—_—

32 2) Yz, 5)- x_ff W (=,3) sed Hht = +# 1

32-4) {[= ;,) £ M)

——— e ——

i) Bly) 202 o le9) sud B 52-3v2%0
(z-2)(x-1) #0
x-1#0p }x [+ 5

ddiat ;J*-—*-wm,;,ww Xl
p#=

_—




36*‘2’) /{x;?.;’):.énx;fj/ WZ/({,)};)M/.%Z& x}}_}gii‘

ek ’F’)?ﬂ[ 5p5)-e” mf M(xyzhgf)

33'4) ﬂ/(r!?é'J: [}‘/*/}} W(x;} j/) WZL (“r fi 0)
28- ﬁ«)}?’{ J;j,;/) !-r}h!;} aﬁ( ;}}})W‘( 3 9)m (=2 f?)

— ——

“o- @)ﬂam)-\/v i a,é/(x,m)m%%fﬂr@ <y
$0-4) 4 (x,3.3) H—”—~ /4 2’3)446{{.%?'24}*}2??

X+y ".3‘ q

WU& xirptegtaas
- xg n o

gﬁ‘l) /{I)?)_xg“;’z

,&m 2 ¥ - ﬁm .ﬁw ,é}w [ =)

3300 ¥+p*  xvo xH0°  xveo = xso

aﬂo-;fﬂ

b 2T 4 ¥ ﬁ;_-t';*i_,-ﬁ;_&_ﬁ:i;_l_,i
G9)2(00) Xyt 35 x?(x) %% xtoz¥ xP0 22 =0 2 2

‘}' .Z-

— = ————

4) Yl p)- 22 P

L, 28, . Sy 2c(hs) | [ Axt o Azt g 4
(,p)3(s0) (%3] x»0 /x(.éx,)/ X0 |4 / S x26 |2t 20 14)

“&f{:x o A0, e Lorill s |
%jd@ e bimil is =1



VL) 8(x,y)= 222 s

?’
biwe  2*-2 . fs x* Wil 2wl o
Gop(o) x-pp 220 se-lhe) “svo 'EETE)_ ,é’“ x..f s

x L L
agrs i il it it il o ot i
WMK ;3 < —L
/5 . jrm. x (Ux) L ¥ o kx*

(xfy)a{ 2,0) x.‘f,ﬂ-} TxPo xﬂ{&)a ‘x*-.‘w <A ¥ T D0 2F(I+AY

i %: I+ 4" f+,e= WM%%ZLW?ZZ

—— —

{:y}-.).f! )] 36 5"

L XA Lol fn xee | fo o Geet)

G22(1) t-yt T XD k(b =P x o) | %Pl (ze)lam)
o S L,
3| 2t (1)H Z

fg/m —L—— .ﬁn&x(x-ﬂi-’ _ﬁ,.;;.,-x"f! s P ).

Gog)200)71) 2 | }

P et - (-2)t 22 xhx¥ xD pr()x?)
.ﬁ,&?? =t
- _'d,,__ {f-?)(,fi‘xulx_l _,&,_, [+xs2t N .-"J—('.r)f{;]"-"j___ e cahn
2 ()rx)(1-2) T XD/ (1) () +)  iz) 2
S ,2) Sk

(x3)>(1,0) xe?- H—}L

b  ze*t  oxe® Moot fs

(x3)2(l,0) xe¥-1+y %21 xce®_ 1405 *21 -t 2Dy -

QA?}:U



g“l)c&mM )i
o 27 fo el | fe, -1 £ 4 e

(92010 x€% vy p30 (Je*1+ 3 3P0 e¥yiy P 8*’11

ﬂj@,frﬂ —Efﬂ) ____l__

- ol
¥

"E{"Lf |+

— m— —_— — —_— —_— — ——

§§l) i «@w?'}»@vﬁc

bap)2 (1)) ¥~

b Zoyploz _fo B O)-0fone fodo it

ijy)—}({, IJ y,-—::: x> [ L1} i "> e
}zf B L T
"‘;‘? Efg’r Mo X o Lo gy = 485¢1)
| x|
/. éﬂy Pl _ [ jé,yy y;&wc;) b Tam 93 Zor!
(}})i’*{”) ) gl e
dong 7 R A A
Fgil
't_ﬁ”“ ot LJ&; Zon | 7 ()2, |
}?r' | y—};
il iy L L b))
50) Z/x;/ ——L*if‘?' 4‘me)¢; ~£2/x}/ {u}-;r”) ;i;, =ad

