
MATH 20100 section 4.4 Concavity and Curve Sketching Page 1 

Definition: 
The graph of a differentiable function  is ( )y f x=

(a) concave up on an open interval I if df
dx

 is increasing on I. 

(b) concave down on an open interval I if df
dx

 is decreasing on I. 

 
The Second Derivative Test for Concavity 
Let  be twice-differentiable on an interval I. ( )y f x=

1. If 
2

2 0d f
dx

>  on I, the graph of ( )f x  over I is concave up. 

2. If 
2

2 0d f
dx

<  on I, the graph of ( )f x  over I is concave down. 

 
Definition: 
A point ( ,  where the graph of a function has a tangent line and where the concavity changes is a point of ( ))c f c
inflection. 
 

At a point of inflection , either ( , ( ))c f c
2

2 0
x c

d f
dx

=

=  or 
2

2
x c

d f
dx

=

 fails to exist. 

 
Theorem 5 – Second Derivative Test for Local Extrema 

Suppose 
2

2

d f
dx

 is continuous on an open interval that contains x c= . 

1. If 0
x c

df
dx =

=  and 
2

2 0
x c

d f
dx

=

< , then ( )f x  has a local maximum at x c= . 

2. If 0
x c

df
dx =

=  and 
2

2 0
x c

d f
dx

=

> , then ( )f x  has a local minimum at x c= . 

3. If 0
x c

df
dx =

=  and
2

2 0
x c

d f
dx

=

= , then the test fails. The function ( )f x  may have a local maximum, a local 

minimum, or neither at x c= . 
 
Instead of using the Procedure for Graphing ( )y f x= , on page 248 of your text, I’ll be using more detailed 
procedure shown on next page. 
 
Check the figure that summarizes how the first derivative and second derivative affect the shape of a graph on 
page 251 of your textbook. 
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The step by step procedure below is for regular rational and polynomial functions.  If a function contains radical 
or trigonometric term, then proceed carefully because the steps below must be modified. 
 
Step 1: 
Determine if the function is rational or polynomial.  If the function is a polynomial then the domain is ( , )−∞ ∞  
and skip to step 5 
 
Step 2: 
Determine if the rational function is proper or improper.  If it is proper (or improper with numerator and 
denominator of the same degree) then apply limit as x → ±∞  to the function to find the Horizontal Asymptote, 
and go to step 4. 
 
Step 3: 
For the improper fraction with degree of numerator greater than degree of denominator, do a long polynomial 
division (numerator divided by denominator) to break up the rational expression into a simple polynomial and a 
fraction at the end.  The simple polynomial is your oblique asymptote (not vertical).   
 
Step 4: 
Find the vertical asymptotes.  If you have a real number solution, then the solution(s)s is/are the vertical 
asymptote.  The domain is all real numbers with values of the asymptotes removed. 
 
Step 5: 
Find y-intercept (set ), if exists. 0x =
 
Step 6:  
Find the first and second derivatives if necessary. 
 
Step 7: 
Draw 2 lines one for first derivative and the other for second derivative.  Each line must be the same amount as 
the intervals of the domain. 
 
Step 8: 
Compute the Critical Points (by setting first derivative equal to 0) and Inflection Points (by setting second 
derivative equal to 0).  If you have real number solution, then label on the lines created in step 7. 
 
Step 9:  
Only when a critical number is unique (the value is not a solution of inflection points), apply the second 
derivative test on the value.  With this information we can find if it is a local maximum or minimum and predict 
the behavior surrounding this critical value.  Otherwise, use a full test (take a test point on the interval and 
compute the value of its first and second derivatives to find the behavior). 
 
Step 10: 
Compute the y value of all critical and inflection points and sketch the graph. 
 
To illustrate the steps above, a curve sketching of a polynomial and rational functions are show on following 
pages (page 2 to page 6). 
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Example 1: 2 32 3y x x= + −  
 Step 1:  Function is  polynomial.  Domain: ( , )−∞ ∞  
 Step 5:  y-intercept:   2 32 3(0) (0) 0 0y y= + − = ⇒ =

 Step 6:  

2 2

2

2

0 3[2 ] [3 ] 6 3

6[1] 3[2 ] 6 6

dy x x x
dx

d y

x

x x
dx

= + − = −

= − = −
 

 Step 7: 
dy
dx

 

 
 Step 8:  

2

2

d y
dx

 

 Critical points 

 
2

2

0 6 3 3 0 2
0 3 (2 )

0 2
0 6 3

dy x x x x
x xdx

x x
x x

= = − 0= − =
⇒ = − ⇒

= =
= −

 

 Inflection points 

 
2

2

1 0
0 6 6 0 6(1 )

1
xd y x x
xdx

− =
= = − ⇒ = − ⇒

=
 

dy
dx

 
0  2

2

2

d y
dx

 
1  

 Step 9: 

 
2

2
0

6 6(0) 0
x

d y
dx

=

= − >   C.U. local min. 
2

2
2

6 6(2) 0
x

d y
dx

=

= − <   C.D. local max. 

