SAMPLE 212 FINAL EXAM SOLUTIONS

1. (a) Evaluate: [ 5% tan(5%)dz

0 e 2 [Vios7

T
(c) Does the graph of z + 22 + y2 + y* + 2* + 2° = 1 have
symmetry about
(i) the z-axis? (ii) the zz-plane? (iii) the origin?
NG
(d) What is the value of / sin(z®) dz. Explain why.
-V
——SOLUTION——
(a) Substitute u = 5%; du = (In 5)5* dz:

1 1 z
/5:” tan(o”) dx :/tanu(—l—r—l—s du) = n'izcé5 ) +C

(b) 5 [v/ioga®] == (Eg) .

dx 9 logs
1 11 1
- 2y/loggszIn3z  2z(In3)/logs «
1 11 1

OR :2\/(1n:1:)/ln31n3; - 2z(vVIn3)Vinz

(c) (1) Symmetry about the z-axis: replace y and z by their
negatives; this is not an equivalent equation, so the answer is
No.
(ii) zz-plane: Replace y by —y. Yes.
(iii) origin: Replace all variables by their nega:tives:No -
(d) This is an integral of an odd function over symmetric
lirnits. The value is 0.



2. (a) Let the function y(z) be the solution to the differential
, , 1223 + 1222 : ,
equation y' = - for which y(1) = 0. Find y(z)

y2 ey o

explicitly as a function of z.
(b) Find /4x[sec(a:2 + 2)] dz.

~———SOLUTION———

(a) Substitute u = y?; du = 3y?dy, let C = 3C’, and
substitute z = 1:

dy 1222 + 1222
dr y2ey’

]y2ey3 dy = / 1223 +. '1"23-:2 dz o

1 1 s
/e”(gdu) = gey = 3z + 422 + C'

y® = In(9z* + 122 4 O)
y = v/In(9z1 4 1223 + C)
0=y(1) = ¢/In(21 + C)
In(21+C)=0; 21+C =1
y = ¥/In(9z% + 1223 — 20)

(b) Let u = 22 + 2;

/ 4z(sec(z® + 2)] dx = / sec u(2 du)
= 21In|sec(z? + 2) + tan(z? + 2)| +-C



3. (a) A package initially with a temperature of 150° F is
placed in a room maintained at 70° F. Assume the tempera-
ture difference between package and the room ¢ hours after the
package was initially placed, (AT)(t) = T(t) — 70, where T'(t)
1s the temperature of the package ¢t hours after being placed in
the room, satisfies an exponential decay law. The temperature
of the package 2 hours after being placed in the room is 86° F

(i) Find the function (AT)(t).

11) Find the temperature, expressed as a rational number
p y €XP
(1.e., a quotient of integers), of the package after 4 hours.

(iii) How long does it take for the package to reach 71°7
(b) Evaluate: /Sec(?)m +4)dz
——SOLUTION————

, t/(2-0)
i) (1)) =(a7), (D)

16\ /2 N\N? Le
—80 [ — —g0( = — 80> %%y

(ii)) Using base % (easiest): (AT)(4) =80 (%)2 =15
With e: (AT)(4) = 80e~225 = 80en(1/25) = % — l5§,
T(4) = 70 + 15—6 — 73.2
1\ /2
(iii) 1 =(AT)(t) = 80 (g)
0 =In80 + %111(1/5) .

~ —2In80  2In80

Intg/5  Inb
(b) Let uw = 3z +4; [ sec(3z + 4)dz =

/secudu =

(SUNIN

L
3 In |sec(3z + 4) + tan(3z +4)| + C



4

1

4. (a) Evaluate: / arctan z dz
0

2,2
— 2z —4
(b) Evaluate: / R P
. T3+ 22>
——SOLUTION—————

(a) Integrate 1 - arctanxz by parts, with 1 being the factor
integrated, and substitute u = 1 + z2:

1 1
/ 1 -arctan z dr =x arctan xlé — /
0 0

1
1 1 T 1
_ du) = = — Zlnuf?
]1u(2 w=" 2nu|1

_7T
4
1 .
=T —1n2
4 2
2
— 9y —
/ z? T i da:
S+ 2 22 — 20 — 4
:/ _4+_—P?§+ ¢ .. = A(z? + 2z) + B(z + 2)
Y x I+2 +Cx2
2 2 1 2
:/ 2 iz — (A+C)e? + (24 4 B)z
;T2 oz +2
, + 2B
— (g—é—ln |m—{—2|> 2B =+4 — B = -2
\2 ! 24+ B=-2-—A=0
= —1+4+In4—-1n3

1 A+C=1—C=1
= —1+41In—
+n3



5. (a) Evaluate: /(tan z + sin® z cos z) sin 2z dx

[Suegestion: Use the double angle formula for sin 2]

(b) Evaluate: / V1 —4z2dz
—————SOLUTION———

(a) Let u = cos x:

sin . 2 :
( + sin“ z cos z)2sin z cos x dx
CoS T

:[251n2m+25in3m008233d:c
:/1—cosZa:da:+/2(1—coszx)coszxsinxd:c

1
=z — —Z—sin2m+/2(u4 — u?) du

1 2¢cos°r 2costr

:m—isin2m—{— : — 3 —i—C“m

(b) /~/1—4x2d:z 2z =sinf

1

1 r —=—sin0
:/cos@(—cos@) do 2
2 arcsin2z =
1
1 1
__4/1—|~cos29d9 dr :5(;0590!9

1 1
:”‘(9 + —2‘ sin 20)

1
arcsin 2z + 1 sin @ cos 0

1
arcsin 2z + Z(Zm)v 1 — 4z?

