
Math 308 Test 2
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N。m。: S㊧し岬。rJS

Note that both sides of each page may have printed materiai.

instructions:

1, Read the instructions.

2. Everything you write must be fulIyjustified.

3. Complete a= probIems inthe actuai test. Bonus probIems are, Ofcourse, OPtionaI" Bonus

PrObiemsw紺only be counted ifaii parts ofa= other p「obIems a「e attempted・

4. Show Aししyourworkto receivefu= credit. You w川getOcreditfor simpIywritingdown the

answers 〈that’s not rea=y possibIe in this test anyway…〉

5. W而e neatiyso that i am abIetofoIIowvou「sequence ofsteps.

6. Read throughthe exam and compIetethe probIemsthatare easy 〈foryou)師st!

7. No scrap paper, CaIcuIato「s, nOteS Or Other outside aids a=owed葛including divine intervention,

teIepathy, knowiedge osmosis, the smart kid that may be s軸ng beside you or that friend you

might be thinking oftexting.

8. In fact, CeII phones should be outofsight!

9. Use the correct notation and writewhatyou mean! x2 and %2 are notthe samething, for

example, and l w用grade accordingly.

10. Remember: ifγOu meSS uP On a dofinition in a probiem, γOu Will get a zero forthat probiem.

Use the definitions from cIass. 1fvou want to use another, VOu muSt first prove it is equivaIent to

the class’definition.

11. Otherthanthat, havefun and good iuck!

So, there are inf面tely m8∩γ real numbe「s and inf面tely many

活tege「s, y蹟, SO鵬ehow, there a「e鵬町e 「eal剛mbe「5 than the記

are iritegers. And if l throw awaY a" the integers from the reaI



1. (a〉 (与points〉 Prove IR自S unCOuntable. Fu=yjustify.
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2. (20 points) SupposeA is a non-emPtySet Of reai numbersthat has a lower bound. ProvethatA has

an infimum, that is, a greateSt iower bound. Hint:You may usethe compieteness axiom fo「 R.
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3. (a) (15 points)しetA and B be non-emPtySetSSuChthat lAl = lBI. Provethat言fC isa non-mePty
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4. (20points) Provethatif手A → B iss両ective,thenthe「eexistsg:B → Asuchthatg isinjectiveand
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5. (20points〉しetA bea setofreal numbers.WesaythatA isdense (in R) ifforanytwox,y ∈ Rwithx <

ythereexistsan cl ∈ Asuchthatx < cz < y.AssumeA iscountable. ProvethatR¥A isdense.

Hint: You may use cont「adiction here. Assuming the contra「y implies that the interval (尋y) ⊆ A・

Explain whythis must bethe case underthis assumption and show howthis leadsto a contradiction.
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6. (a) (5 points〉 Provethat Q is countable, From scratch!
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(b〉 〈5 points) ProvethatforanysetA, lAi < lP(A)l.
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Bonus Problems: (You must attempt aiI other parts ofa= othe「 probiems to be eiigibIe. 1fwith the

bonus points, yOur g「ade exceeds lOO, I’= add the excess to your first test.)

1. (10points) (a) Lets咽→ Rbea non-decreasingsequence,thatis,Sl ≦ s2 ≦ s3 ≦ …Supposethat

the sequence is bounded above. Prove that the sequence sn is convergent.

Hint: lt sufficesto showthat if(sl,S2,S3, …) is an o「de「ed, infinite setofreaI numbers and is

bounded above byL, then lim sれ= L. This isa proofs class, SOyOu muStShow a Iimitexists usinga

rigorous definition. See gIossary on last page.
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(b〉 (5 points) The above is actua=y a welI-known theorem. What’s the name ofthe theorem?
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2. (15 points〉 Provethat,givenanyreal numberx,thereexistsa sequences咽→ Qwiths,, → X. (See

gIossa「y.)

Forexample, Choose x = 7T, thenthe sequence s = ((1,3), (2,3.1), (3,3・14), (4,3"141), (5,3"1415), ・・・)

approaches7J.

Hint: Use the denseness of Q theo「em. By this theorem, there must exist rational numbers
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GIossarv:

Definition: A (reaI) sequence is a function s from N → R.

We denote the outputs ofa sequences(1),S(2),S(3), … bysl,S2,S3, …

Sometimeswe define or referto a sequence byan ordered list (Sl,S2,S3,.・,〕 of its outputs.

We may aIso denote an a「bit「a「yterm ofa sequence by s了, Orthe entire sequence by(s詰.

Definition: LetL ∈ R. A sequence s is said to conve7名e /OL or(磁,rOaCh L if∀E > 0, there exists N ∈ N

SuChthat,Whenever7t > Nwe have序u -LI < E.

IfasequencesconvergestoLwewrite lim s,. = Lorlims,. = Lo「s,, → L.
7t→∞
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