 

Local max.Local min. 

dy
dx

 
0  2

C.U. C.D. 
2

2

d y
dx

 
1
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 Now that we determine all missing information with our knowledge of local minimum and maximum.  

 
 Step 10: 
 2 3

0
2 3(0) (0) 2 (0,2)

x
y

=
= + − =  

 2 3
2

2 3(2) (2) 2 12 8 6 (2,6)
x

y
=
= + − = + − =  

 2 3
1

2 3(1) (1) 2 3 1 4 (1,4)
x

y
=
= + − = + − =  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example 2: 
2

2 9
xy

x
=

+
 

 Steps 1 and 2: Improper rational function with degree of numerator same as degree of denominator. 

 

2

2 2

22

22 2

1 1 1lim lim lim lim 1999 11
x x x x

x
x xy

xx
x

0 1
x x

→∞ →∞ →∞ →∞
= = = = =

+ +++
=  

 We have a horizontal asymptote of 1y =  

Local max.Local min. 

dy
dx

 

2

2

d y
dx

 

decreasing increasing decreasing 

0  2

C.U. C.D. 

1

(0,2)

(1,4)

(2,6)  
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 Step 4:   no solution  Domain:  ( ,2 9 0x + = )−∞ ∞  

 Step 5:  
2

2

(0) 0
(0) 9

y = =
+

 

 Step 6:  

{ }

( ){ }
( )

[ ]{ }

2 22 2

2 2 2 2 2 2 2 2

2 2 2 1 2 22

22 2 42 2

2 2 2

2 3 2 3

2 ( 9)[1] ( )[1]( 9)[2 ] ( )[2 ] 2 {9} 18
( 9) ( 9) ( 9) ( 9)

( 9) [18] (18 ) 2( 9) (2 ) 18( 9) ( 9)[1] ( ) 4
( 9)( 9)

18{ 9 4 } 18{9 3 }
( 9) ( 9)

x x xdy x x x x x x
dx x x x x

x x x x x x xd y
dx xx

x x x
x x

+ −+ −
= = = =

+ + +

⎡ ⎤+ − + + + −⎣ ⎦= =
++

+ − −
= =

+ +

x

+

 

 Step 7: 
dy
dx

 

 
 Step 8: 

2

2

d y
dx

 

 Critical points 

 2 2 2 2

18 018 180 0
0( 9) ( 9)

xdy x x
xdx x x
=

= = ⇒ = ⇒
=+ +

 

 Inflection points 

 

( )( )

2 2
2

2 2 3
2

2

2 3

18{9 3 } 0 18{9 3 }0
3 0 3 0( 9)

0 18(3)(3 )
18{9 3 } 3 30 0 18(3) 3 3( 9)

d y x x
x xdx x

x
x x x

x xx

− = −= =
+ = − =+

⇒ = − ⇒
− = − == = + −+

 

dy
dx

 

0

2

2

d y
dx

 

3−  3
 

 Step 9:   

 
2 2

2 2 3
0

18{9 3(0) } 0
((0) 9)x

d y
dx

=

−
=

+
>   C.U. local min. 
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Local min. 

dy
dx

 

0
C.U. 

2

2

d y
dx

 

3−  3
 

 Now that we determine all missing information with our knowledge of local minimum and maximum.  

Local min. 

 
 Step 10:  

 
2

20

(0) 0 (0,0)
(0) 9x

y
=
= =

+
 

 
( )

( )

2

1
423

3 3 3 1 ( 3,
3 9 12 43 9

x
y

=−

−
= = = = −

+− +
)  

( )
( )

2

1
423

3 3 3 1 ( 3, )
3 9 12 43 9

x
y

=
= = = =

++
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

dy
dx

 

2

2

d y
dx

 

decreasing increasing 

0
C.D. C.U. C.D. 

3−  3

1
4( 3, )  1

4( 3, )−  

(0,0)




























































































