1
—— arcsin 2z + 53:\/?— 4722 + C

N N e



§

6. (a) Which of the following improper integrals'is/are con-
vergent? Show why.

(i) /O 1 l—n% dx (i) /1 ” re” 2% da
(i)

° rarctan x

1 vVl +7

_x+Inzx
(b) Find lim eVs?+z+1.
———SOLUTION——+——

1 1

1 2 In 2

(a;i)/ _n(_a:——l—)de/ 2 dz-= co. Div -
0 TV o z3/2

>0 1 > 1
(ii)[ ze 2 dr = —~ze 2| —/ ——e ** dr
1 2 1 2

1 z 1

_ | = ——2zl
2 L2z 11 1
! + ! 5 C t
= = : onvergen
2e2  4e? 42 &
(i) > xarctanxd < 7,7T/2
111 r <
| 1 V2 T+ T 1 V2T + T .
and the second integral is convergent by the . comparison
with
flm z—.}lﬁ dzx.

_z4lnxz ln =

+
(b) lim eV=2+z+1 = lim eV rers Varieil =l T0 — ¢

r— 0 T— 0O




7. State, for each series, whether it converges absolutely, con-
verges conditionally or diverges. Name a test which supports
cach conclusion and show the work to apply the test.

(a) Z(—l)”(l + % + %)n | (b) Zn 322;8?2_'_2) .
2 (1) (n? +3) :
() nZ::O e
———————SOLUTION—+——

I'or each serles, a, will denote the nth term of the series.
(a) Since a, > 1 for all n, lima, # 0 and the series di-
verges by the Test for Divergence.

(b) By L'Hopital’s Rule, as n and = go to infinity,
s HY

L (o43) e e

. ln(n+3) _ - N
hm 5y = lim 5y = lim 1/(z+2)
aniy | _ (n+1)? In(n+3) gntl g2ni2 .1.3.1L 38
anp, | n? In(n+2) 37 22nt4 1-1-3 22 — 4 < L.

Thus, the series converges absolutely by the Ratio Test.

(c) Clearly a,, is alternating and converges to zero.
2 ! :
_ z“ 4+ 3 2 Qs
Since (:c3 T 4) = — z(:(czjf:)'gg) < 0 for z > ¢, the terms
form a decreasing sequence, and the Alternating Series Test
says the series is convergent. The series ) |a,| is divergent by

1
the Limit Comparison Test with b, = —. Thus; ) a, con-
n

verges conditionally.



8. (a) Find the interval of convergence of the power series
o~ nz +1)"
ot 5nYn? 14

Remember to check the endpoints if applicable.

(b) Sketch the graph of the polar equation r = 3 + 2sinv,
and find the area which 1s both 1n81de the graph and above the
-axis.

~————SOLUTION————
(a) The center of the series is zg = —1, and the nth coet-
e . _ 1
ficient 1s ¢, = FrWreEwE
Cnt1l | — 5"vVn?+44 1

¢ | T Bntt /(n+1)2+4 5

so the radius of convergence is R = 5, and the series con-
verges for z in the open interval (—1 —5,—1+5) = (—6,4).

1 n
At z = —6 the series is Z —h————)-— which 1s diwergent.

Ve

At r — 4 the series is Z ———— which is aﬁ.Vérgent.
vV n2 + 4

The interval of convergence is (—6,4).
(b) r(0) =3
(7r/2) =5

(r) = .
(37r/2>

r

A= /(3+25in0)2d6

N = DN

/ 9+ 128in0+4sin20d0
0

9 ™
=20 _Geosh|f + / 1 — cos 20 df
2 0

97 117
—— 4+ 12 = — 4+ 12.
5 + 12+ 5 +
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9. (a) Find the first four nonzero terms of the Maclaurin
series (i.e., power series centered at 0) for the function
g(z) = e=®
(b) Find the sum of the first four terms of the Maclaurin
o n
T
series for the derivative of the function f(z) = —

1
(c) Use the answer in part (b) to approximate f’(—E) with

an with an error of less than .01.

—— SOLUTION————— - .

2

(a) Replace z by —z* in the series for e®:

3

QH

I
[]¢
3|8

S
I
o

mI
8
i}
I
(]2
—~
|
S |8
i (3w
3

n=0
oo n _.2n 4 6
(=)"z '
=Y =1+ S+t
Z n! 2! 3!
x™ 2 2zt

=
~
&
I
[™]¢
s

T

n—1 1 +2x+3x2+4x3+
(n+1)3 28 3 43 5 7

3
I
@

&
&
1
Bk
3

Pos) o = et o |4 o
27 |28 3%2 4%27] 5328
The boxed sum has error not more than = —— < .01.

5323 250
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10. (a) Graph 42% + 36y? + 922 + 16z — 20 = 0, and graph
the trace of the answer to (a) in the zy-plane.

(b) Sketch the portion of the graph of y = 1 — z2 which is
in the first octant. | ” o o

SOLUTION———

(a) 44% + 162+ 36y% + 922 —20=0 ——
4[z® + 4z] + 36y% +92% — 20 =0
4[(z 4+ 2)* — 4] + 36y* + 922 —20 =0
4(z +2)% — 16 + 36y* + 922 — 20 =0
4(z +2)* + 36y* + 92” = 36

(z 4 2)? 2 |

2 2
R
9 YT

(b) The graph is the cylinder
obtained by moving the graph
of y =+-z%, z > 0 in the

z-direcuion.