‘/x}:r k. Z/x"/' s Axye '_‘,_z Lo xy(2-22)
o gy A 3. MRl

&Mw( —"'-L') 2- —°‘}—@2 =2-0=2

{'xyj-}{da) ('Jr:}/} (1?1)4{55)




£0) contines 3

o A 2
,j;;c 5 - 2[xy)- {—{L) _ Lie  2xp -E%i Lo —xp(2 +£;‘—j
) CoPlyo) [y CP) Ty aplr -z 3

o B 24). 5, (000 _
(x,3)2(s9) 2+ & )'FZJT RS

609 Jry] Gty L

2/"}/"‘%‘1{(: V- Fege\)lxy) ('-Z/I}/

2l -:"_ff..EE.

._/ }it ./5 <__§ff;‘{m.//a:},} 5 2_/3:}/

Lim 2 (x2l-2 ¢ Mo ¥-Yena [Ixy] 2[x5) _,
{f"‘;}}"f‘/ﬂj /ﬂf—}*/ fﬂ,})?fé&) [xy/ gd} () B
»@ ﬂ@ JJMM vZé&%m,/ @,;ﬁ;y) V'{"‘if@ =i 2

5‘2) / ("') / St iw}-) ) _') ?
-l ¢ (5)< |
}ég..,z-‘-‘g ,&«,,,zsa
-x £ X (') e -xbxaﬁfé)_,
3 ff;' %) c{r,;};fa % oa (3) ¢ K 220 Prts Pmﬂemzm(#) £ xzo
/?,a% Aanduid Wegrem.,
p d@@{-r) 19,

(z ;)-,‘-'(& ‘)



11
72) T&]{%}") :éi;z-r Wt =0 co2b L 4N O

x"+Y - B e e
Ao x Ayt (ncoed)+ (2 46-6) = 2" 02" 0+ 4" 40
= pt (et 4e-28)= A (1) = A*

j‘;" __3_‘1;2:_ & &.j@mﬂl&.ﬁ.a} " L 343 comibar @

(xp)loe) x*+yr o0 Py avo =

K 3000000 = 3(0) o062 D

A& 0%4 //@0):(7
W) f{%ﬁ): xi! ; £=005

bt 5005 Mo [%/<5 and [#/<5
[{ls)-1(2,9)]- [ - 0/ ;—f;-’/f/;»kwf :
E=0.02

75) “fﬂ/xm"”): ,zijzx ;

Lt §20.01, fince 1< co2x <

| € 2+4cz>c €53

—

fI;"} E/A_’j%/g/xﬂt}/é [x)+/v]
Uer (%[<§ and [3/<§
[Vl2)-Hle0)]= [522--0/- / — /f [%/+(#/< 0.01+0.01002:¢

24 com 2ptoex



78) #[xz’?) M//ﬁ TE f? £:0.02

Lt $=001 5/’ /2/< 3 . ¥°€ /}/:I/;;Z_g /_‘*z;,??,
26 [%/= [x* & [zripr

xx/’l?a-é \/-"fz“}L"‘ L/z’l")‘; = 2 \[xtryt

?_4_?

/I/*}’E{-—‘Z ;z:%fl

X e X 2 _;Zi- e X H /
xtryt T 2t a gt y*
2 &
x+y" < porie
x4+

x4 v 2 L
Yo 12227 = fro)rL— 3 & [ +pt < 25

/7}@;’)")’9(%9)/: /;?;g- 0/< 2(001)= 0,02 =€



